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Abstract: Let X be an analytic subvariety of complex Euclidean
space with isolated singularity at the origin, and let ~ be a smooth
form of type (1.1) defined on X \ {0}. The main result of this note is a
criterion for solubility of the equation c~cgu = 7. This implies a criterion
for triviality of a Hermitian- holomorphic line bundle (L, h) --~ X \ {0}
in a neighbourhood of the origin.
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1. INTRODUCTION

Let X C (~N be a reduced and irreducible n-dimensional complex
analytic variety with isolated singularity at the origin, and write X0 :=
X \ {0} for the set of smooth points. It will be assumed without
loss of generality that 0 is the unique singular point of X. Let p ¯
X --+ [0, oo) , p(0) = 0, be a strongly plurisubharmonic function, and
~2 C X a neighbourhood of the origin with smooth compact boundary
E = {x E X I p(x) = ~ < oo}. Let a0 := a\{0} be a complex
manifold with Kghler form w = i~Op and associated metric 9 satisfying
the following conditions:

<
o

where Rg denotes the canonical curvature form associated with 9. It
will further be assumed that the Sobolev inequality holds with respect
to this metric, i.e.,

(ii) (~0 . 2n n’~ n

for smooth compactly supported functions f. In addition, (iii) let
5(O,x) denote the Riemannian metric distance function on t20, and
let B~(O, r) be the associated ball of radius r. For sufficiently small
0 < c < ~ it will be assumed that there exists a positive constant K
such that

iB con < Kr2n for all 0 < < C.-- , --
~(0,r)

In fact, when X C CN is an affine analytic variety, with p corresponding
to the restriction of the Euclidean norm- squared function, conditions
(ii) and (iii) hold in general from the geometric measure theory of an-
alytic varieties (el. [4]). In particular, property (iii) is fundamental to
the definition of the Lelong number for plurisubharmonic functions, of
which the multiplicity of analytic singularities is a special case (cf. e.g.,
[5]). Moreover, the curvature form Rg in this situation corresponds to
/~ A/~*, where ~ denotes the second fundamental form of the embedded
variety, and it is an easy computation to show that

when, for example, X"z~+lk = f(zl,..., Zn) is an analytic hypersurface
in C~+1 with isolated singularity at the origin, such that 2 _< k <
ordf(O). On the other hand surfaces in Ca defined by an equation of the
form zk = xy, which constitute a special class of orbifold singularities
(of., e.g., [3]), do not satisfy condition (i) with respect to the restricted

2



ambient metric. For any singular space X of this type, corresponding
to the quotient of Cn by a finite subgroup of ~U(n), the most natural
choice of p is that induced by Izl2 on the Euclidean covering space,
since the associated orbifold metric is fiat.

Let /~ -~ X0 be a holomorphic vector bundle, with Hermitian met-
ric H, and K6hler metric g on X0 derived from i~Op as above. As-
sume that the curvatures FH and Rg both belong to Ln(~0). If
C°°(X0,A°I(E)) is a 9-closed (0.1)-form also belonging to L~(f~o),
then it is shown in [6], theorem 1, that the equation ~/~ - & admits
a smooth solution on f~0 such that IlPll -~ II&ll¯ The concern of the
present note is to apply this result, in the special case E = Xo x
to the problem of finding u E C°°(f~o) such that ~u = ~ for a closed
form ~ of type (1.1) on Xo. The main theorem is stated as follows:

Theorem:Suppose the curvature of the K~hler form w on Xo belongs
to Ln(~o). If ~] is a closed form of type (1.1) on Xo, such that ~7
is d-exact and the function I~l belongs to L~(~o), then there exists a
smooth function u on ~o such that ~Ou =

The proof also makes explicit use of the conical structure theorem
of Milnor [8], together with a relative Poincar~ lemma, derived in the
context of hypersurfaces of contact type, by Weinstein [10]. For sim-
plicity it is assumed that w is associated with restriction of the ambient
Euclidean metric. In conclusion, a corollary to the main theorem pro-
vides a criterion for triviality of Hermitian-holomorphic line bundles
(L,h) --~ X0 when restricted to ~0, generalising the analogous theo-
rem of Bando [2] for line bundles over the punctured ball in C2. Its
statement is as follows:

Corollary:Suppose that the curvature of w belongs to L~(~o). Let
(L,h) ~ Xo be a Hermitian-holomorphic line bundle with curvature

= that Z)
and IFh] also belongs to Ln(~o). Then L restricted to ~o is trivial.

In particular, the corollary provides a criterion for triviality of the
canonical bundle, !~x0 I a0, complementing the well-known cases of orb-
ifolds and isolated singularities of complete intersections. We note fur-
ther that "Bogomolov-type smoothness" theorems for the deformation
spaces of complex structure on the intersection of X0 with the ball of
radius �, and for CR-structure on the boundary, ~2N-1AX0, have been
established in the context of !~x0 trivial by Miyajima [9], and Akahori
and Miyajima [i]. From the algebraic point of view, the above criterion
may be compared with the well-known fact that H~(X \ {0}, (9x) -- 0
if and only if the depth of the structure sheaf is at least three at the
singular point. In this case it follows at once that all topologically



trivial line bundles are holomorphically trivial in a neighbourhood of
the origin.
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2. THE ~6~--POINCARI~ LEMMA

Let Xn C CN be a reduced and irreducible complex analytic variety
with isolated singularity 0 E X and with Ki~hler form w on X0 corre-
sponding to the restriction of the standard Kghler form on Euclidean
space. Consider a domain ~ of finite volume, corresponding to Bs A X
with ~ ¯ E ¢-~ X0 an embedded, smooth, compact real hypersurface cor-
responding to N~2N-I ~I X0. If p(x) -- / 2 with respect to the Euclidean
inner product for all x E X0, take ~ sufficiently small so that Vp, the
gradient vector field of p on the smooth tangent bundle TXo, has no
vanishing points (i.e., critical points of p) other than the origin (cf. [8],
corollary 2.8). Consequently, if ~ represents the angle between
and/, viewed as vectors in ]R2N, it may be assumed that I cos(p) is
bounded away from zero on ~20 (in particular limz___~ i~ belongs to the
tangent cone to X at the origin, hence limx__~o I cos(~)l - I).

--

Lemma 1. Let ~1 be a smooth, closed 2-form on Xo, such that ~ T~
is exact, then there exists a smooth form ¢ ~ C°°(t2o, T*Xo) satisfying
de =
Proof. Given r] TZ= dA, let ~ denote any smooth extension of A, com-
pactly supported in a neighbourhood of E, and write ~ = r~ - d~.
Following Milnor ([8], theorem 2.10) define a smooth vector field

= x< Vp(x), >

with respect to the standard inner product on R~N. From the system
of ordinary differential equations -~ - v (~), it follows that

= < v(x)
dt

Hence dv~dt ---- -1       , x/-fi = ~- t implies that there exists, for each
p ~ E, a unique solution of (1) on [0,~) such that x(0) = p ~ E.
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Let 9~ " f~0 U E --. [0, ~) × E be the natural diffeomorphism such that
9)-l(t,p) -- _Zp(t). The remaining argument is simply a modified version
of the relative Poincar~ lemma established in [i0]. Specifically, let
~. [0,~) × ~ -,[0,~) × ~ b~ th~ di~tio~ (t,~) ~ (~t,~), 0 _< ~ _< ~,
and define

Now ~ ~=~o ~s(~)= ~
~ I~--~o ~.(~t) = t~(~_~(~ot)) ,

and hence (cf. eg. Hermann [7])

d
8=~o ~(0) = d(P**o(tV(~_p(sot))JO))ds

+~8o(tV(%(sot))JdO) = d(t~so(V(~o(X))JO)) ,
since dO = 0 (here the symbol "J" denotes contraction of a form by a
vector). But ~(0)= 0 Tp.= O, and ~(0)= 0 implies

~((~- v~) <(~(~s(~))J~)~) = ~,
and hence

~01

We remark that for the case of Xo an orbifold singularity, there is no
essential change in the argument if p corresponding to the restriction
of l_xl2 in the ambient CN is replaced by p corresponding to the push-
forward of the Euclidean norm-squared on the covering Cn.

Since ~ is compactly supported, for any 3’ _> 1 we may write

~ ~**(~(~s(X))Jo)
via Jensen’s inequality. Now

f~o V(X)JO ~ <_£o V(X)]~ o ~
Recall, moreover, that v(x) = _-vg implies<vp,~>

1
v(x)l = oos(~) < ~’
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Lemma 2. For any 7 >- 1, if ~ L~(~o), then I¢1 ~ L~(~2o)¯

Now let r] be a form of type (1.1), with ¢1.0 , ¢0.1 denoting the
projections of ¢ onto the holomorphic cotangent space, (Tl"°Xo)*, and
anti-holomorphic cotangent space (T°lX0)* respectively. Note that
I¢1°1 , I¢°11 -< I¢l implies I¢1-°1 , ~ L~(~20) whenever I.l
L~(fl0) by the argument above. It remains to conclude

Theorem 1. Suppose the curvature of the Kiihler form w on Xo belongs
to Ln(f~o). If rl is a closed form of type (1.1) on Xo, such that rl ITP~
is exact and Irll E Ln(f~0), then there ezists a smooth function u on f~o
such that ~Ou = rl.

Remark: Apart from the L~-assumption for Rg, recall that some care
was taken in the introduction to specify that w should satisfy a cer-
tain volume-growth estimate, together with the Sobolev inequality in
a neighbourhood of the origin. Although these conditions are satisfied
automatically by w as defined in this article, it is worth pointing out
that they are explicitly used in the solution of the Cauchy-Riemann
problem (ef. [6], theorem 1), which we apply below.

Proof. If ~ is specifically of type (1.1) with respect to the complex
structure on X0, then 0¢1"° = c~¢°1 = 0. It now follows from [6],
theorem 1, that there exist f, g E C°°(f~0) such that

~f = ¢1.o , ~g ___ ¢0.1

But

df - ¢ = Of - ¢0.1 : O(f - g) ,

hence u = f- g. []



3. APPLICATION TO LINE BUNDLES OVER X0

Let (L,h) --~ (Xo,w) be a Hermitian-holomorphic line bundle with
--

curvature Fh = cgcglog(h). As above the Ki~hler form w on X0 will be
assumed to be the one induced from the standard Kiihler structure on
(EN"

Corollary 1. Suppose that the curvature of w belongs to Ln(~o). Let
(L,h) --~ Xo be such that the first Chern class vanishes in H2(f~0, Z)
and IFhl belongs to Ln(~o). Then L restricted to ~o is trivial.

Proof. The vanishing of Cl(L) implies that a smooth unitary frame may
be chosen for L leo, with respect to which the connection form ~- of the
Hermitian metric connection Vh is globally defined such that d~- = Fh.
As in Lemma 1, let ¢ be a solution of the equation de = Fh such that

I¢1 E Ln(f~0), with ¢ I~= ~-Ir~. From the main theorem, there exists
a function u, smooth up to the boundary E, such that Fh -- ~cgu = O.
Note that for any such u the conjugate ~ is another solution, hence
a real-valued solution exists. Moreover ~- - 0u, corresponding to the
connection form of Ve-~h, is ttat and represents a cohomology class of
Hl(~0, (~). If u = f- g as in Theorem 1, it follows that

d(f- = @ ¯
Since any loop in f~0 is homotopy equivalent to a loop in E, we con-
clude that the holonomy of sections covariantly constant with respect
to Ve-~h is trivial, and hence there exists a global holomorphic frame
for L lao.
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