
Chapter 5

RASCH ANALYSIS

The previous chapter presented the results of students' responses to the two test papers, using

Mayberry's method of assessment of the van Hiele Levels of geometric understanding. In this

chapter, a quantitative analysis of the results is presented. The results for the Mayberry items

from both Papers I and II have been processed using the QUEST software application (Adams

and Khoo 1993) of the Rasch partial credit modelling process provided by Masters (1982).

The resulting analysis leads to a more precise estimate of a student's ability than the simple

pass/fail scoring of the Mayberry evaluation. In addition, the analysis gives a degree of

difficulty ranking for the items by comparing them with the students' success rates, and

produces fit statistics that facilitate the identification of poorly discriminating items. The

resultant analysis is presented in this chapter in four main sections. These are: overall

performance, item analysis including question difficulty, student performance, and, finally, an

analysis of van Hiele levels.

Overall Performance

The reliability of the estimates for both items and cases is the proportion of the observed

estimate variance that is considered true (Adams & Khoo 1993, p.24). The reliability of the

item and case estimates for Paper I were both 0.93 and for Paper II, both 0.92. That the

reliability parameters are close to 1 shows that there is good separation between the items and

between the cases. Internal consistency parameters (Cronbach's alpha measure) of 0.92 and

0.91 for Papers I and II indicate there is a good fit between the data and the Rasch model, i.e.,

the items come from the same underlying construct, geometric understanding. The fit

statistics for the item estimates are given in Table 5-1, and those for the case estimates are

given in Table 5-2. All of the infit mean squares are close to 1, and the transformed infit (Infit

t) means are close to zero, which again indicates that the data fit the Rasch model well.
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Tab e 5-1

Fit Statistics for Item Estimates

Paper I
Infit Mean Square Outfit Mean Square

Mean 0.98 Mean 1.04

SD 0.18 SD 0.85

Infit t Outfit t

Mean 0.08 Mean 0.26

SD 0.72 SD 0.81

Paper II

Infit Mean Square Outfit Mean Square

Mean 1.00 Mean 0.98

SD 0.22 SD 0.95

Infit t Outfit t

Mean 0.10 Mean 0.21

SD 0.66 SD 0.69

Tab e 5-2

Fit Statistics for Case Estimates

Paper I

Infit Mean Square Outfit Mean Square

Mean 1.01 Mean 1.04

SD 0.27 SD 1.12

Infit t Outfit t

Mean 0.00 Mean -0.06

SD 1.29 SD 0.95

Paper II

Infit Mean Square Outfit Mean Square

Mean 1.00 Mean 0.98

SD 0.31 SD 0.61

Infit t Outfit t

Mean -0.02 Mean -0.02

SD 1.14 SD 0.93



Item Analysis

The Rasch method of analysis is based on a comparison between item results, and, hence,

there are no comparative statistics (infit mean square and difficulty threshold) for the seven

items which had either a perfect score or a zero score. All students were able to name

correctly the circle (Item 5), to state a property of the sides of a square (Item 16a), and to list a

property common to both a square and a rectangle (Item 25a). No student was able to give

relationships of parallel lines with regard to skew lines (Items 38a, 38b and 39), nor to

demonstrate understanding of a proof of the angle sum of a triangle (Item 53). As a

consequence, these items were removed from lhe analysis.

Item fit
The infit statistics for each item are the weighted residual-based statistics described by

Masters (1982), and indicate quantitatively, how appropriately each item fits the model, i.e.,

whether each item measures the same underlying construct as the other questions, namely, the

students' understanding of geometry. The infit mean square maps produced by the QUEST

package show the magnitude of the fit statistic for the items as asterisks, and indicate the

acceptable limits for the fit statistics by a pair of vertical dotted lines, items outside these

limits being considered aberrant.

The infit mean square maps for Papers I and II are shown in Figures 5-1 and 5-2, respectively.

With one exception, Item 8 (Figure 5-2), the items show values sufficiently close to the

acceptable limits indicated by the dotted lines, implying that the parameters for each question

fitted sufficiently well into the model to contribute to the estimate of geometric understanding

(Vine, K. 1997, pers. comm., 6 February). Items showing values greater than the acceptable

limit indicate that a larger than expected number of poor performing students were correct for

the question, and a larger than expected number of high performing students were incorrect.

Items lying outside the right-hand dotted line, although showing values sufficiently close to

the limits to be acceptable, are mostly van lliele Level 1 items, indicating that the better

students may have had difficulty in interpreting the thrust of the Level 1 questions. An item

showing a lower than acceptable value indica es that a greater than expected number of low-

ability students scored correctly, i.e., the item is more highly correlated with the total test

score than has been modelled by other questions (Masters 1982, pp.171-172). The value for

Item 8 in the infit mean square map for Parer II is very low, lying well to the left of the

acceptable limits.
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7       

V

Are these figures alike in any way?
YES	 NO

What word describes this? z     

Mayberry designed Item 8 to test student;' understanding of similarity through their

demonstration of ability to recognise and name similar figures (van Hiele Level 1).

Item 8

Only one of the thirty students, S54, failed to give a correct response for this question,

resulting in a difficulty threshold (the lowest) of -4.83. A mean threshold of 0.103 for the

similarity items indicates that students found similarity relatively more difficult than the other

concepts (in QUEST, the threshold mean is set at zero). The QUEST analysis ranked S54

with the lowest performance estimate (-4.34) These statistics indicate that Item 8, in being

answered correctly by all except the weakest ,student„ is more highly correlated with the total

test score than has been modelled by the other items.

Question difficulty

The threshold is the representation of the hem difficulty, and is the ability level that is

required for an individual to have a fifty per cent chance of passing that item (Adams and

Khoo 1993, p.86). The charts of item difficulty (thresholds) for Papers I and II are given in

Figures 5-3 and 5-4, respectively. The figures on the extreme left of each map represent the

logit scale on which both items and cases (students) are calibrated. The XXXs on the left-

hand side of the map represent the distribution of case estimates (i.e., student estimates) over

the logit scale. Each X represents the estimate for one student, and represents a fifty per cent

likelihood that the student will answer correctly the item(s) at the same position on the logit

value. The 	  line shows the mean estimate for all students. For Paper I, the mean

estimate for the students is -0.08, with a range of -2.83 to +2.27, and for Paper II, the mean

estimate is -0.67, ranging from -4.34 to +1.79. The items are plotted on the right-hand side of

the map according to their degree of difficulty, the higher the threshold, the greater the

estimated degree of difficulty for that question. Each item number has a coded subscript

which indicates the concept being tested. Additionally, the items are colour coded to indicate

the van Hiele level for which each has been designed; Level 1 - magenta, Level 2 - blue,

Level 3 - black, and Level 4 - green. The itm difficulty estimates for Paper 1 range from

-4.19 to +4.02, and for Paper 2, from -4.83 to 1-3.34.
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Figure 5-3

Item Estimates (thresholds) — Paper I
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Each question part was designed by Mayberry to evaluate a student's understanding of

geometry for a specific van Hiele level. The question parts were grouped by concept within

each van Hiele level, then plotted against their difficulty thresholds. Any clusters appearing

in the resultant graphs could indicate patterns worthy of analysis. The graphs are given in

Figures 5-5 and 5-6. Each graph shows an increasing degree of difficulty from lower left to

upper right, corresponding approximately with van Hiele Levels 1 to 4. However, the change

in the degree of difficulty in both figures is much greater between Levels 2 and 3 than

between the other levels. There is little discernible difference, and quite a degree of overlap

between the degrees of difficulty for the questions set to test Levels 1 and 2, and, again, for-

Levels 3 and 4. This suggests that the students found the Mayberry questions testing for

understanding at Levels 1 and 2 to be similarly easy, while the questions testing for Levels 3

and 4 were found to be similarly difficult. Such an interpretation supports the results in

Chapter 4, in which it was found that the most common van Hiele level of understanding for

69% of the students, was Level 2.

Four other features have been highlighted in 1 he figures and deserve comment. First, Figure

5-5 shows a cluster of nine items, indicated by a circle. These question parts were all

designed to measure for understanding of the circle at van Hiele Level 3. However, the graph

indicates that the degree of difficulty of these nine question parts is similar to the degree of

difficulty of the Level 2 items. Second, Figure 5-6 shows a cluster of four items indicated by

an ellipse. These question parts, which are across more than one concept, were also designed

to test for Level 3 understanding. The four qr estions require either a simple yes/no response,

or ask for recall of factual information. Their degree of difficulty is shown as being similar to

that of the middle order Level 2 items, incicating that a yes/no question, or a question

requiring the recall of factual information wil hout explanatory support, does not necessarily

provide insight into ability to reason at van Hi.;le Level 3. Third, again in Figure 5-6, Item 11

is indicated, its position and threshold of (-0.65) suggesting that it is much more difficult than

other Level 1 items. This confirms the results given in Chapter 4, where is has been shown

that several students were unable to identify the equilateral triangle as an isosceles triangle

(class inclusion), a Level 3 skill, required by Mayberry to score a correct response for the

Level 1 question. Fourth, a rectangle in Figure 5-6 identifies two items, both testing for

understanding of necessary conditions in defining an isosceles triangle, yet showing

noticeably different difficulty thresholds. This; feature is discussed specifically in the analysis

of patterns in student responses for van Hiele Level 3.
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Figure 5-5
Thresholds of Items for Each van Hiele Level — Paper I

Figure 5-6
Thresholds of Items for Each van Hiele Level — Paper II

In summary, inspection of the statistics produced by the QUEST package showed all except

one item to have infit mean square values sufficiently close to the acceptable limits, implying
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that the parameters for each question fitted sufficiently well into the model to contribute to the

estimate of understanding. The plotting of the ordered items against their difficulty thresholds

suggests that n ot all the items may be measuring the van Hide level for which they were

designed. In particular, there appear to be several items designed to test for Level 3

understanding which display a degree of difficulty similar to that of the Level 2 items.

Student Performance

Of the seventy question parts in each paper, the mean test score for students was 32.29 for

Paper I and 25.17 for Paper II. With 25 question parts in Paper I and 19 in Paper II being

designed to test for van Hiele Levels 1 and 2, these mean test scores indicate that the average

student was answering the questions for Levels 1 andl 2 correctly, as well as some of the Level

3 questions. This is consistent with the position of the line indicating the mean performance

estimate for the students for Papers I and II in Figures 5-3 and 5-4. It is consistent also with

the determination in Chapter 4, of each student's most common level of performance.

Although 77% of the students did not achieve criteria for levels higher than van Hiele Levels

1 and 2, many of them successfully answered some of the questions designed to test for Level

3 understanding.

Standard deviations, for the mean test scores of 10.37 for Paper I and 9.26 for Paper II,

indicate a broad spread of results, confirming the findings in Chapter 4, i.e., some students

had difficulty achieving the Level 1 criterion in a concept, while other students demonstrated

early Level 4 understanding of geometry. This corresponds with the range of the students'

geometric backgrounds.

Patterns in student responses for van Hiele levels

Mayberry (1981, pp.47-49) defined a set of behavioural terms for each van Hiele level,

designing her questions to test whether a student displayed understanding which matched the

behavioural terms. An examination of the item estimates reveals that, in the analysis of the

responses, patterns emerged showing that many students demonstrated a greater familiarity

with some behavioural terms or types of questions than with others. Patterns which became

apparent on examination of the item estimate maps are detailed below for each level.

The Level 1 questions were designed by Mayberry (p.47) to test whether students could 1)

recognise and name figures, and 2) discriminate a given figure from others which look

somewhat the same. Item estimates in Figures 5-3 and 5-4 indicate that, in general, students

found it easier to recognise and name figures or concepts (e.g., Items 2 to 8) rather than to

identify figures (e.g., Items 9a, and 10 to 15). This can be seen by comparing the difficulty

131



thresholds for pairs of items for each of the concepts, namely, square, right triangle, isosceles

triangle, circle, parallel lines, congruency and similarity. For example, for the square in

Figure 5-3, the threshold for Item 2 is -4.19, and for Item 9a, the threshold is -0.90. The two

concepts with different patterns were parallel lines and congruency. In the case of the former,

the difficulties were equivalent, and for congruency, they were reversed. In the case of

parallel lines, the familiarity with the word parallel (as in parallel parking, train lines) was

sufficient to overcome any difficulties in question focus. In the case of congruency, it seems

that Item 7 was not well phrased and students were struggling to identify the intent of the

question.

Competency with Level 2 skills, i.e., the ability to recognise and name properties of geometric

figures (Mayberry 1981, p.48) was tested by another set of items. The questions focused on

the sides and angle properties for all concepts except the circle and parallel lines. The results

indicate that the students found the notion of properties of sides easier than properties of

angles. For example, all students were able to state that a square has four equal sides (Item

16a), but riot all could make a statement concerning the angles of a square (Item 16b).

Correspondingly, the thresholds of questions requiring the recognition and naming of

properties of sides of figures were lower than for properties of angles for all concepts except

right triangle. 'This is apparent when the thresholds are compared for isosceles triangle Items

18a with 18b (-3.44 and -1.37), congruency l tems 22a,b with 22c,d (-1.28, -2.22 and -0.19,

-1.28), and similarity Items 21a,b with 21c,d (-2.72,-2.44 and -1.0, -0.65). In the questions

concerning the right triangle, the identification of the longest side (threshold -2.91) was easier

than the identification of the largest angle, i.e., the right angle (threshold -2.53).. However,

when students were asked to name the longe,it side and the largest angle, the naming of the

hypotenuse (Item 17b, threshold -1.28) gave more difficulty than the naming of the right

angle (Item 17d, threshold -1.95).

In the case of Level 3 items, patterns were less obvious. The students were required to be

able to 1) give definitions, 2) recognise and name relationships, and 3) recognise class

inclusions and implications (p.48). The formulating of a definition, and the notion of class

inclusion tended to be the more difficult questions for Level 3, although the degree of

difficulty depended on the phrasing of a question. This is illustrated in Items 28 and 29,

which are both designed to test for awareness Jf a definition of an isosceles triangle.
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Item 28
Circle the smallest combination of the following which guarantees a figure to be an isosceles
triangle?

a. It has two congruent angles.
b. It is a triangle.
c. It has two congruent sides.
d. An altitude bisects the opposite side.

The measure of the angles add up to 180°.

Item 29

I
Give a definition of an isosceles triangle.

Item 28 probes for understanding of necessary conditions in the defining of an isosceles

triangle, whereas, Item 29 asks for recall of a definition. A rectangle in Figure 5-6 indicates

the two items, showing clearly the difference between their difficulty thresholds. Item 28 has

a threshold of +1.41, while the much lower - hreshold for Item 29 is -2.72. The difference

shown in the graph between the degrees of difficulty for the two items indicates again that a

question asking for a recall of factual information does not necessarily measure Level 3

reasoning.

The effect of the difference in the phrasing of ..iuestions is also shown when comparing results

for the four questions, Items 41 to 44, designed to test for Level 3 understanding of several

concepts, but focusing particularly on congruency and similarity. The questions have a

similar structure, each requiring students to work with generalised figures, yet the thresholds

shown in Figures 5-3 and 5-4 indicate that students tended to find the two questions, Items 41

and 43 somewhat less difficult than Items 42 and 44. Examination of the questions revealed

that for Items 41 and 43, the phrasing is more direct, specific figures are detailed, and several

short sentences are used instead of a single complex sentence as in Items 42 and 44. Items 41

and 42 are detailed below for comparison of the phrasing.

Item 41
Triangle ABC is similar to triangle DEF (in that order).
Are the following	 a) certain	 b) possible, or	 c) impossible?
Give reasons for your answers.

a) AB = DE d) ZA > ZE
b) AB > DE e) AB = EF
c) LA = LE f) LA > ZD
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Will figures A and B be similar	 I-always
Give reasons for your answers.

A
a) a square	 a)
b) an isosceles triangle

	
b)

c) a A congruent to B
	

c)
d) a rectangle
	

d)
e) a rectangle	 e)

II-sometimes or	 III-never?

a square
an isosceles triangle
a A congruent to A
a square
a triangle

Item 42

None of the four items included figures. Van Hiele commented that questions of the nature of

Items 41 to 44, are not testing Level 3 if a figure is given (Mayberry 1981, p.57). However,

many students round they were unable to work without a figure. Thirty-eight of the sixty-one

students drew figures on their test papers, two of them commenting, "you have forgotten the

figures." Additionally, thirty students failed to give reasons for their attempts, indicating

they were unable to perceive the relationships between properties. Table 5-3 shows a Lewis

Carroll diagram relating the two sets of conditions for the students' responses, figures/no

figures, and reasoning/no reasoning, and hence, representing the distribution of the nature of

the sixty-one students' responses in the written test papers.

Tab le 5-3

Nature of Students' Responses for Items 41 to 44 (n = 61)  

Figure Drawn No Fi • ure

10

13  

Reasoning Attempted  21      

No Reasoning Attempted 17

The ten students who appeared to attempt to give generalised responses, may have drawn

figures elsewhere than on their test paper. Th is was so for S41 as shown in excerpts from the

transcription of his interview for Item 41. When asked to work through the question, S41

replied "Before I even look at the question, I'll draw the triangles." Following the interview,

S41, when asked whether he had drawn figures for the written paper, acknowledged that he

had done so on spare paper. In the interviews. all six students drew figures before attempting

to answer the questions.

Level 4 items were designed by Mayberry (1981, p.49) to show whether students were able to

1) supply reasons for steps in a proof, and 2) construct a proof. She translated this into
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questions requiring demonstration of ability to a) generalise in a proof, b) understand a given

proof, c) distinguish between necessary and :sufficient conditions, and d) construct a proof.

The item estimates (thresholds) indicate i hat students found questions requiring the

construction of a proof, especially when an eKplicit diagram is given as in Items 52 and 56,

much less difficult than the other Level 4 questions.

Overall, analysis of the QUEST program statistics supports the original results detailed in

Chapter 4, i.e.., that most students were able to display competent van Hiele Level 2

reasoning, together with some awareness of Level 3 behavioural skills. Furthermore, the

students have shown a greater familiarity with certain features, and types of questions.

Analysis of van Hiele Levels

An examination of the item estimate maps ar d figures raises a number of questions. These

include:

1. Do the levels show a hierarchical order, and are they discrete?

2. Are the questions distributed equally across the levels?

3. Do the Mayberry questions measure the level for which each was

designed?

Each of these questions is addressed individually below.

Do the levels show a hierarchical order, ands are they discrete?

That the sets of questions designed to test for understanding of each of the van Hiele levels

tend to be sequential is highlighted by the colour coding in the Item estimate maps (Figures 5-

3 and 5-4). The increase in the mean difficulty threshold of the questions for each level

supports other research evidence that the levels form a hierarchy. The overlap of the

difficulty thresholds shown in the Item estirr ate maps (Figures 5-3 and 5-4) for the sets of

questions designed by Mayberry to test each van Hiele level suggests that the levels are not

discrete. This may be due, in part, to an •incorrect allocation of questions to levels by

Mayberry. Figures 5-5 and 5-6 suggest a discontinuity between Levels 2 and 3.. However,

this difference in difficulty thresholds is more likely an indication of the large proportion of

students able to demonstrate Level 2 knowledge of properties, but unable to reason with the

properties relationally (Level 3).

Overall, although the levels are shown to be hierarchical in nature, the results support the

notion that, rather than being of a static nature, the levels are, in fact, of the more dynamic
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nature, and that the students, as suggested by Gutierrez, Jaime and Fortuny (1991), might be

growing in several levels at the one time.

Are the questions distributed equally across the levels?

The colour coding in the Item estimate mars (Figures 5-3 and 5-4) and the vertical lines

indicating the distribution of questions across levels in the threshold mapping in Figures 5-5

and 5-6 both show that Mayberry has designed many more questions to test for Level 3

understanding than for the other levels. More than half of the seventy questions set for each

paper are designed for testing Level 3. It may be that Mayberry, in consideration of the

geometric background of her subjects, had the notion that most of them would have some

degree of Level 3 understanding, and weighted her test design to accommodate this.

Do the Mayberry questions measure the level for which each was designed?

The hierarchical structure demonstrated in the Item estimate maps (Figures 5-3 and 5-4) and

the clustering of questions in the item threshcld Figures 5-5 and 5-6 suggest that, in general,

the items are measuring the van Hiele levels for which they were designed. However, there

are some anomalies which merit further investigation.

1. All except one (Item 44d) of the Level 3 circle questions have a negative threshold,

similar to those of the Level 2 questions. This shows clearly on the item threshold

mapping (Figure 5-5) as a cluster of questions noticeably below the thresholds of the

rest of the Level 3 questions. This sug Bests that these questions may not be measuring

Level 3 for which they were designed.

2. Both Item estimate maps (Figures 5-3 tnd 5-4) show a noticeable overlap between the

difficulty thresholds for Level 3 and Level 4. In particular, the positions (and the

thresholds) of Items 52 and 56 indicate that these items may not be measuring van

Hiele Level 4 for which they were designed.

3. Several of the items designed to test Level 3 understanding are of the yes/no type (e.g.,

Item 31b) or require recall of factual information (e.g., Item 30a). A cluster of these

questions is identified on the item threshold map (Figure 5-6), where their negative

thresholds place them well below the thresholds for the rest of the Level 3 items. The

low thresholds support the notion that I hese question types, in not requiring students to

explain their responses, offer a weak student the opportunity of recalling information

learnt without understanding, and a fifty per cent chance of selecting the correct

option.
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4. Item 11 (Paper II) shows on the Item estimates map (Figure 5-4) as having a greater

difficulty than other Level 1 questions. Additionally, Item 11 falls outside the dotted

lines which indicate the limits of fit statistic in the Infit mean square map (Figure 5-2),

suggesting that this item could well be testing something different to that for which it

was designed. An inspection of the question shows that it requires the students to

identify from a group of four, the two isosceles triangles, one of which is equilateral.

Mayberry's marking scheme requires that both triangles be identified.

In summary, analysis of the QUEST program statistics supports the notion that the van Hiele

levels of understanding geometry are hierarchical, but suggests that the levels are of a

dynamic nature rather than discrete. The maps clearly display the inequality in distribution of

items across the levels. The QUEST analysis lot only confirms the results detailed in Chapter

4, it also helps in the understanding of tit,: anomalies appearing in the earlier results,

indicating that not all the Mayberry questions may be testing the van Hiele level for which

they were designed.

Conclusion

This chapter employed a (relatively) new tech rtique developed by ACER to provide a detailed

quantitative analysis of the data. It involved use of the Rasch partial credit modelling process

provided by Masters (1982). This allowed on a single scale, a measure of item difficulty, and

of an individual student's ability to achieve success.

The purpose of this work was to undertake a deeper analysis of the test items and the student

responses than were available to Mayberry, and not previously undertaken in the area of

geometry. Also, the analysis was designed tc complement and extend the analysis of results

in Chapter 4 by giving a sharper quantitative edge to what had been primarily a qualitative

procedure. Of significance are three features. These are:

1. The quantitative analysis confirmed the trends in the results which emerged in the

Chapter 4 analysis. These included confirmation that most students were able to

demonstrate Levels 1 and 2 understanding, but not higher levels of reasoning, and that

not all questions were testing the level for which Mayberry had designed them.
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2. Patterns in the responses which had net been perceived, or were not particularly clear

in the Chapter 4 analysis, emerged. These included the positioning of many of the

Level 1 items outside acceptable limits in the infit mean square maps (Figures 5-1 and

5-2), indicating that higher performing students may have had difficulty in interpreting

the thrust of these questions. A patteni made clearer in the QUEST analysis was that

the more generalised the Level 3 questions became, the greater was the degree of

difficulty experienced by the students.

3. The focus of the analysis in Chapter 4 on how students performed on a written test

version of the Mayberry questions led to the identification of inconsistencies in the

reasoning of some students. Many of the inconsistencies were associated with the

nineteen response pattern errors. The QUEST analysis confirmed the occurrence of

these inconsistencies.

The next chapter explores whether there is any pattern to the response errors, and, also,

whether there are any unexpected patterns in the results. This leads to an evaluation of the

validity of Mayberry's subjective success criteria for each concept and level.
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Chapter 6

ANALYSIS OF RESULTS*

The results of student performances on the written version of the Mayberry test were recorded

in Chapter 4, and the quantitative analysis of those results, in Chapter 5. Overall, the

performance of the students was found to be similar to that of the Mayberry students.

However, when collating the results in the study, inconsistencies in some of the students'

reasoning emerged. While the Rasch analysis confirmed the inconsistencies, interviews did

not appear to clarify them. A search for patterns which could suggest an explanation of the

inconsistencies led to the identification of four main features which had the potential to result

in an incorrect assessment of a student's level of understanding in geometry. It is this issue

which is at the heart of the third research tieme identified in Chapter 2, namely, do the

Mayberry test items measure the van Hiele levels for which they were designed, and, are the

Mayberry success criteria valid? This theme is addressed through the investigation into the

four main features detailed below, i.e., the futures which have the potential to lead to an

incorrect assessment of a student's level of understanding in geometry.They are:

1. incorrect assignation of a level lo certain items;

2. unequal treatment of concepts across levels;

3. uneven distribution of questions across levels; and

4. unbalanced distribution of quest ion focus within levels.

A detailed examination of the Mayberry results showed that, although the sample was

smaller, the patterns of inconsistencies could frequently be found also in those results.

Additionally, many of the response pattern errors appeared to be associated with these

features, indicating a probable linkage.

The purpose of this chapter is to focus on these four features identified above. To assist the

investigation, these features were translated into four key research questions. These are

1. Do all items measure the level for which they were designed?

2. ls there equivalence in the treatment of the seven concepts?

3. Is there an even distribution of items across the four levels?

4. Is there a balanced focus on skills within each level?

* Aspects of this work have already been published, see Lawrie (1993), Lawrie and Pegg (1997).
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The nineteen response pattern errors identified in Chapter 4 are discussed in association with

the above research questions. Finally, the implications arising from the analysis are

discussed, and an amended version of the May berry test is detailed.

Research Question 1:

Do all items measure the level for which they were designed?

In designing each of her items to measure a particular van Hiele level of understanding,

Mayberry (1983, p.68) remarked that the choice of representative questions for each thought

level was difficult. To minimise this difficulty, she had her original questions validated by a

number of experts, among them Pierre van Hiele. When later writing about her study and its

results, Mayberry (p.68) felt that the representativeness of her revised questions needed still

further refinement. In this section, the representativeness of the questions for each thought

level are investigated.

When assessing the responses in this study, the replies of the students to each question were

compared to the responses to similar questions at the same level, both within that concept,

and for the other concepts. Assuming that the students had given their best in answering the

questions, this provided an indication of the representativeness of each question with regard

to the van Hiele level for which it had been designed.

Most of the items appeared to measure the level which they were testing. This notion is

supported by the consistency of the responses, especially within the first three levels, and also

by the low occurrence (2%) of response pattern errors. It is also supported by the hierarchical

structure demonstrated in the difficulty thresholds for the items and levels shown in the

Tables of [tern Estimates (Figures 5-3 and 5-4 , ► which measure the degree of difficulty of each
question on a logit scale.

However, some of the items do not appear to be measuring the level for which they have been

designed. The main problems appear to be a,isociated with specific items from three levels,

namely, Levels 1, 3 and 4. These are Item 1] testing for Level 1 recognition, parts of Items

25, 29, 30, 31, 34 and 35, Level 3 questions which require only simple unqualified responses,

Items 38 and 39 which test for Level 3 understanding of parallel lines, and Items 52 and 56

testing for Level 4 understanding of formal proof.

Item 11 (Level 1)
Mayberry (1981, p.76) designed Item 11 to te,it whether students could discriminate isosceles

triangles in a group of examples and non-examples. Identification of both triangles 'b' and
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b      

Which of these figures appear to be isosceles triangles?

`1:1' is required for an acceptable response to this item. Level 3 knowledge of class inclusion

is implicit to the identification of equilateral triangle 'cl' as an isosceles triangle.

This indication of a problem with Item 11 is supported by the Rasch analysis. In Figure 5-6,

the position of Item 11 suggests that it is much more difficult than other Level 1 items. The

Item estimates map (Figure 5-4) confirms this, showing a difficulty threshold of -0.65, greater

than for all other Level I questions. Additionally, Item 11 falls outside the dotted lines which

indicate the limits of fit statistic in the Infit mean square map (Figure 5-2), suggesting that

this item is testing something different to that for which it was designed.

Item 11

Fifteen students identified the correct triangles `b' and 'd', ten students identified only the

acute-angled isosceles triangle 13', and the other five students identified non-isosceles

triangles. Of the fifteen students giving the correct response, a few were not able to give any

properties associated with an isosceles triangle, indicating a limited knowledge of the concept.

However, four of the fifteen demonstrated, later in their responses to the Level 3 questions, an

awareness that an equilateral triangle is also isosceles, thus indicating the reasoning behind

their identification of figure `d' as an isosceles triangle.

Most of the ten students identifying triangle 't ' only, were able to reach Level 2 criterion, and

gave no indication of knowledge of class inclusion for isosceles triangles. Although this

suggests that the group of students saw isosceles and equilateral triangles as distinctly

different, it did not necessarily follow. For example, two students identifying figure 'b' only,

demonstrated understanding of class inclusion in their responses to Item 31. This is shown in

S39's response:
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Item 31 
'Triangle DEF has three congruent sides. Is it an isosceles triangle? Why or why not? 

S39	 Yes, it is an equilateral (triangle) as it has 3 equal sides. However it also has the

properties of an isosceles (triangle).

The depth of understanding of class inclusion shown in this response raises the issue of why

does a capable student have difficulty answering this Level 1 item. Has she interpreted it as a

question requiring only a low-level response? This incorrect answering of Level 1 questions

by capable students could well lead to response pattern errors. However, this is counteracted

by Mayberry's setting the criteria for all Level 1 concepts at a low value of 50%.

Items 25, 29, 30, 31, 34, 35, (Level 3)

Several question parts which were designed by Mayberry to test for Level 3 understanding,

namely, 25a, 29, 30(i), 31(ii)a, b, 34a, c, d, and 35(1), (2), (3), require only a simple yes/no

response, or the recall of factual information. Understanding at Level 3, as defined in Chapter

1, and by Mayberry (1981, pp.4-5), includes perceiving the significance of the properties

established at Level 2. This understanding of the significance of properties cannot be

demonstrated in a simple response without explanation of reasoning.

That not all students giving a correct response to such question parts were working at Level 3

is shown in the Rasch analysis. The colour ceding in Figures 5-3 and 5-4 identifies them as

Level 3 questions (black) with difficulty thresholds which are similar to those of the Level 2

questions (blue) among which they are situated, towards the lower part of the charts. In

Figure 5-5, they are shown as a cluster of questions indicated by a circle, and in Figure 5-6,

they are shown as the cluster of questions identified by an ellipse. In all four figures (5-3 to

5-6), their difficulty thresholds are similar to those of the Level 2 questions, and well below

the difficulty thresholds of the other Level 3 items. This indicates that correct responses to

these question parts were given, not only by itudents able to display Level 3 reasoning, but

also by students able to list only sets of properties.

Question parts requesting recall of properties without explanation of relationships, for

example, Item 25a. Item 30 (i), and Item 35 1), (2) and (3), allow for acceptable responses

from students who do not understand necessarily the significance of the properties they have

listed. A similar difficulty arises with requesti for a definition. Dr. Cooney (Mayberry 1981,

p.53) maintains that the stating of a definition (e.g., Item 29) may not "represent "real"

progress in geometric thinking", i.e., a student has the opportunity of recalling information

learnt without understanding. Again, questions which require a yes/no or true/false response
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(e.g., Item 31(ii) a and b, and Item 34 a, c and d) allow for students to give a correct response

without demonstration of understanding of relationships and implications. Additionally,

these questions offer a weak student a 50% chance of selecting the correct answer.

The question parts are associated with the concepts square, isosceles triangle, circle and

parallel lines. The effect of items testing for the concept circle are discussed specifically in

the next research question. For other concepts, for example, the isosceles triangle, although

the design of the questions allows for some Level 3 credit that may not be justified, the weak

questions are balanced by several questions requiring explanation of reasoning. This is

associated, in each case with a discriminai ing criterion of 67%, and, hence, incorrect

allocation of Level 3 has not occurred.

Items 38 and 39 (Level 3)

Mayberry included the condition that paralle] lines are coplanar in her requirements for an

acceptable response to Item 39 (Level 3), stating "Thirteen of the fifteen students who missed

the question about parallel lines omitted 'in the same plane" (1981, p.83). As recorded in

Chapter 4, in the written paper no students included condition (c) in their responses.

Item 39
Circle the smallest combination of the following which guarantee that two lines are parallel.

a) They are everywhere the same distance apart.
b) They have no points in common.
c) They are in the same plane.
d) They never meet. 

The wording of parts A, B and E in Item 38 implies the same expectation, awareness by

students that parallel lines are coplanar. In tlie responses, no student showed awareness of

skew lines.

Item 38
Are these lines or line segments parallel, a) always b) sometimes c) never?
Give reasons for your answers.

A	 Two lines which do not intersect.
B Two lines which are perpendicular to the same line.
C	 Two line segments in a square.
D Two line segments in a triangle.
E Two line segments which do not intersect. 
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Although Mayberry has not given any other indication of her expectations for this level and

concept, the coplanar condition could well have been a requirement for all the Level 3

questions for parallel lines (Items 36 to 39).

In her behavioural definition for Level 3 (1981, p.48), Mayberry stated that students would be

able to perceive relationships between the properties identified at Level 2. There is no

indication in Mayberry's test that properties are to be considered in other than two

dimensions. All other items in the test are situated in two-dimensional geometry. Hence, the

expectation that students be aware of skew lines without some indication that the 3-D

environment should be taken into account, is not reasonable.

This is supported by the responses to Item 39 of the six interviewed students, together with

their reactions to prompting with the notion o skew lines. Initially, none of the six students

included the coplanar condition. On being shown examples of skew lines within the room,

three were not able to consider a third dimension, and two, although acknowledging that skew

lines were not in the same plane, could not incorporate this in their responses. The remaining

student (S 14) was able to recognise the significance of the coplanar condition, reorganise her

thinking, and, consequently, change her response. In her written paper, S14 displayed early

Level 4 reasoning frequently in her responses, suggesting that Items 38 and 39 are testing

Level 4 understanding.

In Chapter 2 levels were described as representing discrete stages of major knowledge

reorganisation, and that the learning or knowledge able to be displayed by a student at a new

level differs from the knowledge displayed by the student at the preceding level in that the

earlier knowledge will have been reorganised The restructuring of knowledge of properties

from a two-dimensional environment to three dimensions is a major reorganisation requiring

different reasoning. Analysis of Items 38 and 39, together with the students' responses to the

interview prompting on skew lines, indicates that the inclusion of the condition of parallel

lines being coplanar is not true to Level 3 descriptions, and that Items 38 and 39 are testing

the level above the one nominated, i.e. Level 4 instead of Level 3.

Items 56 and 52 (Level 4)

To gain consistency in the questions testing for each level, Mayberry (1981, pp.47-49)

developed a description of the level in behavioural terms. For Level 4, this was:
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Deduction is meaningful. Reasoning logically and reflecting on the significance
of deduction and what it means to organize proofs logically are achieved.
Constructing proofs, understanding the role of axioms and definitions and the
meaning of necessary and sufficient conditions are achieved. A student on this
level should

1) Supply reasons for steps in a proof;
2) Construct a proof.

Mayberry (1983, p.60) then designed three types of questions to evaluate the above two skills,

namely:

1. Give reasons for steps in a proof.
2. Steps are given and questions asked about what has been proved.
3. Do a simple proof.

Successful completion of such questions should be an indication that a student can manipulate

the intrinsic characteristics of relationships. The suitability of Items 56 and 52 to test for

Level 4 skills is evaluated through a comparison with similar items in relation to the above

behavioural terms. This comparison is supported by the responses given by the students in

the written papers, and, where appropriate, by transcriptions from interviews. The occurrence

in the results for the concept congruency at Level 4 of seven of the nineteen response pattern

errors is also considered.

Item 56

The following discussion focuses initially on Item 56. However, to appreciate the full

significance of the identified problem, a comparison between the students' performances on

Items 56 and 55 is included.

Mayberry designed two tasks to test for Level 4 thinking, in the concept congruence, is

measured by the two tasks, Items 56 and 5 provided below. Students are deemed to be

reasoning at Level 4 if they meet the criterion of one correct solution. Both items require

demonstration of the ability to construct a proof. Results support the notion that there is a

marked difference in the degree of difficulty between these items.

This is also supported by the Rasch analysis of the degree of difficulty of the items as

measured on a logit scale. The difficulty threshold for Item 56 was 1.11, similar to the

degree of difficulty for many Level 3 items, while the threshold for Item 55 was greater at

2.39. This is shown in Figure 5-3.
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Item 56

These circles with centres 0 and P intersect
at M and N.

Prove: A OMP A ONP.

The above question includes an explicit diagram delineating clearly the two triangles OMP

and ONP to be proven congruent. The soluticn requires the identification of the two pairs of

equal radii (OM and ON, PM and PN) which , together with a common side (OP), result in

three pairs of corresponding sides, and, hence, proof of congruency. In the written test (Paper

I), nine of the thirty-one students supplied corr plete solutions for Item 56.

Item 55

In this figure AB and CB are the same length.
Al) and CD are the same length.

Will Z A and ZC be the same size?
Why or why not?

There are several ways of solving Item 55. One method includes the use of congruency as a

tool, and involves the spontaneous recognition of the need to construct a pair of triangles (by

joining BD). The identification of the two pairs of equal sides from the data (AB and CB,

AD and CD), together with the common side (BD) gives congruency (three pairs of

corresponding sides). This leads to the concluding deductive statement that since

corresponding angles in congruent triangles are equal, Z A equals Z C. Four students gave

correct solutions for Item 55 in the written tesi.

Item 55 was included in the interviews. The responses of the students interviewed supports

Mayberry's inclusion of the item as a measurement of Level 4 ability. In the initial request

for the students to solve the problem, all six students recorded a response which corresponded

with the level of thinking which they had displayed in the written test. Two students again
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supplied a correct proof, while the remaining tudents either quoted the properties of a kite or

gave a response which implied a visual compa:ison. Such a response was given by S08:

S08 Yes, I'd say they'd be the same size because they both have the same lines going into

them - they are the same lines. You could measure the sides - the measurements

would be the same.

The weaker four students were then prompted with "If BD is joined, can you now give an

answer?" It was considered that this prompt should reduce the level of the original question.

Three of the students could make no further contribution to the depth of their earlier attempt,

demonstrating an inability to appreciate the implications of having a pair of triangles.

However, the fourth student, S31 responded "Congruent triangles. From the question, two

sides are the same and BD is common to both." He thus demonstrated very clearly that the

inclusion of significant prompts reduced the degree of difficulty for the question. During the

interview, S31 consistently demonstrated confident Level 2 knowledge, and some Level 3

ability, even though he had not reached the Level 3 criterion for any concept in the written

responses. His inability to recognise the need to construct triangles for the original question

confirmed that he was unable to reason at Level 4. However, he demonstrated his partial

grasp of Level 3 in his immediate 'solution' when prompted. This contrast between S31' s

inability to attempt Item 55 in its original form, and his solution once prompted with the

construction of the triangles, illustrates one difference between questions measuring Levels 4

and 3, and supports the notion that Item 56 with its comprehensive diagram is not testing

Level 4.

The inclusion of significant visual prompts, as in the explicit diagram in Item 56, allows only

for simple deductions to be undertaken. The effect of such a significant prompt was

demonstrated by the increased success rate for Item 55 following prompting during the

interviews. By comparison, Item 55, in its original form for the written test, requires a

decision on which deductive tool to use in the development of the proof of equality of the

angles. This raises the question of whether Item 56 has sufficient complexity to measure

Level 4 skills. That there is a very real difference between using an idea when it is apparent

and recognising the need for the use of the idea is borne out by the results of the students. Of

the nine students who solved Item 56 correctly, only four could solve Item 55 also. With a

Mayberry requirement of one correct solution to demonstrate ability for this level for the

concept congruency, nine students (29%) regiitered Level 4 success. This is more than twice

the overall success rate (11%) for Level 4 across all concepts.
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Seven of these nine students failed to reach Mayberry's criterion for Level 3 in the concept

congruency, and, hence, recorded a response pattern error (1,1,0,1), indicating an

inconsistency in performance between Levels 3 and 4. All the responses of the seven students

were analysed in depth. Only one of the seven students showed consistent Level 4 reasoning

across most concepts. The other six students did not show ability to use deductive skills for

any other concept. This suggests that the incorrect assigning to Item 56 of ability to measure

Level 4 deductive skills could be the reason fer the occurrence of six of these seven response

pattern errors.

That Item 56 is measuring Level 3 rather than Level 4 is supported by van Hiele's statement

(1957, in Fuys et al 1984, p.239) that a student will have reached the [third] level of thinking

if, for example, "on the strength of general congruence theorems, he is able to deduce the

equality of angles or linear segments of specific figures."

Item 52

Item 52 was designed by Mayberry to measure Level 4 skills for two concepts, isosceles

triangle and circle. This means that for this study the item was included in both Papers I and

II, i.e., all sixty-one students attempted Item 52. Overall, fourteen students (23%) supplied

correct proofs for the item, well above the average success rate for the fifteen Level 4 items of

9%. In the Mayberry results, nine of the nineteen students (47%) were successful with. Item

52 (Mayberry's Level 4 overall success rate was 25%).

The Rasch analysis supports the notion above that, excluding Item 56, Item 52 is less difficult

than other Level 4 items. The difficulty threshold of Item 52 in Paper I is given as 2.39, and

in Paper I][ at 0.26 (Figures 5-3 and 5-4). The higher comparative difficulty for the question

in Paper I could well result from its comparison with the difficulty of other questions

designed to test for understanding of the circle. Another factor, discussed in the next section,

investigates a problem associated with the Mayberry circle items.

Item 52

Figure C is a circle. 0 is the centre.

Prove that A AOB is isosceles.
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Proof for the item requires two steps: the identification of equal radii AO, OB; and, a

concluding statement that a pair of equal sues determines an isosceles triangle. Of the

fourteen students assessed as completing this proof successfully, only two provided

satisfactory solutions to other Level 4 questions for these concepts. Another two students

demonstrated Level 4 skills for other concepts. The high degree of success with Item 52

compared to the general Level 4 success rate suggests that Item 52 may not have as great a

degree of difficulty as other questions testing Level 4 skills.

A comparison between the success rates for the questions testing Level 4 skills for the two

concepts, isosceles triangle and circle, supports the notion that these questions may have a

lesser degree of difficulty than other items coded as Level 4. Three questions, Items 48, 50

and 52 test the concept isosceles triangle and two questions, Items 51 and 52, test the concept

circle. As mentioned in Chapter 4, Item 48 requires the construction of a multi-step proof,

whereas Item 50 gives the essence of a proof, for which, full understanding is necessary for a

student to give a correct response. Three students answered Item 48 correctly, one gave a

correct response to Item 50 and ten students were correct for Item 52. This range of results

highlights the difference in the degree of difficulty between Item 52 and the other two

questions. For the concept circle, Item 51 is again a question of the type which supplies the

essence of the proof then asks "What have we proved?" One student gave a correct response

for Item 51 and four for Item 52. While not showing as great a difference as between the

results for the three isosceles triangle questions, the success rate still fits the pattern of results,

supporting the notion that Item 52 is insufficiently abstract to measure Level 4 skills.

The weakness of Item 52 does not show in the response pattern errors. For the concept

isosceles triangle, the criterion is two correct responses for the three questions. The greater

degree of difficulty of Items 48 and 50 ensures that only students with Level 4 skills will

achieve a successful score of more than one correct response. For the concept circle, the

criterion for Level 4 requires a correct solution for just one of the two questions. This allows

students who are able to give a correct response for only the less demanding question, Item

52, to register success for this concept and level. This would normally give rise to the

potential for students who did not have sound Level 3 thinking for the concept circle to record

response pattern errors. However, as menticned above, there is another feature associated

with the treatment of the circle concept which overrides the effect of the weakness of Item 52.

This is discussed in the next research question.

As noted by Mayberry, the choice of representative questions for each level of thought is

difficult. 'The consistency in the responses given by the students to questions designed to test
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a particular level supports the notion that most of the items measure the level for which they

were designed. However, responses to Item 11, to some Level 3 question parts, and to Items

52 and 56 indicate that they are not necessarily measuring the levels for which they were

designed. In particular, the responses to various Level 4 questions suggest that whereas

items, such as 48, 50, 51 and 55, are measuring Level 4 skills, Item 52 and 56 do not appear

to do so, and, hence, need further refinement. Van Hiele asserted that "A [fourth]] level must

be connected with the possibility of comparing, transposing, and operating with relations"

(1986, p.44), and that a student "will reach the [fourth] level of thinking when he starts

manipulating the intrinsic characteristics of relations" (1957, in Fuys et al 1984, p.240).

This raises the question of whether Mayberry' interpretation of her behavioural definition for

Level 4 allows for the comparing, transposing and operating with relationships. She appears

to have overlooked the fact that the construction of a simple proof is demonstration of a Level

3 skill, especially if it is empirically based, or if it does not require operating with

relationships. All the items designed to test Level 4 fit Mayberry's behavioural terms above,

yet it appears that weaknesses in some of the items, together with a success criterion that has

been set too generously, cloud the meaning of the levels.

Research Question 2:

Is there equivalence in the treatment of the seven concepts?

Results for the circle suggested that the students had a much greater understanding of this

concept than of any of the other six concepts, 68% of the students reaching criteria for Levels

3 or better, compared with the result across all concepts of 24%. An examination of the

Mayberry students' results showed a similar trend, 68% demonstrating success with the

higher levels (3 and 4) for the circle compa -ed to a success rate of 49% for all concepts.

Table 6-1 shows the comparison between the circle results and the results for all concepts for

both sets of students.
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Tab:.e 6-1

Comparison Between Results for the Circle and Results for All Concepts

in the Australian arid Mayberry Studies

Australian	 Ma berr

Circle

n=31

All Concepts

n=244

Circle

n=19

All Concepts

n=133

van Hiele Levels

0, 1 2

10(32%) 185(76%) 6(32%) 68(51%)

van Hiele Levels

3 and 4

21(68%) 59(24%) 13(68%) 65(49%)

It has been noted already in Chapter 4 that iii the interviews, the responses of the students

confirmed the results of the written test. Hence, the levels of reasoning demonstrated in the

interviews by the three students who attempted the Level 3 circle question, Item 35 in the

written paper, were also confirmed. Additionally, the interview responses indicated that the

students were more competent in answering the circle question than in responding to the

Level 3 questions for the other concepts, five of the six students giving complete and correct

answers to most of the question parts in the item.

This raises the issue: Why should the students record higher van Hiele levels of performance

for the circle than for the other concepts tested? Is it that the circle is an easier concept to

understand or, if this is not so, is the circle taught more effectively and with greater depth

than the rest of plane geometry? If neither of these notions are correct, then the Mayberry

test needs to be examined for possible reasons. Do the Mayberry circle questions test the

level for which they have been designed, and/or are the success criteria realistic? If either of

these factors is found to be in doubt, then is there an underlying reason for this?

As shown above, the students demonstrated in both the written test and the interviews, as well

as in the Mayberry study, a much greater success rate with the Levels 3 and 4 circle questions

than with similar questions for any of the other six concepts investigated. A close analysis of

the students' responses, in particular the responses of the interviewed students, provided some

insight into whether the students had a greater understanding of the concept circle, or whether

their better than expected results occurred because the questions did not test the level for

which they were designed. In addition to this, an examination of the settings of the Mayberry

success criteria showed whether they were realistic.

151



When investigating whether the Mayberry items measure the level for which they were

designed, and whether the critical values for r,Tistering success with levels are valid, for the

concept circle, two levels are involved, namely, Levels 3 and 4. The levels need to be

analysed separately. There are a few reasons for this. First, the different skills which need to

be displayed for each level require questions of a different nature. Second, the inclusion of

the circle question, Item 35 in the interviews, gives a deeper insight into the testing of Level

3.

The circle, Level 3

Mayberry used ten question parts distributed through Items 33, 34, 35 and 44 to test for Level

3 knowledge (criterion of 6 out of 10). Items 34 and 35 each contain four question parts, and

are the main determinants for the attainment of the criterion of six out of ten to register

success at Level 3. An analysis of these two items follows.

Item 34

A

Figure A is a simple closed curve.
Figure B is a circle.

Is figure B a simple closed curve?
How are these figures alike? How are they
different?

(T—F) All simple closed curves are circles.
(T—F) All circles are simple closed curves.

Item 34 is a repetitive question, asking in four different ways whether the student understands

the concept that a circle is part of the class of figures which are simple closed curves.. The

placement of so much emphasis on a single nation has the potential to lead to an unbalanced

assessment of Level 3 knowledge. This difficulty is compounded by the design of three of the

question parts. The first part requires a yes/n o answer, and the final two parts are true/false

questions. Hence, each of the three parts offers the student a 50% chance of success, whether

or not the question is understood. Twenty-two of the thirty-one students attempting this

question scored for these three question parts. This degree of success is well above the

overall success rate for Level 3 questions. The weakness in the design of this item is

illustrated by examining the results of one of the interviewed students, S31.

His three correct answers to the above parts (a), (c) and (d) of Item 31 were his only complete

and correct responses for the Level 3 questions for the concept circle. In addition, S31 failed

to reach criteria for Level 3 for any concer t. Responses of this student in the interview

reinforced the assessment of his performance In the written paper in that he showed consistent
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knowledge of properties, and displayed occw.ionally some attempt at Level 3 reasoning. It

can be argued that the weaknesses in the design of Item 34 contributed to the better-than

expected success rate for Level 3 in the concept circle.

The selection of the students for interview from three performance strata meant that two of

the six had displayed skills in their written responses which were consistently of Level 3

standard or better. The other four students generally responded with answers which indicated

Level 1 or 2 reasoning, the two more able of the four students occasionally showing some

beginning exploration of Level 3 understanding. However, in the interviews, five of the six

students responded correctly to most of the parts of Item 35, indicating that each had the

potential to reach Mayberry's Level 3 criterion of six. Correspondingly, this suggests that the

students had an equal or greater understanding of the concept circle compared to the other

concepts. An analysis of the six sets of interview responses follows. Where appropriate, the

interview responses are compared to the written responses for Item 35.

Item 35

This f: gure is a circle with centre 0. Would the
following be: a) certain, b) possible, c) impossible.
Give masons for your answer.

1) OB=0A
	

2) OD=OA

3) 20B=AD
	

4) AD=EC

As mentioned in Chapter 3, the six students were selected for interviews so that three had

completed the written test for Paper I and three for Paper II.. The responses of the students

who had completed Paper 2, and, hence, had not previously seen the circle questions, are

examined first. As expected, the most able student, S41 confirmed his overall depth of Level

3 + reasoning in giving comprehensive resconses to the four parts of Item 35. This is

illustrated in his response to part 4.

S41 Impossible. The reason is because AD is a diameter and a diameter is the largest

line we can draw within a circle, so EC must be smaller.
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In contrast, a somewhat less comprehensive, yet correct response, was given by S33.

S33 Definitely impossible ... this line here (AD) is going down through the centre, and

this one here (EC), well for a start it doesn't go through the centre so it has to be less

than the diameter, so it can't be equal.

In her written paper, S33 consistently demonstrated confident knowledge of properties for all

concepts but only partial possession of Level 3 skills. According to the Mayberry test, her

four correct answers to Item 35 given in the interview suggest confident Level 3 skills for the

concept circle. The third student, S59, who hz.d not seen the circle questions previously, was

the least able of the students interviewed and was the only student interviewed who did not

give acceptable responses to Item 35. In the interview, she readily identified the circle and

displayed knowledge of some of its propertie;;. Her language was informal in keeping with

her display of weak Level 2 skills. She referred to a radius as being "half a circle." When

attempting to explain why two radii were equal in length to a diameter, she said "You've got

two of these (radii), they come in close hai'ves. They're equal parts." This degree of

understanding of the properties of the circle matched the level of reasoning (Level 1 to 2)

revealed in her responses for the four concepts tested in her written paper in which she

displayed repeatedly an incomplete knowledge of the properties of the concepts. Her

understanding of angle was particularly week and led to her making, in some instances,

confused statements about angles, and on other occasions, led to her ignoring angle properties

completely.

The three students interviewed, who had completed Paper I, and hence, had previously

attempted Item 35, were S14 (Level 3 +), S311Level 2 +) and S08 (Level 2). In the interview,

S14 gave responses identical to her written answers for Item 35, confirming that she was

confident in vvorking with Level 3 geometric reasoning. In the written paper. S14

demonstrated her skill in relating properties of the circle with a comprehensive response to

part (d) of Item 44 (testing Level 3):

Item 44

(d)	 Will two circles each with a 10cm chord be congruent always, sometimes or never?

Why?

S14 Sometimes, as different circles (i.e., wi h different radii) may have equal chords.
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Her lack of depth in understanding of Level 4 proofs led to her giving an incomplete response

for Item 51. The much easier Item 52 gave Sli no difficulty.

In the written test, S31 achieved Level 2 criteria for all four concepts, including the circle.

His interview responses for Item 35 are detailed in Chapter 4. Throughout the interview, S31

confirmed his knowledge of the properties of the concepts, frequently qualifying with

statements, such as "I'm just trying to put a picture in my head", or allocating 45° values to

angles. H.e was not able to explain clearly any of his statements about properties. This,

together with his preference for working visually and/or quantitatively, confirmed his van

Hiele level of geometric understanding (Level 2) as assessed in his written test.

The last student, S08 had completed a senior high school course (but no geometry) in the

USA before coming to Australia for his tertiary studies. In the written test, S08 reached Level

2 criteria for the concepts square, right triangle and congruency, displaying awareness of most

of the properties associated with these concep Ls. He made no attempt to relate the properties

or to demonstrate knowledge of class inclusion. This possession of Level 2 skills, but not

Level 3, is shown in his attempt with Item 23, an item testing Levels 2 and 3 for the square.

Item 23

B

A

C

D

ABCD is a square, BD is a diagonal.

Name an angle congruent to Z ABD.

How do you know?

S08 How do I know the angles are equal? The square — all the sides are equal and if you

put a line in the middle of it, it will make both sides the same, so the angles should be

the same.

This response was given in both the written test and the interview. Neither prompting nor

probing elicited any further explanation. This was the best answer he could give. However,

for the concept circle, he answered not only all Level 1 and 2 questions correctly, he also

reached Mayberry's criteria for Level 3 in szoring seven out of ten. His responses in the

interview to the four parts of Item 35 were imilar to those he gave in the written test. In

answer to part 4 he replied:
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S08 Impossible, because AD goes right through the middle so it would be a lot further

than CE because it (CE) goes to the sic:e.

S08's response to Item 35 shows many similarities to his response to Item 23. Both responses

are a statement of known properties. Additio ially, both answers imply a visual comparison.

In Item 23, SO8 found that the two triangles created by the diagonal appear to be "the same",

i.e., equal, and in Item 35, S08 appears to have compared the length of the lines AD and CD

visually, and found that AD has the greater length. In neither answer is there any attempt to

give a logical explanation. This suggests that in the four parts of the circle question, Item 35

can be answered correctly by a student solely possessing Level 2 skills.

As stated above, Items 34 and 35 when considered together, supply eight of the ten question

parts used by Mayberry to assess whether or lot a student has Level 3 skills for the concept

circle. With the criterion set at six correct ar swers, it can be argued that the weaknesses in

the design of Item 34, together with the incorrect assigning of Level 3 to Item 35, give rise to

the notion that students can be assessed incorrectly as reaching the Level 3 criterion for the

concept circle. This notion is supported in that, of the twenty--one students registering success

for Level 3 or better for the concept circle. only four were able to respond correctly to

question 44 (d), a question of the type verified by van Hiele (Mayberry, 1981, p.57) as testing

knowledge of Level 3 relations between properties.

The circle, Level 4

Five students (16%) reached criterion for Level 4 in the concept circle. Although this is not

much greater than the average number of students to reach Level 4 overall (11%), analysis of

the responses indicates that these results have the potential to lead to an incorrect prediction

of the highest level of which some of the students are capable. Mayberry designed two

questions, Items 52 and 51, to test whether ;students could demonstrate Level 4 skills, i.e.,

whether they could supply reasons for steps in a proof and whether they could construct a

proof. The criterion was reached if a student gave a correct response to either one of the

items. Following the detailing of the solutions for each item, the degree of difficulty for each

item is discussed in relation to the success rate for each item. Student responses are used to

illustrate the main points.

Item 52 requires that a student construct a pro Ai As shown in the first section of this chapter,

there are only two steps in this proof. It is considered that the solution, the identification of

equal radii, and the statement that a pair of equal sides determines an isosceles triangle,

incorporates the recognition of the relationship between properties (Level 3). There is

insufficient abstractness in the problem to allow a student to display ability to construct proof.
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Item 52

Figure C is a circle. 0 is the centre.

Prove that A AOB is isosceles.

In contrast to the solution for Item 52, a correct response to Item 51 requires a student to

understand the essence of deduction so as to be able to follow through the given steps of the

proof.

Item 51

Figure 0 is a circle, 0 is the centre.
Z AOB = LCOD.
Since AO, BO, CO and DO are radii,
A AOB A COD, so AB=CD.

What have we proved?

C 

Only one student was considered to have given an acceptable response for this item.

S19 We have proved that the chords are equal due to having the same angle at the centre

of the circle.

While S19 did not complete her proof for I tem 52, none of the four students who gave

acceptable proofs for the item showed any ind cation that the essence of proof was understood

in Item 51. One student (S25) failed to offer any answer, while S14 responded "These A s

are all isosceles." S16 and S29 both gave the answer "that AAOB and ACOD are

congruent." Of these four students, only one showed evidence of mastery of deductive skills

on other items.

There is a very real difference in the degree of difficulty between a question whose solution is

the stating of a simple two-step proof, and question for which giving a correct response

requires the understanding of the essence of p -oof. Only one of the five students successfully
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attempting the Level 4 questions for the concept circle appeared to understand the intent of

Item 51. This is supported by the measurements of the degree of difficulty for each question

in the Rasch analysis. The difficulty threshold for Item 51 was 4.02 while the threshold for

Item 52 was lower, at 2.39. It can therefore be seen that the prediction that students can

demonstrate deductive skills for the concept circle on the basis of a correct solution for Item

52 alone may not be correct. Thus, it can be argued that a small number of questions testing

for the understanding at a level can lead to an incorrect prediction of a student's performance

for a level and concept. This weakness is magnified if, as in this instance, the criterion is set

at a low value, facilitating the possibility of an incorrect assessment of a level.

The argument above has shown that the high: percentage of students reaching Levels 3 and 4

in the concept circle is not an indication that they have a greater understanding of that

concept. Rather, it is an incorrect assessment of their van Hiele level of geometric

understanding. Analysis of the students' responses showed that the knowledge exhibited in

their responses for the circle questions was coe isistent with the level of their responses for the

other concepts, i.e., most of the students Nv.re giving van Hiele Level 2 answers. This

supports the notion that the items designed to test knowledge of the circle were not all true to

level descriptions. In particular, many of the questions designed to test for Level 3

understanding did not allow the students to diNplay their knowledge of Level 3 skills, such as

the relationships between properties. The analysis led to the identification of three particular

design errors in the Mayberry circle questions All were associated with the testing of Levels

3 and 4 knowledge. These design errors are:

1	 Repetitive testing of a notion can lead to an imbalance in the assessment of a

level. This design fault is illustrated in Item 34.

2. The incorrect allocation of a level to a question can prevent students from

being assessed for their true level of reasoning. Items 35 and 52 do not

measure the levels for which they were designed.

3. Testing a level with a small number of questions can cause difficulty in

assessing a student's level of understanding. This difficulty can be

compounded by setting the success criterion too low. Two items, 51 and 52,

test the circle for Level 4 know edge, and one correct solution alone is required

to reach criterion.

158



These design errors indicate that Mayberry may have had difficulty in finding enough

questions to test adequately the understanding of the concept circle at the higher levels. This

is highlighted particularly in her difficulty in designing questions true to Level 3. Analysis of

responses and comparison of performance across all concepts suggest that of all the Mayberry

items designed to test Level 3, Item 44 part (d) may be the only question part to do so. That

this question does in fact test Level 3 skills supported in that the students who answered

this question correctly, also demonstrated Level 3 skills for the other concepts. Additionally,

it has the support of van Hiele (Mayberry, 1981, p.57), who endorsed the inclusion of

questions, such as Items 41 to 44, in the determination of Level 3 skills provided diagrams are

not included.

In summary, when collating the results for the concept circle in assessing students' van Hiele

levels, an inconsistency emerged. The students were coded at a higher level of understanding

for the circle than for all other concepts tested. This could not be rationalised in terms of

greater experience or familiarity with circles. Analysis of the students' responses together

with the Mayberry questions led to the conclusion that the items designed for the circle were

not true to level descriptions, i.e., many of the questions were testing the level below the one

nominated. In particular, there appeared to be a paucity of Level 3 questions. The incorrect

allocation of levels within this concept contrasts with Mayberry's treatment of the other six

concepts in which the questions were more co •-isistent with the level descriptions. It indicates

that Mayberry may not have been able to find enough questions of an acceptable standard for

the circle, and that she had difficulty in comparing the allocation of questions across concepts.

Research Question 3:

Is there an even distribution of items across the four levels?

If a test, designed to assess a student's van Hiele level of understanding geometry across

several concepts, is to be valid, certain design factors need to be incorporated. Three of these

factors are:

1. The questions need to test each level for each concept.

2. The number and type of questions allocated within a level, together with the

success criterion should be con y istent.

3. The number of questions and their success criteria across levels should be

comparable.

These factors are addressed under the follow ng two sub-headings; the number of questions

and criterion for each concept and level, and the response pattern errors.
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Number of questions and criterion for each concept and level

In designing her study, Mayberry used a matrix grid for developing tasks by level and by

concept ensuring that one or more test items were designed for each cell in the matrix, and

that the questions covering the same level would have parallel forms (Mayberry, 1981, p.51).

However, the questions are not evenly distributed by level and by concept. Table 6-2 shows

the number of test items (and scoring parts) designed by Mayberry for each cell.

Although the number of test items designed for each cell varies between one and seven, many

items contain several scoring parts. This has given rise to a wide range in the number of

scoring parts per cell. For example, a single question tests the concept similarity at Level 4

while thirteen scoring question parts are used to assess the same concept at Level 3. Overall,

for the first four levels, Mayberry (1983, p.60: , designed 124 scoring question parts across the

seven concepts, 14 at Level 1, 25 at Level 2, 70 at Level 3, and 15 at Level 4. So as to

achieve consistency in the testing within a level, Mayberry defined certain question types

which were to be included in the test for each concept. "As far as possible, the same type of

question was used across concepts" (pp.60-61:,.

Table 6-2

Matrix Grid Showing Distribution of Maybeny's Questions (and scoring parts) by Level and

Concept

Level 1 bevel 2 Level 3 Level 4

Square 2(2) 2(3) 6(9) 2(2)

Right Triangle 2(2) 1(4) 4(7) 3(3)

Isosceles Triangle 2(2) 1(2)* 7(12) 3(3)

Circle 2(2) 2(6) 4(10) 2(2)

Parallel Lines 2(2) 1(2)* 4(9) 2(2)

Congruency 2(2) 1(4) 3(10) 2(2)

Similarity 2(2) 1(4) 4(13) 1(1)*

*criterion is 100%

The variance in the number of questions per cell parallels, in part, the number of question

types defined by Mayberry. The question types, together with Mayberry's success criteria are

summarised below. The values for the success criteria cited by Mayberry (p.60) are

arithmetic mean values. For all except Level 1, Mayberry varied the proportion of correct

responses required. For example, Mayberry (p.60) gives the Level 2 mean criterion as 80%,
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whereas, across the concepts, the individual criteria range from 67% to 100%. The range in

the criteria set for the concepts for a level is given after the mean value.

Level 1 (Success criterion: 50% in each concelt)

1. Name the figure.

2. Discriminate figures.

Level 2 (Success criterion: 80%, range 67%-100%)

1.	 Describe properties.

Level 3 (Success criterion: 65%, range 60%-71%)

1. Select properties from a list to guarantee a figure (square, isosceles triangle,

etc.).

2. Recognise class inclusion.

3. Identify relations between properties.

4. Describe implications.

Level 4 (Success criterion: 60%, range 50%-100%)

1	 Give reasons for steps in a proof.

2.	 State what has been proved.

3.	 Construct a simple proof.

Mayberry not only defined more question types for Level 3 than for other levels, she also

designed more questions to assess the level, as shown in Table 6-2, resulting in a broader

testing of Level 3 than of the other levels.

The general pattern of setting only one or two questions to assess Levels 1, 2 and 4 raises the

issue of whether a small number of questions allows students to display adequately the

knowledge they might possess for that level. It also raises the notion that the uneven

distribution of questions across a concept has the potential to lead to an imbalance between

levels within the concept. The setting of the success criterion with a small number of

questions may also merit further consideration.

Response pattern errors

Nineteen response pattern errors occurred in the results tabled in Chapter 4. Their

distribution, given in Table 6-3, shows that all errors occurred between Levels 2 and 3, and

between Levels 3 and 4. No errors were regi itered between Levels 1 and 2, i.e., all students

who achieved Mayberry's criteria for Level 2,, had also been successful for Level 1 for that

concept.
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Table 6-3

Occurrence of Response Pa ttern Errors Between Levels

Between Levels

1 and 2

Between Levels

2 and 3

Between Levels

3 and 4

Square 0 0 3

Right triangle 0 1 0

Isosceles triangle 0 1 0

Circle 0 3 0

Parallel lines 0 0 1

Similarity 0 1 1

Congruence 0 1 7

Many of these errors are associated with occasions when a concept and level is tested by two

questions, with a criterion of 50%. However, although for every concept, Level 1 is tested in

this way, no response pattern errors occur. This suggests that, while the use of two questions

(success criterion: 50%) appears to be adequate in assessing recognition of a concept (Level

1), it does not allow for sufficient comparison across Levels 2, 3 and 4. There is insufficient

information to make any further judgement on the testing of Level 1.

Response pattern errors between Levels 2 and 3

Seven students recorded response pattern errors, i.e., although they were unable to reach

Level 2 criterion for a particular concept, they answered successfully the Level 3 questions.

In each case, the students incorporated their knowledge of properties in giving correct Level 3

responses, knowledge which they failed to display in their responses to the Level 2 questions.

For example, S06 missed the descriptive side and angle parts of Item 22 (Level 2), yet her

later responses to Item 43 (Level 3) showed knowledge of both side and angle properties, as

well as the relationships between the properties:
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A

These are congruent figures.

(a)	 What is true about their sides?

(c)	 What is  true about their angles?

S06 they are unequal

S06 they add to 360°

Item 22

Item 43

AABC is congruent to ADEF (in that order).

Are the following	 a)	 certain	 b)	 possible, or c)	 impossible?

Give reasons for your answers.

b)	 z A = Z E	 S06 (b,	 yes if equilateral

d)	 AB = EF	 S06 (b,	 only if equilateral

Analysis of the answers of the students who recorded response pattern errors between Levels

2 and 3 suggests that the errors fit into a pattern. The combination of a small number of

Level 2 questions, together with a high success criterion can lead to an incorrect assessment,

especially if the student has misunderstood the context of the Level 2 question.

To gain a greater insight into the issue of the degree to which the context of the Level 2

questions had been misunderstood, the responses of all the students were re-examined,. The

analysis showed that there were fifty-one occasions when success was registered with Level 1

but not Level 2. Among these, on twenty-tI •ee occasions students showed in their Level 3

attempts that they possessed some knowledge of properties, i.e., out of 244 possible results

(61 students across four concepts), there were indications that on twenty three occasions the

context of the Level 2 questions may have been misunderstood. For example, the Level 3

questions, such as Item 28, asking for an indication of which properties of those listed

guaranteed a figure, allowed students to regist er their knowledge of properties.
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Item 28

Circle the smallest combination of the followirig which guarantees a figure to be
an isosceles triangle?

a	 It has two congruent angles.
b	 It is a triangle.
c	 It has two congruent sides.
d	 An altitude bisects the opposite side.
e	 The measure of the angles add up to 180°.

Several students who were unsuccessful with the Level 2 questions, marked parts (a) and (c)

in their response to Item 28, suggesting knowledge of both angle and side properties. Some

of these students failed to show knowledge of Ingle properties elsewhere, indicating that their

response to this item may have been prompted by the wording of the question. However,

other students displayed a sound knowledge of properties throughout their responses to Level

3 questions.

The potential to assess incorrectly a student's level of thinking because of a small number of

questions may be compounded by the setting of a high criterion. Mayberry set a Level 2

criterion of 100% for two of the concepts, isosceles triangle and parallel lines. Twelve of the

fourteen students who failed to reach criteria for one or both of the concepts later displayed

some knowledge of the properties. Also, a criterion of 100% does not allow for an incomplete

understanding of a level, or for the misinterpretation of the intent of a question. Although one

of the aims of the preliminary study was to ensure clarity of the written questions, scoring of

the main study indicated the need for a further modification in the wording of a few

questions. An investigation into a contributing reason for the anomalies in the responses led

to the identification of a lack of clarity in the phrasing in some of the questions for a small

sample of students. This is illustrated in the comparison of the following pair of parallel

items:

Item 17

I
Does a right triangle always have a longest side (largest angle)? If so, which one?

Item 18

What is true about the sides (angles) of an isosceles triangle?

The intention of Item 17 is clear, namely, is the hypotenuse the longest side (or is a 90° angle

the largest angle) in a right triangle? However, the phrasing of Item 18 allows for non-
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scoring responses, such as that given by S57: `'It is obtuse" and that of S35: "They all add up

to 180°."

The setting of a success criterion of more than 50% for such questions also requires that

students be able to display knowledge of bon side and angle properties for a figure. This

raises the question: How much knowledge of properties is required for a student to be deemed

to have van Hiele Level 2 understanding? An analysis of the results for Mayberry's study

showed that they followed a pattern similar to the Australian results above. Of the ten

Mayberry students not successful with Item 18, six gave five or more correct responses

(criterion 8 out of 12) to Level 3 items for the concept isosceles triangle, demonstrating that

these students may also have misunderstood the intent of Item 18. Two of these six students

reached the criterion for Level 3, and, as a result, registered response pattern errors.

Response pattern errors between Levels 3 and 4

Twelve response pattern errors were registered between Levels 3 and 4. Eleven of the errors

occurred for concepts where only two items (with a criterion of 50%) had been set to test for

Level 4 understanding. This suggests that b2ing able to give successfully a single formal

proof may not be sufficient demonstration of :revel 4 reasoning. Additionally, it has already

been shown that some of the questions designed by Mayberry to test Level 4 do not appear to

be sufficiently abstract. The seven response pattern errors occurring between Levels 3 and 4

for congruency appear to result from the combination in Level 4 of a question of insufficient

abstractness, the allocation of only two testing questions, and a success criterion of 50%.

Three of the Mayberry response pattern errors appear to have resulted from the same Level 4

combination. However, there are other factors associated with the occurrence of the response

pattern errors between Levels 3 and 4. These are discussed in Chapter 7.

Conclusion

The similarity of the results in the two studio s reinforces the notion that a small number of

questions may not be a sufficient measure of whether or not a student can perform at a given

level, particularly when combined with a low or high success criterion. Although Mayberry

used a matrix grid for developing tasks by level and by concept, thus ensuring that not only

would one or more questions be developed for each cell in the matrix, and, also, that the

questions covering the same level would have parallel forms, the test items were not evenly

distributed throughout the cells. This has resulted in an imbalance between levels within a

concept which has the potential to result in a incorrect assessment of a student's van Hiele

level of performance.
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Research Question 4:

Is there a balanced focus on skills within each level?

The examination of the van Hiele articles by Mayberry led to her identification of various

behavioural characteristics associated with till: levels. She then compiled the test questions,

each of which was designed to focus on a characteristic. Where several characteristics have

been identified for a particular level, as with :bevel 3, the distribution of the questions is not

always balanced, i.e., an over-emphasis on a particular characteristic, e.g., class inclusion,

sometimes occurs. Such an imbalance can result in a student who lacks exposure to that

particular aspect, to be affected adversely by the structure of the test.

The behavioural characteristics which Mayberry identified for Level 3 were: giving

definitions; recognising and naming relationships; and recognising class inclusions and

implications (1981, p.48). The final questions testing these behavioural characteristics were

of the following types.

1. Which of a given list of properties assumes that you have a square
(circle, isosceles triangle, etc.)?

2. Class inclusions (Can a right triangle be isosceles? Why? Two similar
triangles will be congruent always, sometimes, never? Why?)

3. Relations (Square A is always, sometimes, never similar (congruent) to
square B? Why? Right triangle A with 10-cm hypotenuse will always,
sometimes, never be similar (congruent) to right triangle B with a 10-cm
hypotenuse? Why?)

4. Implications (In triangle AQB, angle Q is a right angle. What does that
tell you about angles A and B? If Q is less than 90°, could the triangle be
a right triangle? Why?)

(Mayberry 1983,
p.60)

The distribution of the questions across the characteristics is not always balanced. Table 6-4

shows how the scoring parts are apportioned among the question types.

166



Table 6-4

Distribution of Level 3 Question Types for Mayberry Items

Criterion of

Questions

Definition Class

Inclusion

Relations Implications

Square 6 of 9 1 4 3 1

Right triangle 5 of 7 1 2 1 3

Isosceles triangle 8 of 12 2 5 0 5

Circle 6 of 10 1 4 5 0

Parallel lines 6 of 9 2 0 5 2

Congruency 6 of 10 0 1 4 5

Similarity 8 of 13 1 1 11 0

A comparison of the students' responses with their van Hiele assessments suggests that the

imbalance of question types shown above, adversely affected the students' assessment in the

concept square. The testing of this concept shows an over-emphasis on the characteristic,

class inclusion. Significantly, students' results did not appear to be influenced by a similar

ratio of class-inclusion questions to criterion for the concept isosceles triangle. Students'

responses showed they were more aware that both equilateral triangles and right triangles can

be isosceles than they were aware that a square is a rectangle. This suggests a few

possibilities. These include the ideas: that class inclusion for triangles but not for

quadrilaterals is included in the teaching/learning process; that, in the 'text-book' position,

there is a strong similarity in the physical appearances of equilateral triangles and isosceles

triangles; and, that the emphasis which is pl aced in primary school on the recognition of

squares and rectangles as different figures is not always fully refuted effectively in the

secondary school.

For the concept square, not only do three of the four class-inclusion question parts (Q9b and

Q25b and c) test whether a student is aware that a square is a member of the family of

rectangles, the implications question part (Q42d) is dependent also on knowledge of the same

notion. These question parts are given below.
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(b) List all of these figures which are rectangli.:s.

a

b

d

O
C

Item 9

Item 25

(a) Name some ways in which squares and rectangles are alike?
(b) Are all squares also rectangles? Why?
(c) Are all rectangles also squares? Why?

Item 42

Will figures A and B be similar I-always [I-sometimes or III-never?
Give reasons for your answers.

(d) A - a rectangle	 B - a square

Allowing that Item 25(a) is asking for lists of properties (hence is really a Level 2 question),

there are still four questions for which a correct answer is dependent on the knowledge that a

square is also a. rectangle. A student cannot reach the critical score of six out of nine for the

concept square without explicitly stating understanding of class inclusion.

In analysing the students' responses to the Level 3 questions for the square, no student

demonstrated comprehensive mastery of Levol 3 skills, only eight students reaching criteria

for Levels 3 or 4. Forty-five students who fai] ed to reach the critical score for Level 3 for the

concept square, failed to demonstrate awareness of class inclusion. Of these, ten students

displayed appreciable knowledge of the other Level 3 skills, scoring four or five out of the

possible nine. This underpins the danger in ])lacing such an emphasis on one skill, such as

class inclusion, giving rise to the potential fc r an under-evaluation of a student's van Hiele

level of reasoning. In addition, the very nai tire of class inclusion as a Level 3 concept is
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easily restricted with a simple question and wsponse, such as is offered in this test. This is

discussed later as one of the implications.

The responses of S58 who recorded a response pattern error between Levels 3 and 4 for the

concept square., illustrate this feature, namely, the danger associated with over-emphasis of a

particular characteristic. Although failing to identify all rectangles in Item 9(b) and denying

that squares are also rectangles in questions 25 and 42(d), S58 indicated Level 3 thinking in

several of her other responses:

Item 23(b)	 ABCD is a square all sides a,i •e equal. The triangles are congruent and have

sides and angles equal in relation to each other.

Item 24	 A figure is guaranteed to be a square if (c) it has right angles and (e) the

adjacent sides are equal in length.

Item 42(a)	 Two squares are always similar because they have the same angles.

Additionally, S58 gave an almost complete proof for Item 46, deducing that a parallelogram

with adjacent sides equal and one angle a : •ight angle is a square. It is significant that

although S58 denied on every occasion thz t a square was also a rectangle, she had no

difficulty 'with the class relationship between a parallelogram and a square.

Altogether, three students, S29 and S41 as well as S58, recorded response pattern errors

between Levels 3 and 4 for the concept square. While S58's error has been shown above, to

result from lack of awareness of class inclusion, the response pattern errors recorded by S29

and S41 resulted from several of their Level 3 answers being incomplete, i.e., there was

insufficient explanation. Both S29 and S41 demonstrated general Level 4 proficiency in

reaching criteria for several concepts. The occurrence of these two response pattern errors

suggests that a criterion of six correct respo rises for nine questions may be too high for a

written paper, and again raises the issue of how much understanding of the behavioural

aspects for a particular van Hiele level is necessary for a student to be said to be at that level.

Analysis of the results of the Mayberry study suggest similar cases. Six of the nineteen

students, although showing some degree of ability with Level 3 skills (at least three correct

responses), have failed with all four of the qu estions on class inclusion, suggesting they may

not have met the concept that a square is a re,:tangle. Three of the students showed strength

in all other Level 3 skills, achieving perfect scores for the remainder of the questions.
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These results show that several students from both studies demonstrated appreciable Level 3

skills for the concept square, although being unable to reach the set success criterion. This

appears to result most frequently from an undue emphasis on the behavioural characteristic of

class inclusion. There is no indication why Mayberry placed so much emphasis on this

characteristic. It may well have been that the characteristic is easy to test. Class inclusion is

only one of several Level 3 skills and may not be included in the teaching/learning process.

Should a student not have been exposed to a particular aspect of a form of reasoning, the

Mayberry scoring through an unbalanced foe using on an aspect could assess that student as

not having mastery of a level, i.e., over-emphasis of one particular skill has the potential to

lead to an incorrect assessment of a student's van Hiele level of reasoning.

Implications

In the preceding four sections, three features ood out, namely:

1 There are no indications that at the higher levels, the concept circle is better

understood by students than other concepts, and that, at present there is a

vagueness on how the circle fits into the van Hiele levels.

2. The lack of awareness of a behavioural characteristic is not an indication that a

student does not possess the ability to reason at that particular van Hiele level.

3. The success criteria for each concept and level do not always appear to be set

at a value which allows for tr e correct assessment of a student's ability to

reason at that van Hiele level.

The implications of these three features are discussed below.

1. The circle

There is no evidence to support the notion that the better-than-expected results for the concept

circle at Levels 3 and 4 are an indication that students find the concept easier to understand

than other common 2-dimensional shapes. Rather, the results have been shown to be

attributable to weaknesses in the design of several of the Level 3 and 4 questions. This

indicates that Mayberry may have had difficulty in finding questions of an acceptable

standard at those levels.

Further, an examination of the topic circle in the mathematics syllabuses for New South

Wales that the majority of the students would have followed, suggests that the circle is not
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given the same emphasis as is given to the other geometric shapes. It is generally studied

separately from other 2-D shapes, and at a later stage. For example, in the Space strand of the

K-6 mathematics syllabus (NSW Department of Education 1989, pp. 69-94), when the

development of the students' awareness of the properties of 2-D shapes is commenced (Unit

7), the emphasis is on the recognition of sides and angles, i.e., on the shapes which have

straight sides. The circle is used as a comparison, but enquiry into the circle is not

commenced until much later, in the last section, Unit 25, after angles, straight lines and

parallelism have all been investigated. This positioning allows for the notion to arise that the

circle is not a member of the set of 2-D shapes. Additionally, it suggests that, rather than

being an easily understood topic, the circle requires a greater degree of maturity before the

student is ready to investigate it. A similar sequence of study is seen in the topic tessellations.

Again, the early emphasis is on shapes which have straight sides. Later, the concept of

creating tessellations through the modification of the shape of a circle is introduced.

This trend in the positioning of the circle in the order of study of topics can be seen also in the

secondary syllabuses. In the geometry section of the syllabus for Years 7 and 8 (Board of

Secondary Education 1988, pp.7-43), the circle is considered equally with other 2-D shapes in

the recognition and visualisation of shapes. However, the only further investigation into the

circle, the identification and naming of the centre, circumference, arc, radius, diameter and

sector, is introduced after a detailed investigation of many polygons. The remainder of the

content of the syllabus includes classification of triangles, quadrilaterals and solids, an

introduction into the concepts of congruelcy and similarity, and exercises involving

deductive reasoning. None of the detailing of the teaching of these suggests the inclusion of

the concept of the circle.

In Years 9 and 10 in NSW, provision has been made for the study of mathematics in three

levels or courses, General (now Standard), Intermediate and Advanced. The General and

Intermediate courses (Secondary Schools Board 1983, pp. 11 and 18) include the revision of

parts of the circle, and the discovery of chord, angle and tangent properties of the circle. The

Intermediate course includes also the application of properties to simple numerical deductive

exercises for plane shapes, among which is the circle. These discovery and exploration

segments would all be a development of van Hiele Level 2 and possibly, early Level 3 skills.

Circle questions at the Intermediate level have not been included in the external examination

for several years. This has resulted frequently in the omission of the teaching of circle

properties. The Advanced course contains the formal proof of the geometry of the circle, i.e.,

is directed at van Hiele Level 4. This follows the Years 7 and 8 course's exploration of a

circle, which is primarily directed at van Hide Level 2. There does not appear to be any
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recommendation for further exploration of properties of a circle which could lead students

into the investigation of relations and implications of the properties, i.e., directed at van Hiele

Level 3. The Advanced Course section in Notes on the Syllabus (Secondary Schools Board

1982, p.29) expresses this:

It is intended that informal practical work in geometry Years 7 and 8 would
exclude investigation of properties of t le circle. Circle properties should be met
initially by students attempting their courses in the context of a set of proofs
involving the use of deductive reasoning. All proofs should follow the standard
setting out of diagram, data, aim, construction (if needed) and proof.

The investigation into the NSW school syllabuses showed there was less emphasis in NSW

schools on the teaching of the circle than of other 2-D shapes. The circle is treated separately

from, and explored to a lesser degree than other plane shapes, such as the square, the rhombus

and the kite. In particular, there is no provis ton for the development of Level 3 skills. For

example, the NSW Advanced Course (Years 9 and 10) recommends that circle properties

initially be met in the context of a set of proofi (Level 4). Overall, this treatment of the circle

is likely to result in students being less familiar with the concept.

2. Behavioural characteristics

Mayberry identified clearly the behavioural characteristics for each van Hiele level.

However, in designing questions to test for these characteristics, she has not always given a

comparable emphasis to the number of questions for each characteristic. There are occasions,

especially in the testing for Level 3 understanding, when an unbalanced focus has been placed

on some particular characteristic. If, in the teaching/learning process, a student has not met

that characteristic, Mayberry's marking scheme can lead to the non-recognition of the

student's Level 3 reasoning abilities. Mayberry's research identified that students do not

necessarily attain the same level of thinking across all concepts (1981, p.74). An analysis of

the results of both this research and of the Mayberry research suggests additionally, that

within a concept and level, not all students demonstrate the same degree of understanding

across all behavioural characteristics. A lack of recognition of one characteristic should not

be taken as an indication of inability to reason at that level. Pegg (1992, p.24.) in his

investigation of recent research into properties of levels, discusses this issue with regard to

the aspect of class inclusion at Level 3:

It is not sufficient to say that a student is not at Level 3 if he/she does not
believe a square is a rectangle. Class inclusion is not simply a part of a natural
mathematical development. It is li -iked very closely to a teaching/learning
process. It depends upon what has been established as properties. ...The main
feature of Level 3 should not, in my view, be the acceptance of class inclusion
but the willingness, ability and the perceived need to discuss the issue.
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In not allocating a comparable emphasis across behavioural characteristics within a level and

concept, Mayberry's marking scheme has the potential to fail to acknowledge a student's

general ability to reason at a level. This perceived weakness gives rise to the question: Are

there more reliable forms of assessing students' van Hiele levels of understanding? Such a

question encourages the need to investigate alternative methods, such as that developed by

Gutierrez, Jaime and Fortuny (1991). This issue is taken up in the next chapter.

3. The success criteria

In her summary, Mayberry (1983, p.68) stated that her study was, in part, limited by the

subjective determination of the success criterion for a given topic and level. Mayberry (1981,

p.98) commented on the setting of the criteria:

If the test were perfect, a student should answer all questions for a concept on a
given level to be given credit for achieving that level. However, when the
questions were examined, the investigator and the graduate assistant decided
that credit for attaining levels should he given by meeting certain criteria for
each concept and level.

The success criteria set by Mayberry for each level and concept range from 50% to 100%,

most commonly lying between 60% and 80%. The results indicate that most of the criteria

have been set at a realistic value. This corresponds with the use in science of 70% as a

commonly accepted figure in criteria-referenced testing. This research has identified two

features concerning the setting of the success criteria by Mayberry, which have the potential

to lead to the incorrect assessment of a student's van Hiele level of understanding of

geometry.

1. The setting of a very low or very high criterion may not lead to the correct assessment

of a student's van Hiele level, particularly if the low criterion is associated with the

asking of too few questions for the concept at that level.

2. There are indications that sometimes the success criterion for a written paper should

be different from that for an interview ;situation.

The effect of success criteria set at extreme levels

The hierarchical nature of the van Hiele levels suggests that the higher a level is, the greater

its abstractness is likely to be. This is supported by the level characteristic that features which

are implicit at one level become explicit at the next. Mayberry's behavioural descriptions for

Levels 1 to 4 show an increasing degree of abstractness. That the levels should not be treated

equally is reflected in her acknowledgment that the choice of items for the lower levels is
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easier (Mayberry 1981, p.97). This is also shown in that there are indications that the choice

of the numbers of questions and the success cri terion necessary to satisfactorily test each level

also differ.

A success criterion of 50% (one correct response for the two set questions) has been set for all

of the concepts at Level 1, as well as for many of the concepts at Level 4. The results for

Level 1, although not showing any incorrect assigning of cognitive levels to students, are not

considered sufficient to justify a general conclusion. However, the analysis of the results in

this chapter indicates that Mayberry found difficulty in choosing Level 4 questions which are

true to the level description, and, in conjuncts xi with the setting of the low criterion of 50%

(with two items), has resulted in the occurrence of several response pattern errors. This

indicates that the setting of one or two questions for Level 4 does not necessarily allow

students to demonstrate adequately the knowledge they possess. Hence, this cannot be

considered to give a reliable indication of Level 4 ability. In comparison, the setting of three

questions, together with a criterion of at least two correct responses (67%) for the testing of

each of the triangle concepts, appears to haN e resulted in a more reliable assessment of a

student's ability to reason at Level 4.

A criterion of 100% has been set twice at Level 2 and once at Level 4. Mayberry has argued

(1981, p.98) that if the questions designed to test for a level are perfect, then a student

working at that level should score 100%. However, she also acknowledged that:

There is always the possibility that Afferent questions from the domain of
possible questions or different wordi ng of the actual questions would have
elicited a different response pattern. 	 (pp. 97-98)

The analysis of the various responses supports the notion that one student may interpret the

wording of a question differently from another. This is illustrated in the testing at Level 2 of

the isosceles triangle. The allocation of a criterion of 100% for the concept and level appears

to have led, through students not perceiving the examiner's intention in the question parts, to

the incorrect assigning of a level for some of the students. Hence, the setting of a very high

or very low criterion may lead to the incorreiA assessment of a student's van Hiele level of

understanding of geometry.

Success criterion for a written paper versus an interview situation

Before the students in this study commenced 1 he test, it was emphasised that it was important

for them to show in their responses what they were thinking, and they were urged to give

their best attempt. The interviews confirmed that, in general, the responses the students had

given in the written test were a good expression of their thinking at that particular level.
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However, there were occasions on which the answers were incomplete. For example, S29

and S41 both registered response pattern errors between Levels 3 and 4 through failure to

give all details in their answers to Level 3 questions for the concept square. However, both

showed competency with Level 4 questions for several concepts including the square.

An analysis of the responses of all the students showed that at some concepts and levels,

several students showed appreciable knowledge of the skills being tested, yet did not record

all they knew for all questions, and, hence, (lid not reach Mayberry's criterion. This was

particularly evident in the responses to the Level 3 questions. This gives rise to the notion

that, whereas in an interview situation one can probe for a complete response, in a written test

one can only evaluate what the student is prepared to write. Students may not be fully aware

that they have not recorded all their thoughts. This suggests that, for questions requiring

lengthier explanations of reasoning as occur when testing at the higher levels, a lower

criterion may be more appropriate for a written test than for an interview situation.

Overall, the comparison of the detailed analysis of the responses of students with their van

Hiele level of reasoning as determined using Mayberry's method of assessment, indicates that

there is need for:

1. further knowledge of the teaching/learning processes in the circle, particularly for van

Hiele Level 3 skills;

2. further understanding of what is meant by a student's ability to discuss an issue at a

level, and how to assess that ability;

3. further investigation into the balance between achievement and non-achievement for

each level and concept under various conditions.

Mayberry (1981, p.100), in part, also acknowledged these needs for further knowledge,

suggesting:

A study could be done with fewer topics and more questions per level. This
procedure would avoid the problem of assigning a student to a lower cognitive
level than the student actually possesses because she just happened not to know
answers to one or two questions worde I in a particular way.

Summary and Amended Version of the Mayberry Test.

When collating results in the assessment of Nan Hiele levels in the study, inconsistencies in

some of the student's reasoning emerged. Many of the response pattern errors seemed to

parallel the inconsistencies, indicating a probable linkage. Interviews did not appear to

clarify these inconsistencies. An analysis of the responses resulted in the identification of
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patterns of inconsistencies within and across the different concepts and levels. This led to the

notion that certain aspects of the Mayberry i [ems had the potential to lead to the incorrect

assessment of a student's level of understanding in geometry. The aspects appeared also to be

associated with two of the design problems which Mayberry (1983, p.68) acknowledged as

needing further investigation, viz., the need to refine the choice of representative questions,

and the need to evaluate the success criteria. In particular, four main features were found to

account for major problems to the test validity. They were:

1. incorrect assignation of a level to certain items;

2. unequal treatment of concepts a.Toss levels;

3. uneven distribution of questions across levels;

4	 unbalanced distribution of question focus within levels.

In this chapter these four features have been analysed in depth. Patterns in the students'

responses have been detailed, links with the response pattern errors have been identified,

similarities with the Mayberry results have been noted, and support from the interviews

documented. Implications arising from the analysis have been discussed. This has resulted in

the explication of five design problems. These are:

1 Certain Mayberry items do not appear to be measuring the level for which they were

designed; either the items need further -efinement, or new items need to be designed to

replace them.

2. The allocation of levels for the circle questions contrasts with the treatment of the

other concepts. The difficulty Mayberry experienced in designing suitable questions

may be due to there being a lack of kr owledge of how the circle concept fits into the

van Hiele levels.

3. Incorrect assessment of van Hiele levels may result from the distribution of questions

across levels. A small number of questions may not be a sufficient measure of

whether a student is at a certain level. This can be compounded by the setting of an

unrealistically high or low success criterion.

4. That a student has not been exposed to an idea can be compounded by an unbalanced

distribution of question focus within a level, leading to an incorrect evaluation of the

student's understanding of that topic. Assessment of a student should be whether

he/she can reason at a level and discuss the issues arising therein.
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5. Although the Mayberry items have translated into a satisfactory written test, the

assessment of written responses neeth to be considered further. Criteria which are

satisfactory in an interview situation are not necessarily correct for a written paper.

Accommodation of design problems 3, and 4 as stated above, would require a major

reconstruction of the Mayberry test and the writing of new items. Problem 5 needs further

investigation. However, problems 1 and 2 can be accommodated through the following two

sets of changes to the original test instrumen.. The application of these changes led to the

development of an amended Mayberry test anc marking scheme.

1. Items and question parts for which them has been shown to be an incorrect assignation

of a level were re-classified. This involved the re-assigning of question part 25(a) and

Item 35 (all four parts) from Levels 3 to 2, and of Items 52 and 56 from Level 4 to

testing for Level 3 understanding. The assessment of the isosceles triangle at Level 1

was adjusted, allowing credit for the correct identification of one triangle in. Item 11.

2. Repetitive and non-assessable items arid question parts were eliminated. Ambiguous

questions were restructured or eliminat.xl. This resulted in the elimination of question

parts 9(b) (ambiguous), 25(c), 31(b) and 34(d) (all repetitive). Items 1, 29 and

49(parts b and c) were eliminated since they were not assessable. Items 26 and 28

(ambiguous) and 58 were reworded.

The resultant amended Mayberry Test (see Appendix G) retains the essence of the original

Mayberry test instrument, yet eliminates the Difficulties caused by two of the design faults.

Marking sheets were developed to match the imended test (see Appendix H). The students'

original responses were then re-assessed allowing for the changes above. The full amended

results are listed in Appendix J. A summary of the results is given below in Table 6-5.

The summary of the amended results shows that highest van Hiele level of understanding

displayed by most of the students is still Level 2.
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Table 6-5

Amended Results Summarised as the Highest Level Reached by Students for Each Concept

Concept (n) No Level Level 1 Level 2 Level 3 Level 4

Square (61) 0(0%) 2(3%) 51(84%)# 4(6.5%)# 4(6.5%)

Right Triangle (31) 1(3%) 6(20%) 17(54%) 6(20%) 1(3%)

Isosceles Triangle (30)* 2(7%) 8(27%) 12(40%)# 5(17%)# 3(10%)#

Circle (31) 0(0%) 5(16%)# 13(42%)# 12(39%)# 1(3%)#

Parallel Lines (30) 0(0%) 5(17%) 24(80%) 0(0%) 1(3%)

Congruency (31)* 0(0%) 11(36%)# 14(45%)# 2(7%)# 4(13%)#

Similarity (30) _	 0(0%) 13(43%) 12(40%) 3(10%) 2(7%)

# Change in students' results

* Total of 101% due to effect of rounding

Although five design problems were identified, only two were able to be accommodated in

the amended Mayberry test and re-assessment. This meant that seven of the original response

pattern errors were eliminated. Table 6-5 shows the effect of the changes. However, twelve

incorrect assessments were not able to be -emedied since other problems could not be

accommodated in the amendments.

Table 6-6 lists the occurrence of both the original and the remaining response pattern errors

after the adjustment of the Mayberry items.

Tab e 6-6

Comparison of Occurrence of Response Pattern Errors Between Levels

for Main Study results and Amended Set of Results.

Between Levels

1 and 2

Between Levels

2 and 3

Between Levels

3 and 4

Main study - new set Main study - new set 

0	 0

Main study - new set 

3	 3Square 0 0

Right triangle 0 0 1 1 0 0

Isosceles triangle 0 0 1 1 0 0

Circle 0 0 3 0 0 0

Parallel lines 0 0 0 0 1 1

Congruence 0 0 1 0 7 4

Similarity 0 0 1 1 1 1
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The remaining twelve response pattern errors were recorded by nine students. Three occurred

between Levels 2 and 3 (two students), and [line occurred between Levels 3 and 4 (seven

students). The errors occurring between Levels 2 and 3 were recorded by two capable

students, both of whom appear to have misinterpreted the intent of the Level 2 items.

Incomplete responses to Level 3 questions (particularly Items 41-44), together with an

unbalanced question focus appear to have been the cause of the nine errors occurring between

Levels 3 and 4.

In summary, addressing the first two of the fiN e identified design weaknesses, approximately

one third of the response pattern errors were accounted for. While there are indications of

reasons for the other twelve errors, they were not able to be resolved even with an amended

version of the Mayberry test. This issue is picked up specifically in the next chapter.

Conclusion

In designing her study, Mayberry first defined each van Hiele level operationally. From this

description of the types of thought, she hypothesised that

It should be possible to construct a series of tasks which students functioning on
a given level could perform, and students functioning on a lower level could not
perform	 (1981, p.8)

Thus the questions were designed to test a specified level. Students were assessed to be

reasoning at a van Hiele level if they gave sufficient correct answers to reach the success

criterion set for the level and topic. However, the analysis carried out in this chapter has

shown that the assessment is not always correct. While some of the incorrect assessments

have resulted from weaknesses in the design of items, others have resulted from

characteristics inherent in the evaluation format. Many of the students' responses showed

reasoning for a level other than that for which the item had been designed. However, with the

Mayberry system of evaluation, this knowledge could not be used in the assessment of the

students' levels. This raises the question of whether there is an alternative method of

determining van Hiele levels of geometric reasoning; a method which allows for the

evaluation of each response for the van Hiele levels reflected in it. Such a method would

eliminate the difficulty associated with the matching of items to levels. It could also include

the measurement of a student's degree of acquisition of each level, thus removing the need to

set success criteria.
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Overall the detailed analysis of the validity of the test items not only gives a clearer

perspective about the Mayberry test and the results, but also provides further insight into the

van Hiele Theory itself. In particular, it provides further empirical evidence about what it

means to work at a particular level. It also indicates a need for the investigation of another

form of interpreting results. Chapter 7 examines an alternative method presented by

Gutierrez, Jaime and Fortuny (1991), in which each response is evaluated for the van Hiele

levels it reflects. The assessment of the responses using the Gutierrez et al method is then

compared to the results from the amended Mayberry evaluation, detailed in this chapter.
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