CHAPTER FIVE

RESEARCH THEME }: UNDERSTANDING FRACTIONS

Fractions are not just an eusy step from whole numbers. Their use
introduces considerable probhlems for the child - new rules and new
possibilities.

Hart (1981, p. 81)

INTRODUCTION AND ORGANISATION OF THE CHAPTER

This chapter investigates the thenie concerning adult learners’ understandings of
fractions as it concerns the two concepts, equivalence and sharing. Equivalence
consists of the more mathematical notions associated with fractions, such as would be
expected to be found in many triditional mathematics textbooks. The notion of
sharing is associated primarily with equality and fairness. When this is applied to
fractional understanding, this means that there must be the same number of parts, and
that each sub-part is the same size.

The focus of this study is the methois used by the adult learners on fraction questions.
In general, five main research questions structure the analysis of this chapter. They
are:

@) Is there an identifiable hierarchy of responses to the questions posed?

(il)  Does placing a fraction problem into a familiar context elicit from adult
learners different types of responses, i.e., do some adults spontaneously use
equivalent fractions or do they resort to more primitive ‘sharing’ type
responses?

(ili) Do adult learners find it easier to respond to in-context or context-free
questions regarding equival:nt fractions, i.e., are responses in this sample
equally spread irrespective of the context, or do familiar contexts elicit
responses indicative of only 1 few main techniques?
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(iv) Do adult learners respond to similar questions with similar responses
irrespective of context?

v) Can responses be interpreted within the SOLO Taxonomy?

The chapter is divided into three main sections.  The first part of the chapter is
qualitative in nature and is concerncd primarily with the collation of responses to the
questions that address understanding; of equivalence. However, since an aim of this
work is to compare fraction probleins both in-context and context-free situations, the
questions have been divided into ttese two groupings and analysed separately. The
second part of the chapter describes the quantitative analysis using the Rasch model of
partial credit. Finally, an interpretation involving the SOLO Taxonomy is presented.
Table 5.1 provides a summary of th: chapter’s structure.

TABLE 5.1

Structure of the analysis for research theme 1: Understanding Fractions

UNDERS TANDING FRACTIONS
Q4, Q5, (O6a, QEb, Q8, QI3, Q14

Qualitative Analysis

Part 1 . . . .
Section 1: Equivalen:e Section 2:  Sharing

(context-fr:e) (in-context)

Qs5, Q13, 014 Q4, Q6a, Q6b, Q8

Part 2 Quantitative analysis

Part 3 SO _O Taxonomy interpretation

QUALITATIVE ANALYSIS

The first part of this section corsists of two sub-sections. The first sub-section
involves analysis of the equivalence (or context-free) questions. The second sub-
section deals with the sharing (or in-context) questions. Both groupings have been
analysed separately before a quantitative analysis was undertaken.

EQUIVALENCE (CONTEXT-FREE) QUESTIONS - Q§5, Q13, Q14

For the qualitative analysis, each question is presented followed by a summary table.
The summary tables present the responses to each question and have been arranged to
nominally reflect greater complexity in response down the left hand column. Sample
student responses and relevant s:ctions of the student interviews are presented.
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Student initials are given in brackets to maintain anonymity. In the transcripts of
student interviews, ‘I’ refers to the interviewer and the students initials are then given
whenever the student responds. No>n responses are shown accordingly. Responses
that were ‘illegible’ or did not appe:r to be similar to any other responses were coded
as ‘Responses that require an interview for clarification’. A brief discussion
concludes each group of questions.

QUESTION 5

This question asked students to find the equivalent fraction for 14/16 provided that the
denominator was 24.

05 Complete the following: 14 = _
6 24

Table 5.2 presents the five broac categories identified for the responses to this
question.

TABLE 5.2

Summary of adult learners’ responses to Q5 on the Fraction Quiz

RESPONSE NUMBER OF STUDENTS
AD TP
No response 10 13
Responses that require an inte rview
for clarification 2 4
22/24
by adding 8 7 3
no working shown 4 2
21/24
by patterns (e.g., add ‘1/2’) 12 14
by multiplying by 1.5.1.5 5 3
21/24
by cancelling to 7/8 first 12 9
by algebra techniques 1
no working shown 1 3

Typical Responses

To clarify Table 5.2, typical responses for each major category are now presented.
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Responses in the "22/24" category do not involve concepts of equivalent fractions.
Students who arrived at 22/24 obtain:d the answer by adding 8 to 14, i.e., treating the
numerators and denominators as individual whole numbers. For example, one student
(DS) wrote:

14 = g5 added 5k # kovse § abld ol £ - 26
16 24

Other responses in this classification used a ‘complete the pattern’ approach to obtain
their answer. For example, another student (TC) wrote:

ATl , ot
S 2
16 o224
A [
2u4 D 2412

The next category consisted of "21/24" responses, and again relied on a patterning
approach used in the previous category, except that students were now able to obtain
the ‘correct’ answer. There were two main types of responses observed in this
category. The first response consisted of students who added a half of 14 (to get 7) to
14 to get 21 in the numerator and then added a half of 16 (to get 8) to 24 in the
denominator. The second method indicated that students multiplied both the
numerator by 1.5 and the denominator by 1.5. Both of these types of solutions in this
category showed that correct answers, without further investigation can mislead both
students and teachers. For exariple, one student (MS), who appeared to use
appropriate fraction language, e.g., “whatever you do to the top, you do to the
bottom" later revealed that the student had very little concept of what this phrase
actually meant. The student’s working indicated that she had applied a ‘patterning’
approach and was unaware of the r:lationship between two equivalent fractions, e.g.,
the pattern obtained by +2, X 3 gves 21, which is the equivalent fraction of 14/16.
The statement would appear to b¢: the result of learning by rote, rather than for
understanding, and, when this failed, the student turned to more primitive methods of
dealing with the situation, such as completing a pattern to obtain an answer. This
observation was confirmed by another student (MV), who, during an interview, had
little understanding of equivalent fri.ctions, but could match patterns very successfully.
The student stated:

MV:  (wrote 21/24). My first indication was to multiply the two together.
And end up with a goggle [sic]. But I looked at it again and found that
8 would divide into .hese two [16 and 24]. So it was reasonable that
this one here [14] was 7 and it was twice 7. 8 went into that [16] twice
and 7 went into that [14] twice. This one seemed a multiple of that by
3. So it zipped acro:'s there.
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The final category consisted of the correct answer (21/24) and three successful
techniques that were considered ma hematically sound. The first technique reduced
14/16 to lowest terms (7/8) and then multiplied by 3/3 to gain 21/24. The second
technique, involved the use of alg:bra to solve the problem. For example, one
student (DC) wrote:

1o - =

16 24

The four students in the last catego-y did not indicate any working and it is unclear
what methods were used.

Overview

In general, a majority of adult leamers provided the correct answer to this question,
although their reasons for doing so, were often dubious. For example, some students
relied upon a patterning approacn with which to find an equivalent fraction.
Sometimes this strategy was successful and sometimes it was not. However, Table
5.2 indicates that very few adult lzarners (approximately 25%) in this study could
legitimately claim to understand th: concept of equivalence based on this question.
There were no significant differeices between either group of students or their
performance on this question (x*=1 25, d.f. =4, p<0.87).

QUESTION 13

Question 13 asked students to increase both the numerator and the denominator of a
fraction (1/5) by 2. In addition, students were also prompted to investigate the
possibilities of incrementing fractior s in this way.

Q13 If I add 2 to both .he top number (numerator) and bottom
number (denominator) of 1/5, describe, in detail, what will happen.
[I’m looking for more than just the answer].

Table 5.3 presents the ten broad catzgories of responses observed for Question 13.

107



TABLE 5.3

Summary of adult learners’ responses to Q13 on the Fraction Quiz

RESPONSE NUMBER OF STUDENTS
AD TP
No response 5 9
Responses that require an
interview for clarification 3 6
The fraction stays the same 1 4
3/8 or 2/7 6 1
Added 1/5 + 2/2
unsuccessful 1 3
obtained 6/5 5 3
3/7 7 9
3/7 and the fraction decrease; 1 0

3/7 and the fraction changes (but

does not describe how) 10 3
3/7
the fraction is larger 13 11
used diagrams 1
3/7
concluded that the fraction
gets closer to 1 2 0

Typical responses

Responses, such as "the fraction r2mains the same", indicated that students did not
realise that adding the same number to the numerator and the denominator of a
fraction would alter the fraction.

In general, responses, such as "3'8" or "2/7" suggested that students had made a
calculational error. However, one studen: (IS) indicated that 2/7 was the equivalent
fraction, i.e., he wrote: "You vi/ill have the same amount left, it will just look
different = 2/7".

Some students attempted to calculite 1/5 + 2/2. These students misinterpreted the
question and proceeded to add th: two fractions. One student (TB) who did this
stated: "I can do the problems, just can’t explain why".
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The last four categories all providsd the same ‘answer’ of "3/7". However, the
responses varied according to the complexity of the answer. For example, sixteen
students just wrote "3/7", and despite the obvious prompting included in the question,
did not provide any further detais. Thirteen students went a step further and
concluded that the fraction had changed, but they did not describe how.

The next category consisted of twenty-eight students who commented on the fraction
getting larger. Four of these students added diagrams to their answers, and some of
them ‘visualised’ the relevant fractions in order to facilitate the comparison. For
example, one student (DH) wrote: "You get a larger fraction. A larger portion of a
whole".  Another student (NK) also appeared to depend on the diagram in order to
reach a decision. The student wrote:

*>

-

1 7
3 ocomey Mok /myef s,
=

N

By contrast, other students in this :ategorv reached their decision by converting the
fraction to common denominators >r percentages. For example, one student (DC)
wrote: "3/7 = 15/35. 1/5 = 7/35. Therefore 3/7 > 1/5".

The final classification consisted o™ only two students who both concluded that the
fraction would not only get bigge-, but if the process were to continue, then the
resulting fractions would tend towards 1. One of the students did this by first
converting 1/5 and 3/7 to percentages. The other student (LP) wrote: “the fraction
becomes larger in terms of ---> it is getting closer to a whole (1). 1/5 ---> 3/7 ---
> 5/9 ---> 7/11 ---> 9/13 ---> 11/15 ---> 13/17 ---> 15/19 ---> 17/21 --->
19/23 etc".

Overview

Overall, Table 5.3 indicated that a majority of adult learners in this study could
interpret the question correctly and arrive at 3/7 for their answer. However, the table
also indicates that many adult learnars did not describe the effect of adding 2 to both
the numerator and denominator. Some students drew diagrams to support their
answers, while other students used decimals or percentages to determine how, and if,
the fraction had altered. Only two students suggested that if the process were to
continue, the progressions would :ventua.ly approach one. Both of these students
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came from the Associate Diploma class.

There were no significant differences in

responses between the two groups of students or their performance on this question

(2=14.46, d.f.=9, p<0.11).

QUESTION 14

Question 14 asked students to dete 'mine how the fraction 2/3 had ‘changed’ if the

denominator and numerator were 1ultiplied by 2.

The question was deliberately

placed to follow Question 13 in the quiz, to determine if some students treated both

questions similarly, irrespective of tt e different content.

Q14 If I have the fractior 2/3 and I double the numerator (top
number) and the denominator (bottom number), describe the effect
this will have on the 2/3. Why?

Table 5.4 presents the six broad categories for the responses to this question.

Summary of adult learner:’ responses to Q14 on the Fraction Quiz

TABLE 5.4

RESPONSE NUMBER OF STUDENTS
AD TP
No response 3 9
Responses that require an
interview for clarification 2 0
The fraction changes/increase; or
decreases 11 3
2/3 = 4/9 3 2
Multiplied by 2 to get 4/3 = 1 1/3 0 3
4/6 1 9
the fractions are the scme 35 25
drew diagrams 0 1

Typical responses

Two responses were not able to te coded.

fraction [2/3] the numbers are even.
student (SG) wrote:

"You will orly change the fraction".

One student (NW) wrote:
When doubled they are both even".
It is possible

students did not understand the intent of the question.
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The fraction "increases" category consisted of responses, such as one student (HK),
wrote: "2/3 = 4/6. Doubling the size of the portion, making the fraction larger".
Responses that indicated that the fr.action would "decrease” seemed to be relying on
the incorrect assumption that the ‘tigger the denominator, the smaller the fraction’.
As one student (DS) wrote: "It will become smaller because it will then be 4/6 which
is smaller than 2/3".

The students who wrote "4/9" misrcad the question and squared the original fraction.
Similarly, some students multiplied by 2 and obtained 4/3 or 1 1/3 for their answers.

Ten students wrote "4/6" as their only answer. Other students attempted to
substantiate their claim of equality. Again, these responses were also of varying
quality. For example, one student {DM) wrote: "done to the top must be done to the
bottom". A second technique was observed in which students related the two
fractions to a concrete property. Although the use of diagrams was not generally
observed in answering this question some students still appeared to need to relate the
fractions to a concrete entity. For example, one student (DC) stated: "2/3 and 4/6 but
you end up with the same amount bzcause 2/3 of something equals 4/6 of something".
Another student (DH) wrote: "the jieces or parts would in fact look the same when
viewed". The responses appeared to be context-free and relied solely on number
properties. As one student (AE) wrote: "2/3 is the simplified form of 4/6.
Therefore they are equivalent”.

Overview

In general, a majority of TAFE students in this sample could successfully answer this
question. However, there was still a sizeable number (approximately 10%) who either
did not attempt the question, or faled to state that the two fractions did not change,
i.e., they were equivalent. It is worth noting that some students still referred to the
fractions in a visual way when describing their equivalency, e.g., "the pieces look the
same". There was a significant di ference between the way the two different groups
solved this problem (x*=12.73, d.f.=5, p<0.03). This occurred because more TP
students did not respond and more .AD stucents thought that the fraction changed.

DISCUSSION

The above three questions gave a clear indication that many of the students in this
sample did not understand the underlying assumptions behind the notion of
equivalence. There were three main approaches used by students to deal with
questions involving equivalent fractions. The first technique involved a ‘complete the
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pattern’ approach in order to answer questions involving equivalence (such as
Question 5). In general, the patterring strategy was popular with adult learners, and
was generally effective at obtaining correct’ answers, provided the student selected an
appropriate pattern and did not make a calculational error. The important point here
is that a focus on answers can be misleading in identifying students’ thinking, as
inappropriate strategies can sometiines give correct responses in certain cases. In
some cases, there was no alternative strategy employed or available if the pattern
approach failed. For example, durir g an interview, one student (JG) stated:

JG:  Well, I wasn’t too stre what you had to do, but two times eight are
sixteen, and three tines eight are twenty-four. Two times seven is
Sfourteen and two times eight is sixteen. So that’s worked out all right.

I Can you think of another way?

JG:  No.

However, another student (LT) appeared to want a mystery number to solve her
problems. She selected ‘4’. However, when asked about this choice she experienced
difficulty in justifying her preferenc:. The student claimed that she "couldn’t think of
anything else to do".

I What did you try?

LT: I multiplied by 4 and then [ realised 16 times 4 doesn’t give you 24. So
I just worked it out - everything. But I think what you do is probably
multiply this (points to 14/16) with another fraction if it gives you a
common denominator you can divide it into (?) to come up with 24.

I: Do you want to try that?
LT: It will take me a long time tc do it.
I Oh well.

LT:  No, I mean if I have to multiply 16 by something which the value of the
number gives me 24.

I Oh well, just show m2 what you would have done.

LT: 16 times ... I don’t :now. Four becomes four ... (pause) gives
me ... ? This numbe~ gives me ... something, no, thirty-two?

The second strategy observed showed that students could write equivalent fractions,
but had little understanding of whit the equivalent fraction meant, even in simplest
terms. For example, a majority cf responses to Q14 indicated that students had no
difficulty in reaching 4/6 as the correct solution. However, fourteen students
(approximately 14%) believed that the fraction had changed or increased or decreased
in some way. These students did 10t understand that the size of a fraction remained
constant even when it was represerted in a different form. For example, one student
(JG) stated that there was "twice as much ... you’ve got two lots".
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The third strategy indicated that legitimate approaches, such as finding common
denominators or converting to percentages, were used by students to calculate
equivalence. However, as the results to Q13 indicate, they were often inappropriate
or unrelated to the question. For example, a majority of students (n = 60) could
obtain 3/7 as their answer. However, only a comparatively small number of students
could determine how this number had changed. For example, one student (LT), when
asked to compare the results of Q 3 and Q14 stated that "even if you add two or
multiply by two, you end up with a smaller number".

In general, there were no significant differences between the two groups of students in
responding to the three questions. 7'he only exception to this was Q14 in which more
Tertiary Preparation students did not respond and more Associate Diploma students
stated that the fraction had changed.

SHARING (IN-CONTEXT) QUESTIONS - Q4, Q6a, Q6b, Q8
The in-context questions are all similar versions of the same question and involve the
equal distribution of pizza or cake >r watermelon. Summary tables and analyses are
presented in a similar way to the pre¢vious section.

QUESTION 4

This question asked students to distribute a relatively large number of pizzas (9) to a
larger number of people (15).

Q4 You have 9 pizzas to be shared between 15 people. Describe how
you would do this.

The nine categories for this questior are displayed in Table 5.5.
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TABLE 5.5

Summary of adult learner;’ responses to Q4 on the Fraction Quiz

RESPONSES NUMBER OF STUDENTS

AD TP
No response 2 4
Responses that require an interview 1 1

for clarification

Cut into pieces and distribute until
none left 3 5

Drew 9 pizzas
unsuccessful solution %2 or

14’s) 2 2
successful solution (1,5’s) 1 3
Cut each pizza into:
1/2’s 1
1/4’s 1 0
then distributed evenly
Stated that they would need to
multiply the number of pieces by 9
and divide by 15 2 0
Cut each pizza into:
1/10’s 2 1
1/15’s 5 3
1/5’s 6 9
then distributed evenly
15/9 or 5/3 or 1 2/3 5 3
9/15 or 3/5 22 20

Typical responses

Responses that require an interview included those students who chose to be
‘humorous’. For/ example, one stident (DK) wrote: "Open pizza box, first in first
serv [sic]".

Responses in the "Cut into pieces aad distribute until none left" category indicated that
the student was unaware of the incquality in doing this. Their choice of number of
pieces and piece size seemed irrelevant to them. A slightly better answer (by student
GS) was: "I would divide the piz::as into groups of three and the people into groups
of 5 give each of 5 three pizzas anc let them work it out!"
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The next category consisted of students drawing °‘pizzas’ and then selecting a
seemingly arbitrary fraction, such a:. "1/2 or 1/4". Their choice of a fraction had
little to do with either the nine pizza:; or the 15 people. The students in this category
not only drew diagrams of ‘pizzas’, twut treated the diagrams as if they were physically
dividing up real pizzas. For example, one student (UK) wrote:

F(rs{l? ( would draw a pcture ao ( coulo]

see  if clearly. G pugiEs they con be divioled tm‘o
t (L

@@@%%ﬁ@%% a:::u(‘a

,%zpraoes . % d«v«de .

76 pisces of piyga . | last into &,
Divice  tha 25 ke (S People . "XZK%
B oot Evgrgbooly gets S pleces each .

There were a small number of pecple who, although they did not draw diagrams,
selected inappropriate fractions, such as [/2 or 1/4, and could not complete the
problem successfully.

A small number of people appeared to be in a transition stage in which they wanted to
access an appropriate fraction, but were unable to think of one. For example, one

student (OS) wrote: "Cut the pizzas into equal parts and divide the number of parts
by the number of people".

In general, the major difference between the above classifications and the next
category was the choice of an appropriate fraction, such as 1/5 or 1/10, and the
absence of diagrams. However, ir. some cases, it was difficult to determine if the
selection of a fraction was related o the cuestion or if the student was selecting the
fraction with which it was compaiatively easy to manipulate. For example, some
students selected 1/10. Although this response seems more ‘mathematical’ than the
previous category, there may have been little mathematics behind the decision to use
this fraction. For example, one student (BE) wrote: "I would divide each pizza in a
specific no. of slices - probably 11) or 12. After this I would ‘deal’ out the slices
somewhat like playing cards".

Students who responded with 1/15 or 1/5 attempted to take into account both aspects
of the question, i.e., the 9 pizzas and the 15 people. It is as if these people were
looking for a multiple of 9 and 15 - as a few students stated. For example, one
student (LP) provided intermediary steps in her calculation:
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It was not until the final two categories that the problem of the pizzas was dealt with
in a more general form. This was a fundamentally different way of thinking about the
problem when compared to the previous classifications. In general, these students did
not draw diagrams, select ‘arbitrary’ fractions or include a transition stage in which
they added up all the pieces. However, some responses were the inverse of the
correct answer, i.e., 15/9 or 5/3 ratter than 9/15 or 3/5.

Overview

The responses to this question indicated that some students focused on the reality of
the problem, and attempted to solve it as if dealing with real pizzas. Some students
did not consider the possibility of selecting fractions that were appropriate to the
setting of the problem. Other students had a much broader view of the situation and
chose fractions that related to the problem. In some cases, students appeared to cross-
over this boundary, i.e., they selected inappropriate fractions, such as a half, but then
selected a more appropriate fraction such as a fifth, once the initial halving had been
accomplished. There were no significant differences between the two groups of
students (x*=5.71, d.f.=7, p<0.57).

QUESTION 6a

This question was the first part of Question 6, and asked students to distribute three
cakes between 5 people. This queition was the mathematical equivalent of Question
4.

Q6a You have 3 cakes to b shared between 5 people. Describe how
you would do this.

The eight categories are shown in Table 5.6.



TABLE 5.6

Summary of adult learners responses to Q6a on the Fraction Quiz

RESPONSES NUMBER OF STUDENTS
AD TP
No response 3 3
Responses that require an interview for
clarification 1 2
Drew 3 cakes
wrote 3 = 5 0 1
divided into 1/2’s to distribute 1 2
divided into 1/4’s to distribute 1 0
divided into 1/5°s to distribute 1 3
Diagram independent
cut into 1/2’s to distribute 3 0
Cut the cakes into even portions ard gave
each person an even amount 2 0
Diagram independent
cut into 1/10’s to distribute 1 2
cut into 1/15’s to distribute 0 2
cut into 1/5’s to distribute 14 15
S5/3or12/3 1 3
6/10 or 0.6 or 3/5 27 19

Typical Responses

Similar responses to those of Que:tion 4 were observed for this question, with the
added simplicity of smaller numbers.

(MP) indicated:

®©
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students appeared to select arbitrar fractions to divide the cakes. For example, the

selection of 1/2, although inappropriate, was still popular, as the following student




In general, the responses in the abov: category relied on selecting a common fraction,
such as 1/2 or 1/4, and sharing the pieces until there was a piece remaining. Some
students were able to take this procedure a step further by treating the final piece as a
new ‘whole’, and repeating the process, usually by selecting a more ‘user-friendly’
fraction, such as 1/5. For example, one stucent (RM) wrote:

Q; L?% @%@fﬁ o
: LY esche N
jl‘ N | )M)j[%' 0 Uﬂ‘\& MWMMOCL

As observed in the previous questior (Q4), there were a number of students who went
through an intermediate stage of cointing up the number of pieces before distribution
could take place. For example, on: student JW) wrote: "Divide each cake into 5
pieces. How many pieces altogethcr? Then give each person one piece from each
cake. (1/5 three times)."

The final two categories of respoises occurred in the absence of the real-world
context. A few students provided the inverse and wrote ‘5/3’ rather than ‘3/5’.
Others related their answers back to the context of the question and wrote ‘3 pieces’.

Interestingly, only two students, ore student from each group, commented that this
question was the same as question 4

Overview

The spread of responses for this question was similar to those of the previous question
(Q4). For some students the real-world context was important and the practicalities of
actually dividing up cakes were an .mportant aspect. For others the context appeared
of secondary value and the students focused on the numbers (people and cakes).
There were no significant differences between the two groups of students (x*>=7.44,
d.f.=6, p<0.28).

QUESTION 6b

This question was the second part of Question 6 and required students to distribute
two cakes between five people. U ilike Question 4 and 6a, which could be addressed
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by dividing the pizzas or cakes into halves, the halving strategy was inappropriate for
this question.

Q6b You have 2 cakes to be shared between 5 people. Describe how
you would do this. (You may use diagrams if you wish).

Table 5.7 presents the six categories for the answers to this question.

TABLE 5.7

Summary of adult learners’ responses to Q6b on the Fraction Quiz

RESPONSES NUMBER OF STUDENTS
AD TP

No response 5 5
Responses that require an interview for 4 2
clarification
Drew 2 cakes

divided into 1/2’s to distribute 3 0

divided into 1/4’s to distribute 1 2

divided into 1/8’s to distritute 1 0

divided into 1/3’s to distritute 0 |

divided into 1/10’s to distribute 4 0

divided into 1/5’s to distritute and

incorrect solution 0 2

divided into 1/5°s to distrit ute and

correct solution 6 5
Diagram independent

cut into 1/10’s to distribute 2 4

cut into 1/5’s to distribute 16 11
5/2or21/2 2 3
4/10 or 0.4 or 2/5 11 17

Typical responses

Similar responses to the other two questions (Q4 and Q6a) were observed for this
question. The difficulty of havirg more people than cakes has shown up in the
number of different sub-divisions that were tried. Interestingly, a few students still
used the halving strategy with som¢: modifying it to include 1/4 or 1/8. For example,
one student (TS) wrote: "If there were four people they would get 1/2 a cake each.
Each person takes a little of there [sic] half to give to the fifth person”.
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An example of a student (MP) who modified the ‘halving strategy’ by halving and
halving again to produce quarters wrote:

G 3

O+

3 O
Q <

Another student (IS), who apparently realised that the half strategy would not work,
(there is evidence of erasing in 1is script), changed fractions and adapted the
technique to thirds. He drew:

cuT mHTD f‘h:-’/‘d.S and-
| @ UseThe \asT Third To
- cuoT INTO F)74S

Overview

Although the main objective of setting this question was to ‘test out’ the acceptability
of the halving strategy noted in the previous questions, a few students still opted to
stay with the strategy even when ihey ran out of pieces. In addition, it is worth
noting that the number of students in the first two categories increased for this
question. Finally, there was a much broader selection of fractions used for dividing
cakes for this question, when ccmpared to previous questions There was no
significant difference between the wo groups of students in terms of the numbers
responding in each category (x*>=3..14, d.f. =4, p<0.50).

QUESTION 8

This question was the logical rever;e of Q6a, i.e., this time there were more objects
(watermelons) to distribute than peobole.

(08 You have 5 watermelon: to be shared between 3 people. Describe
how you would do this.
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Table 5.8 displays the seven categor.es of responses identified for this question. Two
students (identified by *) were uinable to complete the conversion to decimals
successfully, however, their scripts indicated their desire to do the calculation this
way.

TABLE 5.8

Summary of adult learners responses to Q8 on the Fraction Quiz

RESPONSE NUMBER OF STUDENTS
AD TP

No response 2 5
Responses that require an 2 0
interview
Cut into pieces, divided by the 2 0
number of people
Gave each person one waterrielon.
Leaves 2 between 3, 1/2 both then 1 4
1/2 again

Gave each person one waterrielon.
Leaves 2 between 3, each is then

divided into 1/3’s, 13 9
with diagrams 3 1

Cut each watermelon into 3, then

divided the remaining 1/3’s 11 9

12/30r5 +3or5/3orl.€ 21 24%

Typical responses

As the logical reverse of Q6a, th: responses reflected those noted in the previous
questions. However, some students still preferred to ‘opt out’ of the fraction game by
just referring vaguely to a solution. For example, one student (KL) wrote: "Divide
the watermelons up evenly and eqially. Then make sure each person got the same
amount of equal portions".

A variation of this response involved distributing the watermelons with 2 remaining.
Some students would subdivide the remaining two watermelons. Again, typical
fractions used included 1/2. However, a wider selection of fractions, such as 1/10 or
1/6, were also noted.
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The next category of responses was a modification of the previous one. In it, each
person was given a watermelon and then the remaining two watermelons were divided
into thirds before being distributed. There was no shortage or wastage observed with
this strategy.

An alternative strategy to the above was roted in the next category of responses in
which all the watermelons were fiist divided into thirds and then distributed to the

people.

It is worth noting that, unlike the [revious question, there were no inverted answers
noted for this question, e.g., 3/5 ruther than 5/3. It is possible that this is because
this question, unlike the previous ores, provided more watermelons than people. It is
also feasible that some students habitually selected the larger number as the numerator
and the smaller number as the deno ninator, in a similar way that some people always
subtract a smaller number from a Lirger number, even when it is inappropriate to do
SO.

Overview

There was considerable similarity i1 responses identified compared to the other three
questions. Again, some students selected the ‘1/2’ strategy with which to work, even
though this is inappropriate. Other students focused on the reality of the situation,
even when the problem was solved successfully, e.g., "one and a third watermelons is
a lot to eat". There were no significant differences between the responses of the two
groups of students (x=8.79, d.f.=5, p<0.19).

DISCUSSION

There were four main findings frcm this section of the work.  First, there was a
group of responses which not onl’ involved diagrams, to arrive at the answer, but
appeared to rely on the diagrams, as if dealing with real pizzas or cakes. There was a
considerable increase in the use of diagrams in Q6b. However, it is feasible that this
was due to the ‘prompt’ in the question which suggested that students draw diagrams.
This was partially confirmed du‘ing an interview with one student (DM) who
answered all four questions correct'y, but also included a diagram for Q6b only. The
student stated:

I Why did you draw a diagram here (b) and not here?
DM:  Because here (points to part b) it said you may use diagrams.
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In cases similar to this, it would appear that some students drew diagrams, not as an
aid to their solutions, but because the: question requested it.

Secondly, there was a considerable number of responses which selected comparatively
easy fractions with which to work such as 1/2 or 1/4, even when their use was
inappropriate, e.g., Q6b. Diagrams may have accompanied these strategies. In some
cases, students’ diagrams appeared to be vital to their solution, i.e., it appeared as if
the students were dealing with real pizzas or cakes. For example, one student (MS)
stated:

MS: Well, on a separate sneet, 1 did it the way I would have, had 1 had the
9 pizzas and 15 people. 1 cut them all up halves. (Re-drew 9 pizzas).
So I got to 14 then I ve still got 2% left. But I've still got 15 people.
So what 1 did then as break it down into quarters. And quarters
again. ... But I came up with 1/2 and ... (loses track of her argument).
It came out even, but 1 can’t remember what I did. (Repeats procedure,
but does not solve the problem).

A refinement of the above technique occurred when students re-distributed any
outstanding ‘halves’. For example, one student (LT), in response to Q4, wrote: "I
will divide the pizzas in 2 and I’ll end up with 18 pieces. After everyone has one
(piece), I will have 3 more pieces 1zft which will be divided for everyone", although
she did not state how she would do this. During an interview, one student (LT) was
asked if she wished to alter her straegy. She did not reply, but was concerned about
the three remaining pieces from her original answer. She decided:

LT:  Cut them into five.

I: Cut them into five?

LT: That gives you anotker 15. So everyone gets one part (meaning the
original 1/2) and a bi..

This type of response appeared to te taking on the nature of the problem, at least as
far as selecting a fraction (1/5) tiat was more appropriate to the context of the
question.

Responses in the final category formed the basis of the third approach used by
students to solve the above four qu:stions. In this category, responses indicated that

students selected appropriate fractions from the outset of the problem.

Finally, there were no significan: differences noted between the two groups of
students and their responses to the above three questions.
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GENERAL CONCLUSIONS

Results from analysis of the context-free (Q5, Q13, Q14) and in-context (Q4, Q6a,
Q6b, QB8) questions reveal that respenses to fraction questions by adult learners can be
placed into a notional hierarchy. The early levels of such a hierarchy would appear to
consist of responses which focus o1 treating contextual problems as if dealing with
real-life situations, such as dividing pizzas or cakes between groups of people. In
these situations it is acceptable to have remaining portions or an inequitable
distribution of parts. However, Tom a mathematical standpoint, these types of
responses do not address the matheinatics inherent in the problem. Selecting familiar
fractions, such as 1/2 or 1/4, does not really address the mathematical issues raised by
the in-context questions, although so>me students appeared to select more appropriate
fractions, such as 1/5, after some in tial subdivisions had already occurred. When this
happened, it appeared to be an afte thought or sudden discovery that was not already
present in reading the problem initially. Only in the final stages of these questions did
responses indicate that the students selected appropriate fractions, such as 1/5, and
provided answers that were, in general, independent of the context.

QUANTITATIVE ANALYSIS

The seven tables provided earlier in Tables 5.2 to 5.8 have had the categories
condensed to four in order to faci itate the quantitative analyses. In each case, the
compression of the categories was addressed so as to maximise the direct evidence.
Response category O consisted o non responses or ‘Responses that require an
interview for clarification’. Other response categories were coded 1, 2 and 3,
respectively. These tables can be found in Appendix D. The following sections
consider the application of the Quest package.

RASCH ANALYSIS

This section of the work focuses on the fit of these data involving the responses to
questions, concerning the theme: nderstanding fractions, to the Rasch model. For
this theme, the Infit Mean Square value was 0.98 with a standard deviation of 0.12.
The Infit-t value was -0.08 with a standard deviation of 0.94. These results indicate
that model is appropriate to use wi'h respect to the above data. Individual Infit Mean
Squares can be calculated for eact of the above seven questions. These values are
presented in graphical form (Figure 5.1) and indicate the degree of proximity to
perfect association (i.e., 1). Statis:ics tha: lie within the two vertical dotted lines are
considered acceptable (Masters, 19:32).

124



FIGURE 5.1
Map of Item Fit for the Understanding Fractions theme

All the questions within the Understanding Fractions theme fell within acceptable
limits. This suggests that the deta fit the model and can therefore be used to
investigate the placement of categories in the proposed hierarchy. This involves
interpreting Thurston Threshold vali es and Difficulty values using the Tau option.

THRESHOLD VALUES

The Quest output also displays data in the form of a variable map (see Fig. 5.2).
This provides information on iter1 difficulties as well as student estimates on a
standard logit scale. The ‘thresho d’ value of a particular item response or student
(referred to in the package as a cas:) estimate can be read from the logit scale on the
far left of Figure 5.2 (exact values for both these measures can be found in Appendix
E). On the right hand side of Fig. 5.2 are the response categories. For each question
the top three response categories are giver, e.g., in the case of Q4 there is 4.3, 4.2
and 4.1. A feature of the Quest p:ckage is that the lowest response category (in this
case 4.0) is not provided as it serv:s as baseline data. From Fig. 5.2 it can be seen
that response category 4.3, which has a threshold score of .74, is one of the more
difficult questions for students to respond at whereas response category 4.1, which has
a threshold of -1.22, is the easiest.

Each X represents a particular student from the sample. The left hand side of Fig.
5.2 illustrates the distribution of the students’ performance over the logit scale. The
student (represented by a particular X) has a 50% chance of being able to provide the
response category of an item locaied at the same logit score, and, consequently, a

better than 50% chance of reaching a response category for answers below this score.
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Logit Scale Student Estimates Item Response Category Estimates
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FIGURE 5.2
Map of Thresholds for the Understanding Fractions theme

There appeared to be three main §roupings associated with these data, and these are
consistent with clusters surrounding the three separate steps of each question response,
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e.g., .1, .2 and .3 category responses. The lowest group of question responses (4.1
to 8.2) consisted of mainly the fist category responses of context-free questions.
Clearly, the easiest response was to provide an initial attempt to Question 4 which
asked students to distribute 9 pizza: by 15 people. This response was equated with
drawing nine pizzas and sub-dividin: them into halves and quarters. In general, most
responses in this grouping consisted or diagrams and/or the selection of 1/2 and 1/4.

The middle group of responses (6a.2, 13.1 to 13.3) were a mixture of both in-context
and context-free questions. Responses to the in-context questions indicated that there
was a gradual increase in the range of fractions selected, e.g., 1/5 was also noted
although this was often after 1/2 hac. initially been selected. Responses to the context-
free questions indicated that students were attempting to deal with fractions as
numbers, although their responses suggested little underlying fraction understanding.
For example, the response to 5.1 ecuates to students adding ‘8’ to both the numerator
and denominator to obtain 22/24, which is not the equivalent fraction of 7/8. The
response to 13.1 demonstrates that students stated that if ‘2’ was added to both the
numerator and the denominator of 1/5, that the resultant fraction, 3/7, had not
changed.

The highest group of responses (4.. to 6b.3) consisted of the final steps to a majority
of in-context questions. This implies that very few students were able to answer the
in-context questions with a context-free answer. For example, 4.3, 6a.3 and 8.3 all
related to stated 3/5, 3/5 or 1 2/3 rzspectively, and independently of the situation. In
addition, 5.3 required students to provide 21/24 as the equivalent fraction for 7/8.
Overall, the most difficult response was to provide a correct answer to Question 6b,
which asked students to divided ! pizzas by 5 people. Approximately only one
student in five (20% of the sample' had a 50% chance, or better, of getting either of
these last two questions correct.

DIFFICULTY VALUES
Table 5.9 contains the overall difficulty values, and step difficulty values for both the

context-free questions (Q5, Q13, ()14) and the in-context questions (Q4, Q6a, Q6b,
QY).
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TABLE 5.9

Overall Difficulty a1d Step Difficulties for Questions
in the Unde 'standing Fractions theme

Question | Overall Step Difficulties

Difficulty | 1 2 3

Context- || 5 .46 A7 0 -43 .26
free 13 .06 123 -91 -.32
14 _22 19 .83 -1.02

In- 4 -.20 ~72 .21 .50
context 1 6a -20 229 -3 .62
6b 27 6l 12 .73

8 17 |25 121 9%

The easiest question was Q14 (-.2Z) which required students to write the equivalent
fraction for 2/3. (This question was equivalent in difficulty with a majority (three of
the four) of the in-context questions’. The most difficult move in the responses to this
question was that associated with Step 2 (.83), i.e., the movement from response
category 1 to response category 2 This is the step associated with moving from
stating that the fraction increases or decreases to rejecting this and operating with
fractions as numbers. At this stage an incorrect conclusion is reached. However, as
the above table suggests, once stucents begin to operate with fractions as numbers,
correct conclusions become considerably easier, i.e., the move from response category
2 to response category 3 was the easiest (-1.02). This is the move that required
students to build upon the number patterns established in the previous step to state that

2/3 and 4/6 were equivalent fractiors.

Most students found a majority cf the in-context questions to be of about equal
difficulty and comparatively easy (()4, Q6a, Q8). However, the above table indicates
that many adult learners found Question 6b (.27) to be a considerably more difficult
question to address.
people.
response category O to response cat:gory 1) of this question comparatively easy. This
This Step
involved moving from a no respons: strategy to that of drawing diagrams and dividing
them into 1/2’s, 1/4’s etc.
category 2, was associated with str:amlining the fraction selection and choosing more

This was the question that involved dividing 2 pizzas among 5
The table suggests that riany students found Step 1 (i.e., the move from

is possibly because of the prompting in the question to draw diagrams.
The next step, from response category 1 to response

appropriate fractions, such as 1/5 or 1/10. The most difficult move was that

associated with Step 3 (.73), i.e, transferring between response category 2 and
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response category 3. This required students to move away from the context and to
focus on the numbers to arrive at 2/!, independently of the context.

Of the other three in-context questions, Q4 showed that students had difficulty
transferring from drawing diagrams and dividing them by an inappropriate fraction,
such as 1/2 or 1/4; to selecting fractions that were more appropriate to the problem,
such as 1/10’s or 1/5’s, (moving from response category 1 to response category 2).
However, this was not observed in he other three in-context questions. It is possible
that the added complexity of the la-ger numbers (9 pizzas and 15 people) may have
increased the question’s difficulty over the other three in-context questions. In
general, all four in-context questions indicated that students found Step 3 to be the
most difficult. This is associated with moving from an appropriate selection of a
fraction to providing an answer waiich was independent of the context. This was
particularly pronounced in Question 8. Of all four similar questions, Step 3 was the
most difficult and is associated wit1 going from treating the watermelons as objects
and dividing them between three people (response category 2), to providing an answer
independently of the context (response category 3). This implies that students in this
sample found improper fractions o1 mixed numbers to be more difficult than proper

fractions, when fraction problems are placed in context.

Of the remaining two questions, sttdents found Q13 to be considerably more difficult
(.06) than many of the previous questions, with Question 5 the most difficult (.46)
question of all. In Question 13, the most difficult step was the first (1.23), i.e.,
students found it difficult to start this question. This is associated with moving from
not addressing the question (response category 0) to stating that no change had
occurred to the fraction (response category 1). However, once it was accepted that
the fraction could change, it becaine easier to describe a change, i.e., Step 2 was
comparatively more straight forward (-.91). This equates to stating that no change
has occurred (response category 1) to a fraction which has had 2 added to both the
numerator and denominator (a non-mathematical statement) to applying a more
mathematical interpretation, such as adding two fractions (response category 2).
Although this was an incorrect procedure for this problem, it appeared to pave the
way for a more reasonable and correct mathematical interpretation in response
category 3. This is confirmed ty the comparatively small difficulty score (-.32)
associated with Step 3.

Question 5 was the question in which students were asked to write the equivalent
fraction for 14/16 with a denominator of 24. Responses indicated that students had
difficulty both starting (Step 1) and finishing this question (Step 3). Step 1 indicates
that students found moving from not addressing the question (response category 0) to
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answering 22/24 (response category 1) to be difficult (.17). This step is associated
with treating fractions as numbers, and disregards the ‘fractionness’ of the fractions,
i.e., fractions were treated as whole numbers and ‘8’ was added to both the numerator
and the denominator. However, on:e started, responses indicated that Step 2 became
comparatively easier. This was tie move from response category 1 to response
category 2 (-.43), and is associated with rejecting the ‘whole numbers’ approach in
favour of a more streamlined version. Although incorrect at this stage, there is some
evidence that, although the numerator and denominator were still treated as separate
numbers, students attempted to seek a relationship between all four ‘separate’ numbers
that was not observed in the previots level. However, this strategy was based largely
on completing a pattern, and there is a considerable lapse, as Step 3 (.26) indicates,
between this approach and the final one which required students to write the
equivalent fraction 21/24 for 7/8 (-esponse category 3). This final step equates to
moving from an answer that is obtained by completing a pattern (such as dividing both
the numerator and denominator by 2 and then multiplying by 3) to one that involves
acknowledging the relationship between two equivalent fractions, e.g., students would
reduce 14/16 to lowest terms or apply algebra. In both cases, responses indicated that
students knew enough about equivalent fractions to let this concept guide their
working.

GENERAL CONCLUSIONS

In general, the results imply that adult learners have few difficulties working with
relatively common and comparatively simple fractions, such as 1/2 and 1/4, i.e., the
earlier response categories of all problems. However, responses in these categories
indicated that fractions were linkel to the context of the problem, rather than the
focus of the problem itself. As a result, students were often misled and produced
inappropriate answers. For example, some students still selected 1/2 when attempting
Q6b, which required students to divide 2 pizzas by 5 people. In general, the results
from this section of the work indic: ted that many students select fractions, such as 1/2
or 1/4, almost irrespective of the context of the problem and the fractions inherent in
the problem.

Responses to questions that were placed in a familiar context, produced a wider
variety of responses, although therz were fewer students’ answers to be observed at
the highest levels, i.e., responses fiee of the context. For example, Q6b was found to
be one of the most difficult questio1s on the quiz, and only a few students could reach
the final response category of Q6b, i.e., to answer the question independently of the
context.



With respect to the context-free questions, there was some evidence to suggest that
once a problem can be solved using a ‘patterns’ approach it is a comparatively minor
step to generalise such an approach, and solve these types of problems by knowing
enough about fractions to focus on the underlying relationship of producing an
equivalent fraction. For example, once response category 2 was reached it was a
comparatively minor step to reach response category 3 as observed in the responses to
both Q13 and Q14. In both of these questions, the earlier response categories equated
to ‘playing with numbers’, whereas the final response categories required students to
focus on the production of equivalen: fracticns.

A SOLO INTERPRETATION

Results from both the qualitative and quantitative sections indicate that there were two
main approaches used by adults in dealing with fractions observed throughout this
work. In general, one approach re.ated fractions to objects, such as cakes and pies,
and the other method described fractions in terms of number properties. The former
corresponded to the earlier response categories in all questions in the Rasch analyses,
while the latter corresponded to the later response categories. This implies that a
single UMR structure in one moce does not adequately explain such phenomena.
Neither does the supposition of th: diagrammatic dependence into the ikonic mode
serve as an appropriate model of inderstanding, since any question that requires a
concrete-symbolic response is clearly not aimed at the ikonic mode as its target mode.
Rather the smaller changes in complexity, i.e., Step 2 and Step 3 would be expected
to indicate differences between leve s in two different UMR cycles. This implies that
there are to be at least two distinct cycles in the concrete symbolic mode with respect
to fractions. This is consistent with the implications of Pegg (1991, p. 383) and
Campbell er al. (1992). In general, the first cycle would appear to be diagram
dependent, while the second cycle would appear to treat fractions more like numbers
and less like concrete objects. 7he following diagram indicates the relationships
between the different levels in the two distinct UMR cycles. Throughout this
analysis, Ul will represent a Unistructural response in the first cycle, M1 will
represent a multistructural response: in the first cycle, and so on. A diagrammatic
representation showing the two cycles in the concrete symbolic mode is presented in
Figure 5.3
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FIGURE 5.3

Diagrammatic representation »f two learning cycles within the one mode
RESPONSES PRIDR TO THE TARGET MODE

Some responses, which indicated that students focused on the reality of the problem,
such as dividing pizzas into pieces a1d distributing these pieces, were considered to be
outside the concrete symbolic or taryet mode. There was no relationship between the
size of the piece or the number of pieces or the number of people, e.g., "cut into
pieces and give to each until non: left". A small number of students drew an
appropriate number or pizzas but did not add any further information and did not
attempt to work with the diagrams. Such responses are consistent with belonging to
the ikonic mode. They have not att:mpted to address the mathematics of the situation
but relied on intuitive ideas of what feels an appropriate thing to do.

TARGET MODE RESPONSES

The remainder of the responses dic attempt to address the question asked and most
were classified in the concrete symoolic mode. The first group of these relied on a
concrete object or diagrammatic rcpresentation. By contrast, the second group is
characterised by the description «f fractions as numbers, such as decimals and
percentages. A description, with appropriate examples of each of the SOLO levels,
spread across the two cycles is now presented.

THE FIRST UMR CYCLE

Unistructural 1 responses focused on one aspect of the problem, such as just dividing
pizzas into pieces using a simple ‘amiliar fraction. Typical responses at this level
drew a number of pizzas and then divided the pizzas into 1/2’s or 1/4’s but did not
deal with any remaining pieces. Tte choice of fraction had little to do with either the
number of pizzas or the number of people. Students who selected these fractions did
not appear to be aware of the unsui ability of the chosen fractions to the problem, i.e.,
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their repertoire of fraction choice w:is very limited. The responses to Q6b, in which
students were required to divide 2 pizzas by 5 people, indicated that, at this level,
there was very little understanding of any other fraction, other than a half or a
quarter. Respondents who selected 1/2 could not share the cakes equally, since they
would run out of pieces after serving only four people.

Multistructural 1 responses focused on more than one aspect of the problem, but
only by dealing with the situation ore step at a time, i.e., the repertoire of fractions is
beginning to expand. In general, siudents who responded at this level did not relate
the choice of fraction to the situatior (like the previous level) until the final stage.

The most typical response at the riultistructural 1 level was the situation in which
students would select 1/2 or 1/4, divide up the pieces and then deal with any
remaining pieces as if dealing witl. a new whole. The final stage in this process
usually involved selecting a new fraction other than one half. However, at the entry
(or lowest) point to this level, the new fraction choice was not necessarily a more
appropriate fraction, as the followirg example indicates. During an interview, about
her response to Q6a (3 cakes, 5 peoole), one student (LT) stated: "if you cut this into
1/2, just sees 1/2 and everybody gets one half. And the other half [remaining half] is
divided into 5, no 3, no 5!". The more sophisticated responses at this level selected
more appropriate fractions, such as /5, to divide the remaining 1/2.

Responses which counted the total rumber of pieces before distribution have also been
classified at this level, since they d:d not indicate that the student had an overview of
the problem. It is feasible that som e students sought security or confirmation in their
(often) correct answers by counting the total number of pieces prior to distribution.

A minor transition level was observed between multistructural 1 and relational 1 in
this cycle. Responses in which students indicated that they wanted to select an
appropriate fraction, but were unable to do so would seem to occur between these two
levels. For example, a typical response (for Q4) was "pieces in each x 9, divide by
15".

Clearly, the context of a fraction p-oblem would have a particularly important role in
classifying responses in this cycle. Fraction questions which enabled or encouraged
students to equate fractions with ojjects would receive more attention in this cycle.
As a consequence, questions that were posed out of context (QS, Q13 and QI14) and
tested the more mathematical concepts traditionally associated with fractions would
cause responses to appear illogical. For example, responses to Q5 (which asked
14/16 = ?/24), such as 22/24, treated the numerator and the denominator as separate
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whole numbers. This is because without any contextual reference, such as an object,
the fractions become meaningless sy nbols.

Relational 1 responses indicated that students had an overview of the problem with
respect to the number of pizzas and the number of people. Although the fractions
would still be equated to slices of pizza and dealt with the pieces "like dealing out
playing cards", the responses indicated that the student had an overview of the
problem with respect to selecting .in appropriate fraction, e.g., 1/5, 1/10 or 1/15.
However, the problem was still context-bound and responses indicated that some
students counted the number of »ieces ‘just to make sure there were enough’.

Students chose from a wider range ¢f fractions.

The end of the first cycle is marled by the ability to select or reject a particular
fraction, e.g., 1/2, from a wide va-iety of fractions. For example, responses at this
level automatically reject inappropriate fractions, such as 1/2 and 1/4, for the pizza
questions, and exhibit preference fo - selecting more appropriate fractions, such as 1/5,
for particular problems, e.g., Q6b. However, it is not until the next cycle that the
problems of the pizzas could be de:lt with independently of the scenario in which the
question is placed.

THE SECOND UMR CYCLE

Transference from the first cycle tc the second (relational 1 to unistructural 2) is best
characterised as the notion that equivalence can be described as the separation of the
dependence on diagrams to the awa-eness (if not yet complete mastery) of fractions as
numbers. In particular, equivalen: fractions that were associated with diagrams (of
equivalent fractions) in the first cycle, start to be seen independent of diagrams in the
form of number patterns. Eventually, the number patterns take on a life of their own
and can subsequently be used to generate multiple and reliable ‘reproductions’ of
themselves (multistructural 2).

The departure from the first cycle would appear to coincide with the arrival of the
second cycle, i.e., there is a synch ony between the relational 1/unistructural 2 levels.
For example, there is a limit to the number of fractions that diagrams are useful for,
and some equivalent fractions ar¢ just too difficult to conceptualise as diagrams.
When this stage is reached, equiva ent fractions may be seen to be numbers, but only
because of the patterns between the numbers and not as equivalent fractions per se.

Unistructural 2 responses are the first type of responses that appear to be independent
of the context. Responses at this level can be deceptive, i.e., in the absence of a
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contextual situation, responses at thi: level may appear to be more ‘mathematical’ than
the previous ones. However, on dectailed examination, responses at this stage do not
yet have an overview of equivalence. without the aid of a diagram, although they may
appear to operate, or function, indejendently of diagrams. Typical responses, which
may be correct, are usually based on ‘patterns’, and do not exhibit any underlying
understanding. For example, some >f the responses to Q5 obtained the correct answer
(21/24), by ‘adding 1/2 [of 14]’ or by multiplying both numerator and denominator by
1.5. In addition, there was little ndication, either from scripts or interviews, that
students were aware that they had reached a correct solution.

Unfamiliar, or non-routine questions, such as Q13, would cause confusion at this
level. Responses at this level couldl not interpret the question satisfactorily, or could
not determine the effect of adding % to both the numerator and denominator. As one
student (GH) stated at the interview "do you mean 2 the fraction or 2 the number?".
Without an effective diagram or a clear pattern to follow, many respondents could
only guess an answer, such as "the Taction stays the same".

Multistructural 2 responses indicite that the number ‘patterns’, established in the
first level, consistently and reliably produce equivalent fractions, irrespective of the
context or the presence of ‘distracters’ in the problem (e.g., QS5), i.e., fractions are
independent of diagrams and synoiymous with numbers. This is the first level in
which either in-context or context-free questions are truly dealt with independently of
the context. Responses at this level show that students do not, in general draw
diagrams, count individual pieces o- treat any of the in-context questions as if dealing
with real pizzas. Typical answers zre 9/15 or 3/5.

Typical responses at this level could generate correct equivalent fractions ad infinitum,
and would obtain the correct answers to Q5 (21/24) and Q14 (the fractions are the
same) for mathematical reasons. Fowever, unfamiliar or non-routine problems, such
as Q13, may still cause confusion, although the student is aware that the fraction has
altered in some way. For example some students knew the fraction had changed, but
could not describe how.

Relational 2 responses indicated that the student had an overview of the problem and
could work with fractions as numbers. Fractions can be generated independently of
diagrams and irrespective of the context. In addition, distracters do not, in general,
hinder progress, and students are .ible to establish a more general rule, such as that
stated by two students in response o Q13. The students stated that if the process was
continued, then the progression wo'ild get closer and closer to 1.



Table 5.10 summarises the descriptions above and indicates typical responses at UMR
levels across the two cycles.

TABLE 5.10

Summary of adult learners’ responses to Questions
for the Understanding Fractions theme

UMR EQUIVALENCE, SHARING
(CONTEXT-FREE Q5, /13, Q14) | (IN-CONTEXT Q4, Q6a, Q6b, Q8)

<Ul divide the pizzas by pieces

(CS)

Ul 1/2 or 1/4 selected

(CS)

Ml Q5 - 22/24, ‘add & 1/2 or 1/4 and later 1/5 selected
(CS)

R1 Q5 - 22/24 1/15, 1/10 or 1/5 selected from the
(CS) outset, still context dependent

pizza pieces were counted

U2 | Q5 - 21/24 by patterns only 1/15, 1/10 or 1/5 selected from the
(CS) [ Q13 - fraction stays the sime outset, context independent
M2 | QS5 - 21/24 by using equivalence correct answer for pizza problem
(CS) | of fractions (context-free) undertaken in a

Q13 - fraction changes sequential manner

Q14 - equivalent fraction;

R2 [ Q13 - by continually add ng 2 to
(CS) | the numerator and the de 1ominator
of a fraction, the fractions will

progress to 1

CONCLUSION

There were four main findings for this chapter. First, the responses to fraction
questions involving sharing anl equivalence formed a notional hierarchy.
Furthermore, these responses coulc be interpreted into the existing framework of the
SOLO Taxonomy.
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Second, two main approaches werz identified which were adopted by students in
answering fraction questions with respect to understanding fractions. These can be
described as object related or numb:r related. The major difference in classifications
across all questions was that some students could only deal with the problems by
directly relating the problem to a concrete situation. In particular, some students
drew diagrams and divided the diag-ams as if they were actually dealing with ‘cakes’,
‘pizzas’ or ‘watermelons’. It was not until the final stages of all questions, that
students could provide answers, irrespective of the context, and independently of any
diagrams.

Third, there were no significant di ferences between the two groups of students and
their approaches to answering friction questions. The only exception to this
concerned the responses to Q14. This is the question that required students to double
both the numerator and the denominator of 2/3, and comment on any changes. Table
5.4 indicates that there were more Tertiary Preparation students who did not respond
to the question and there were mor: Associate Diploma students who thought that the
fraction had changed. Although it is feasible that both groups were confused by the
wording of the problem, the results suggest that more Tertiary Preparation students
chose not to attempt the question. it may be that they felt intimidated by the question
or simply preferred not to guess due to their unfamiliarity with the concept. In
contrast, the Associate Diploma stu ilents, rmany of whom had only recently completed
their secondary schooling, felt confident enough, or at least comparatively more

familiar with the concept in the queition to attempt an answer.

Finally, there was some evidence, :Ithough tentative, to distinguish between responses
to in-context questions and those that were context-free. For example, the in-context
problems appear to be slightly easier at the lower levels, while the context-free
questions appear to be slightly easicr at the highest levels. However, it was clear that
the in-context questions drew a greater variety of responses. In particular, there was
more use of diagrams or reference: to physical objects. However, caution should be
exercised in this interpretation, fo- example, Question 6b prompted students to use
diagrams. It is plausible that many of the students felt obliged to demonstrate their
solution by referring to objects indi:ating that many of these students could answer the
question by using either the number or the object approach.
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CHAPTER SIX
RESEARCH THEME 1: COMPARISON OF FRACTIONS

... evidence is beginning to accumulate that suggests students bring to
instruction a rich store of irformal knowledge of fractions.

Mack (1990, p. 17)

INTRODUCTION AND ORGANISATION OF THE CHAPTER

This chapter investigates the responses to the second research theme, namely, the
strategies employed by students to compare fractions. Again, the questions relating to
this theme have been presented in two ways. First, typical school textbook questions
(referred to as context-free problemis) are described, and second, fractions are placed
into familiar situations in which students need to determine methods to enable the
fractions to be compared (referred to as in-context problems). In general, the
research questions identified in the previous chapter provide a similar aim for this
chapter. They are:

(1) Is there an identifiable hierarchy of responses to the questions posed?

(i) Does placing a fraction problem into a familiar context elicit from adult
learners different types of responses, i.e., do some adults spontaneously use
fractions to solve problems or do they resort to more primitive responses, such
as ‘ratio’?

(iii) Do adult learners find it easier to respond to in-context or context-free
questions regarding comparing fractions, i.e., are responses in this sample
equally spread irrespective of context, or do familiar contexts elicit responses

indicative of only a few mai techniques?

(iv) Do adult learners responi to similar questions with similar responses
irrespective of the context?

v) Can responses be interpreted within the SOLO Taxonomy?
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Again, the chapter is divided into three main parts and follows a similar sequence to
that established in the previous chapter. This is summarised in Table 6.1.

TABLE 6.1

Structure of the analysis for -esearch theme II: Comparison of Fractions

COMPARISON OF FRACTIONS
Q2a, Q2h, Q3a, Q3b, Q7, Q9

Part 1 Qualitative Analysis

Section 1: Context-free Section 2: In-context
Q2a, Q2b, Q3a, )3b Q7, Q9

Part 2 Quantitative Analysis

Part 3 SOLO Taxonomy Interpretation

QUALITATIVE ANALYSIS

CONTEXT-FREE QUESTIONS - Q2a, Q2b, Q3a, Q3b

The qualitative analysis follows . similar style to that of the previous chapter.
Summary tables are presented followed by typical responses for each question part.
The discussion section provides ian overview of the context-free and in-context
questions. Interview data have becn included to develop further the trends noted in
the written test.

QUESTION 2a

This question was the first part of Question 2 and asked students to compare two
fractions. One of the fractions w:s the reciprocal of the other, and this meant that
one fraction was less than 1 and one fraction was greater than 1.

Q2a Compare and contrast vhat is meant by 5 and 7?
7 5

Table 6.2 presents the seven broud categories identified for the responses to this
question.
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TABLE 6.2

Summary of adult learners’ responses to Q2a on the Fraction Quiz

RESPONSE NUMBER OF STUDENTS
AD TP
No response 1 10
Responses that require an in erview
for clarification 6 S
Wrote seven over five or seven fifths 15 10

Drew diagrams as illustratio1s of
fractions 2 8

Compared each fraction to the
number 1 15 10

Converted before comparing

used percentages 3 2
used common denom nators 4 4
Stated 5/7 is smaller or 7/5 s larger
(no working) 9 3

Typical responses

In order to clarify the table, typical responses in each category are now provided,
commencing with category 2.

There were a small number of resyonses (n=11) which did not address the question
asked. For example, one student (MS) wrote: "improper fraction", while two other
students (MS and MP) added the two fractions together. It is unclear from this
written information whether the tisk was unable to be completed or whether the
students had misinterpreted the que:tion.

The ‘seven over five or seven fifths’ responses did not usually contain any further
information, although two students (OS and KL) acknowledged that the two fractions
were reciprocals since, as KL wrcte: "one is [the] inverted version of [the] other",
and a further three students descrided 5/7 as "S divided by 7". However, none of
these students in this classification drew a conclusion. It is feasible that the words
‘compare and contrast’ may have c:used confusion for these students.

The next classification consisted of responses in which students chose to draw

diagrams in an effort to comparc the two fractions. This strategy often led to
confusion as one student (MP) indic ated:
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A further example in this category is provided by another student (DB) who drew the
following diagram. The student indicated the relationship between fractions and
‘concrete’ objects, such as pies:

, Whole
‘@ i?u*opq ‘ 5Z {LZZ,;watc @P“
%@ 7 Whole é ol e
<D

This visualisation of fractions was a theme continued throughout this classification,
and at least one student (SJ) ‘sav’ the fractions as representative of cakes. The
student wrote: "5/7 is like cutting a cake into 7 slices and taking 5. 7/5 is cutting
two cakes into 5 slices and taking 1 whole cake and 2 slices". It is also worth noting
that none of the above students were able to complete part (b) of this question
successfully.

The responses classified as ‘compared each fraction to the number 1’ used a multiple
stepwise approach. Individual fractions were first compared to a whole. Decisions
were then made based on how much of the whole each fraction covered individually.
Finally, the two original fractions ere then ranked. For example, one student (GS)
wrote:

/f( [ AZENRNN
- : > - ‘Hv\: £
j&% O \;/g o S |j(6\\€ b

141



For some students, this multi-step process, caused problems. They found it difficult
to keep track of the steps and would invariably become lost, as the following example
(by student HP) indicates:

<

;: 'S aw Po\vk @‘( 7

S Weve v wad Qfmu%p\

A similar strategy was employed in the preliminary study in Question 5 where
students were asked to plot 3/5 and | 1/5 on a number line.

The second last category consistel of a comparatively small number of students
(n=13) who accessed alternative strategies involving conversion to percentages,
decimals or common denominators before comparing the original two fractions. For
example, one student (RS) wrote:

Noo>-7 x5 = 71.57. e ©.715
106 —5x7 = 140.0l. o .40

The J\Memncg ‘s vealue can c.'euﬂd

he seen wl\cr\ —hf'o\r\s erred "B ' ‘{' e
or  decimels ol P

It was only in the last category (‘stated 5/7 is smaller or 7/5 is larger’) that the
responses indicated that a direct comparison between the two numbers was possible.
The responses in this category stand out due to the absence of any intermediary steps.

Overview

There were two main approaches used by adult learners to compare the fractions 5/7
and 7/5. Some students drew diagrams or conjured up images of ‘wholes’ which
enabled them to compare the two fractions. Other students related fractions to
numbers, such as percentages or decimals. Only a very few students (n=12) could
provide a direct answer to this question, i.e., 7/5 was bigger than 5/7. It is possible
that the words ‘compare and contrast’ may have caused confusion for some students.
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There was strong evidence (x’=16 81, d.f.=6, p<0.01) that there was an association
between the categories of responses and the group to which a student belongs. The
AD students performed better as a group than those who attempted the TP program.
This implies that older students o- students who have been absent from school for
longer periods of time may have more difficulty interpreting and responding to
questions of this nature.

QUESTION 2b

This was the second part of question 2 and again asked students to compare two
fractions. However, this part of tte question included fractions which were both less
than 1.

02b Compare and contrast what is meant by 2 and 3?
3 5

Table 6.3 presents eight broad categ ories of responses to Question 2b.

TABLE 6.3

Summary of adult learners’ responses to Q2b on the Fraction Quiz

RESPONSE NUMBER OF STUDENTS
AD TP
No response 9 15
Responses that require an
interview for clarification 3 3
Wrote two parts out of three 14 7

Drew a diagram to represent 2/3
and 3/5 2 9

Compared two fractions to a
whole and noted that both :re less
than a whole 2 4

Compared both fractions to a half
unsuccessful conclusion

[S—

successful conclusio 1 0
Converted to a common
denominator or to a percentage 15 10
Stated 2/3 is larger than 3/ (no
working) 7 3




Typical Responses

The nature and style of the respon:es to the question were very similar to that in the
previous question. To avoid repetition, only brief comments are given where they
offer a different or clearer perspective to that provided previously.

There were a number of responses (n=30) which were unable to be placed into any
major classifications. This was :« slight increase from the equivalent part of the
previous question. For example, o1e student (JP) wrote: "The fraction 2/3 is greater
even though the addition of 2 and 3 is less than the addition of 3 and 5".

Again, some students just wrote ‘‘wo parts out of three’, while a small number of
students still attempted to sketch the two fractions in order to compare them. In this
case, this was not a particularly suc:cessful strategy since both fractions ‘look’ to take
up similar areas when represented ciagrammatically.

Another unsuccessful strategy was that used by six students who attempted to compare
the fractions with the number 1. This ‘whole comparison’ was also noted in part (a),
and this enabled correct decisions to be made. However, in part (b), since both
fractions were less than 1, this stra:egy was not very useful. Some students appeared
to modify this strategy, and comvared the individual fractions to a ‘half’, before
drawing a conclusion. This strate;;y was successful on only one occasion, i.e., one
student (GS) wrote: "3/5 is the dividing line between 1/2 and 2/3. 2/3 is the dividing
line between 1/2 and 3/4".

Twenty-five students used standard techniques, such as common denominators or
percentages, to arrive at the correct answer. There was only one person who used
common denominators and also drew a diagram. However, it appeared that the
diagram was superfluous to the outcome of the problem. Instead, it looked as if the
student had drawn the diagram to exemplify the fraction just as a teacher might do in
a typical classroom lesson. Only in the last classification was there no working

shown.

Overview

In general, the two different aporoaches used by adult learners were noted in
responses to this question. Howev:r, there was also the additional category in which
students compared the given fractio1s in the question to the number 1/2. 1t is feasible
that this was a modification of the previous category in which students compared the
two given fractions to the number one. It is feasible that students who used this
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technique realised that, when compared to a whole, both fractions appeared to cover
approximately the same amount of area, and was therefore not a very useful strategy
to employ.

There were no differences observad between the two different groups of students
(x*=13.84, d.f.=8, p<0.086), although there is a trend favouring the students in the
AD group. It is worth noting that there was an increase in numbers for both groups
of students in the ‘no response’ catcgory, indicating that both groups of students found
this question to be more difficult than its companion question (Q2a).

QUESTION 3a
Question 3a was the first part of Question 3 which asked students to rank three
fractions from smallest to biggest. All of the fractions in this part of the question had

1 for a numerator.

Q3a Place in order from smallest to biggest 1, 1, 1
3

[\
LN

There were six broad categories observed for the responses to Q3a. These are
tabulated in Table 6.4

TABLE 6.4

Summary of adult learners’ responses to Q3a on the Fraction Quiz

RESPONSES NUMBER OF STUDENTS
AD TP
No response 7 2
Responses that require an 8 0
interview for clarification
Wrote one part out of etc. 2 0
Drew diagrams
stated fractions wer: 2 0
different
ranked in correct order 2 0

Focused on one fraction orly
e.g., 1/2is the largest 5 0

Ranked in correct order
converted to percen ages,
decimals or commo1
denominators 13 8
no reason given 16 42
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Typical Responses

Once again there was a degree of similarity in the type of categories identified in Q3a
compared to Q2a and b. For example, some students still focused on the look of a
fraction and described fractions as ‘one part out of ...”. Some students still sketched
diagrams of fractions although this category was not as popular as in the two parts of
the previous question. Clearly, a majority of students could rank the three fractions
successfully.

Overview

The added difficulty of arranging three fractions, rather than two, did not make this
question more difficult. It is possible that having a 1 in the numerator was the telling
factor.

There were significant differences tetween the responses provided by the two different
groups of students (x*=27.29, d.f =5, p<0.00). For example, there was a much
broader spread of answers observed from the Associate Diploma group compared to
the Tertiary Preparation students. In addition, a majority of Tertiary Preparation
students answered this question successfully without supplying any reasons. It is
possible that some students obtained the correct answer to this question without
utilising sound mathematical prccedures, simply because the question was a
comparatively simple one. (This isiue is addressed later in the chapter).

QUESTION 3b

This was the second part of Questicn 3 and asked students to rank three fractions from
smallest to biggest. However, this part of the question contained fractions with
numerators other than 1.

Q3b Place in order from smallest to biggest 2, 5, 3
374

N

There were seven broad categories for the responses to part (b) of Question 3. These
are tabulated in Table 6.5
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TABLE 6.5

Summary of adult learners’ responses to Q3b on the Fraction Quiz

RESPONSES NUMBER OF STUDENTS
AD TP
No response 18 7
Responses that require an in:erview
for clarification 8 0
Wrote two out of three 1 0
Drew diagrams 2 1
and stated fractions vrere
different 1 0
and ranked in correct order 1 0

Focused on only one fraction, e.g.,
3/4 is the largest 4 0

Stated an unusual order, e.g , 5/7,
3/4, 2/3 6 24

Ranked in correct order, e.g., 2/3,
5/1, 3/4
converted two of the three
fractions and then co npared
the third to one of th: other

two 3 2

converted to

percentages/decimals or

common denominators 9 7

no reason given 2 11

Typical Responses

Again, typical responses confirmed many of the observations made in the previous
questions. However, there was thke additional ‘unusual order’ category, in which a
majority of the responses to this category ranked the fractions on the basis of the size
of the denominator, e.g., the bigger the denominator, the smaller the fraction. This
category was not singled out in the previous question since the fractions involved all
had 1 in the numerator, and hence would have yielded correct answers if this strategy
had been used and not stated.

Some students, who used decimils and percentages, still applied a multi-stage

approach to comparing the fractiors, e.g., converting two of the three fractions and
then comparing the third fraction to each of the others.
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Overview

Overall, this question provided valuable information with respect to adult learners
strategies for comparing three fractions. In particular, the overall number of adult
learners who could rank in correct order three fractions, which did not contain 1 in
the numerator, diminished conside -ably between Q3a and Q3b. It is possible that
students who used the ‘bigger derominator, smaller fraction rule’ ranked the three
fractions successfully in the first part of the question without explaining their
reasoning.

The responses to this question also indicated that there was a strong association
(x*=31.44, d.f.=6, p<0.00) between the type of response received and the group to
which the student belonged. This implies that students who have been absent from
formal study for several years may have forgotten appropriate techniques, such as
using common denominators, for comparing fractions that have numerators other than
1. Tt could also explain the apparent success many Tertiary Preparation students had
with Q3a, but not Q3b.

DISCUSSION

In general, there were a number of similar strategies observed in the responses for the
questions (Q2a, Q2b, Q3a, Q3b) n this theme. Some strategies, even when they
became inadequate or deficient coniinued to be selected by the students. This implies
that there were only a limited number of approaches from which individual adult
learners were able to select. In general, these strategies appeared to fall into three
distinct groupings. First, there were the responses that included diagrams as if they
were the only source available to "he student to answer the problem. For example,
one student (MV), who drew diagraims to compare 2/3 and 3/5, could not suggest an
alternative method that did not involve or depend on a ‘visualisation’ of a concrete
reference in some form. The following extended transcript demonstrates this. Key
phrases have been shown in boldface print.

MV:  2/3 is bigger, visuall’ (drew two circles).

I How do you know?

MV: It seems bigger. Visually.

I What if you didn’t have the diagrams, could you tell then?
MV:  No! It would be very difficult for me.

I: What would you do?

MV: OK. (pause). No, outside from actually drawing the circles
and visualising them that way? Unless I had something else to
compare them to.

I What do you mean ¢lse? What else would you want to compare them
to?
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MV: That fraction (points to 2/3) it seems on the surface to be very close
(points to 3/5). Let me think on this one. Two-thirds. Three fifths.
Now it would be diff'cult. I would need to visualise it. Another way?
If my life depended on it? (long pause). I’d measure a line! Once
again, it would be visually. Actually measuring a line. That’s the way
I think I'd do it. Measure a line. 1 would need to get some sort of
visual comparison like that. Just numbers on paper would be difficult
Jor me to visualise.

I: Could you give me another way?

MV: Outside of visually? (Interviewer nods). (pause). Just off the top of
my head I don’t think I could.

The above student experienced dirficulty with treating fractions solely as numbers.
However, this was not an isolated incident. One other student interviewed (KL) also
experienced considerable difficulties in completing part (b) of Question 3. This was
primarily because the student bised her solution on the diagrams she drew.
Unfortunately, her ability to sketch accurate diagrams was limited and, hence, the
diagrams impeded, rather than suprlemented, her progress to a solution. Despite this,
during the interview, the student continued to focus on the (now multiple versions of
the) misleading diagrams, as if this strategy was the only one available to her. At no
stage did the student suggest tie use of common denominators, decimals or
percentages to solve the problem. She depended on the diagrams and, in this case,
they did not support her.

The second type of response appeared to rely on a rote learned ‘rule’, which was
applied across all four questions, although it was more prominent in the responses to
Q3b, since this was the first time it produced wrong answers in the Quiz. As one
student (AB) explained, with respe:t to Q3a: "It could easily be believed that 1/4 is
bigger than 1/2, as we are brough' up knowing 4 is bigger than 2. But in fractions
the reverse is correct for the derominator”. While another student (AM) wrote:
"These numbers are sometimes cor fusing. Looking at them, one may be tempted to
think that 1/4 is the largest number when in fact it is 1/2. The large lower numbers
can confuse". Despite the concerr shown, the widespread application of the ‘bigger
denominator, smaller fraction rule’ could result in many successful answers. For
example, during an interview, one student (LT) applied this ‘rule’ which enabled her
to obtain a large degree of success or the first few problems.

I Which is bigger of these two (points to Q2, part (b)).

LT:  This one is bigger (points to 2/3).

I Do you know why?

LT:  Well I've been told it is in a fraction the bigger the number in on the
underneath number, the value is smaller. The value goes smaller.
Then I gauge. This one (2/3) is bigger than this one (3/5).
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However, this method does not proide an appropriate order for the fractions in which
the numerator is not 1, e.g., Q3b; ¢nd was the most common ‘unusual order’ response
noted to the question, i.e., 2/3, /4, 5/7. Unfortunately, the above student (LT)
continued to apply the ‘rule’ routizely. At no stage, during the interview, did the
student become aware of the inappropriateness of the rule in certain circumstances.
Instead, the student had complete faith in it, as the following brief transcript indicates:

LT: (points to her answer in Q3b). The higher the number (denominator) it
is, the value is less. That’s exactly correct!

I Can you think of ano her way you might work that out?

LT:  Yeah, you make a dicgram. And you can divide that into seven parts.
I Do you want to have a go?

LT:  Not really.

I But you could make ¢ diagram? (to confirm the above?)

LT:  Yeah, you could mate a diagram and you would see (indicating that
there was no doubt that the diagram would confirm the ‘rule’).

Clearly, the student did not know why the rule was ‘correct’. The important
conclusion to be made from this observation is that some students have absolute ‘faith’
that success with a strategy in oie situation can be generalised to others. It is
plausible that this approach has bzen reinforced by certain examples and types of
questions. For example, the bigge- denominator, smaller fraction rule, when applied
to fractions with 1 in the numerato- guarantees success, irrespective of the number of
fractions involved. Ranking unitery fractions, however, takes up a comparatively
small part of a more general proces;s which enables all fractions to be compared. At
least in LT’s case, this broadening of scope has not happened. The student did not
doubt her ranking of fractions axd was convinced that any other method, e.g.,
diagrams, would only confirm her rule.

Third, there was a small number of responses which compared fractions, but only by
introducing a third (or fourth) number, such as 1 or 1/2, with which to compare the
fractions in the problems. Of particular interest, are the students who compared each
fraction to 1 in Q2a; and continued to do so for the other question. Although this was
an acceptable strategy for Q2a, it was inadequate for the other problem.

Finally, the use of diagrams d:creased with the complexity of the problem.
Responses which used common denominators, if not consistently, at least for Q3b,
were not usually accompanied by diagrams. There is evidence that at least one
student wanted another method other than diagrams, such as common denominators,
to solve Q3b, but was not able to remember how to calculate them. She wrote: "I
can’t picture which is larger and hi.ve no idea how to change them to find out. Do I
find the common denominator whic1 would be a factor of 77 What is it?".
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IN-CONTEXT QUESTIONS Q7 AND Q9

This part of the qualitative analysis investigates the responses to the in-context
questions related to the theme coniparison of fractions. Again, summary tables are
presented followed by typical responses, and a discussion section at the end of both
questions is presented.

QUESTION 7

Question 7 provided students with a situation in which employing fractions would be
an appropriate technique to use.

Q7 You have two recipes to choose from to make a drink of punch for
a party. One recipe calls for 3 bottles of sherry and 6 bottles of soda
water. The other calls for 2 bottles of sherry and 5 bottles of soda
water. Which is the stronger drink. Why?

There were six categories identified and these are displayed in Table 6.6
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TABLE 6.6

Summary of adult learners’ responses to Q7 on the Fraction Quiz

RESPONSE NUMBER OF STUDENTS
AD TP
No response 2 3
Responses that require an int:rview
for clarification 0 4
Stated:
2 bottles stronger 2 3
they are equal 4 2
first recipe (or 3 bottl:s, no
reason given) 11 6

Concluded that three bottles :re

stronger:
compared 1:2 and 1:2.5 6 4
compared 3/6 = 1/2 to 2/5
which is < 1/2 16 17
Concluded that three bottles :re
stronger
compared 3/6 to 2/5 ty
using common denom nators 10 10
compared 3/6 to 2/7 1 1

compared 3/9 to 2/7 ty
using common denom nators
or percentages 3 2

Typical responses

Although this question placed fractions in a familiar context, a considerable number of
students chose not to utilise fracticns when given the choice, or could not determine
the fractions appropriately. In some cases, students concluded that there was no
change. For example, one student (KL) wrote: "They would be the same because the
sherry has been decreased by one but so has the water". This student chose not to
consider the different contributions from the sherry and the soda water, i.e., the
student appeared to focus on only one aspect of the problem and could not take any
more elements of the situation into iccount.

Seventeen students selected the first recipe because they only considered the extra
bottle of sherry. For example, one: student (DS) wrote: "Three bottles of sherry and
six bottles of soda water is stronger because there is an extra bottle of sherry which
makes the alcoholic percent larger and one bottle of soda water more won’t make
much difference compared to a bottle of sherry". This implies that some students may
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have arrived at the correct answer by guessing, arbitrarily selecting the first recipe, or
relying on experience.

The next category consisted of evid:nce which suggested that students preferred to use
ratio strategies, and not fractions, to solve this problem. Although this is an
acceptable strategy, it was rather urusual in a ‘test’ on fractions. This was despite the
fact that students where inforred that the quiz was investigating fraction
understanding. The most common answer consisted of comparing 1:2 to 1:2.5 and
concluding that the first recipe was stronger. When fractions were used, a common
approach was to compare 3/6 to 1,2 and then 2/5 to 1/2. For example, one student
(SK) wrote: "3 bottles of sherry to 6 bottles of soda would give you half strength. 2
bottles of soda to 5 bottles of soda water would give you less than half strength. 3/6
= 1/2, 2/5 = 4/10". This ‘halviag strategy’ was also observed in other questions
noted previously.

The final category consisted of responses that did use fractions, (usually with common
denominators), although some stud:nts had difficulty considering the contribution of
each partial volume to the total vclume. Frequently, only the total volume for one
recipe was considered. For examp e, one student (DC) wrote: "3/6 = 15/30, 2/5 =
12/30 make common denominator. Recipe with 3 bottles of sherry". It was not until
this category that students took iito account the correct contribution of the total
volumes of the drinks.

Overview

The responses to this questions revealed an important point with respect to fractions -
some students avoid them when given the opportunity. This was despite the obvious
setting of the question into a quiz tased on the understanding of fractions. Clearly, a
sizeable number of students preferred to utilise ratios rather than fractions to address
this question. Several possibilities jresent themselves, namely, it is feasible that some
adults were more familiar with ratios than fractions, students found ratios conceptually
easier to deal with than fractions, or students preference was to avoid the use of
fractions. There were no obviou: differences between the two groups of students
(x*=5.50, d.f.=4, p<0.24) and their strategy of response.

QUESTION 9

Question 9 provided students with a situation in which two fractions (1/5 and 1/3)
could be compared in a non-traditional (non-textbook) way.
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Q9 Two people, who have d fferent occupations, save a certain part of
their salaries each week. '"he first person saves 1/5 of their salary.
The second person saves 1/2. Is it possible for each to save the same
amount? Give details.

There were ten broad categories associated with this question, and these are presented
in Table 6.7

TABLE 6.7

Summary of adult learners’ responses to Q9 on the Fraction Quiz

RESPONSE NUMBER OF
STUDENTS
AD TP
No response 4 9

Responses that require an interview
for clarification 3 7

Answered ‘No’ and assumed 1/3 >
1/5 always 6 6

Answered ‘No’ and assumed the
wages were the same, but calculated
(using LCD’s = 15’s) that first wage
earner needed to increase their
contribution by 2/15 6 2

Stated it was possible, but did not
provide reasons 8 3

Stated it was possible, if the wages
were different, but did not p -ovide
reasons for how different 4 0

Stated it was possible, if the first
wage earner > second wage earner 7 7

Stated the above, but also provided
an example to indicate the two
respective wages, i.e., to incicate
that the student had an overview of
the problem 9 12

Stated it was possible if 1/5 of the
first person’s salary = 1/3 of the
second person’s salary 5 4

Stated it was possible if second’s
salary is 5/3 times the first’s salary 3 2
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Typical responses

The category that chose to respond by writing "No. 1/3 is > 1/5" appeared to have a
very strict and rigid concept of what 1/3 and 1/5 ‘looked like’. For example, one
student (DS) drew the following diagrams, in which he attempted to represent the two
fractions. The student wanted to sketch 1/5 (in the scratched out diagram), but could
not internalise the structure of 1/5 well enough to reproduce it on paper.

Do | bQQQOS( .-Q_J':; ‘(5 \Mae("\/‘\osd\%‘ -

The next category consisted of responses which indicated that it was ‘possible, but
assumed the wages were the sanme’. These responses attempted to counter the
apparent inequalities of this statement by calculating the difference (2/15) and stating
that the first person must save mcre. A small number of students ‘corrected’ the
inequity and suggested that the diffirence could be made up if the first person "saved
over a longer period of time". These responses indicate a lack of unawareness of the
implications of this approach, presimed that the other would need to work less, or
lose their job temporarily in order 10 let the first person ‘catch up’ to seek real-world
practical solutions.

The next two categories consisted of responses that indicated that the people could
save the same amount, but did not provide reasons. This may suggest that these
students could have been guessing. In contrast, the second type of response indicated
that the students attempted to prove their decisions. The responses indicated that the
students wanted to know the wages of the people but, since this information was not
available to them, they were uniable to proceed without this information. For
example, one student (CF) wrote: "Yes it is possible to save the same amount and
express it as a fraction but I would need to know the gross salary to work out which
fraction of one would be equal to what fraction of the other".



Responses in the next category statad it was possible for two people to save the same
amount, and provided (their own) examples to demonstrate this. For example, "1/5
of $150 = $30 and 1/3 of $90 = $30". All the students in this category concluded
that it was possible for the two people to save the same amount on the basis of their
examples. Only one student select:d an inappropriate example, but she was still able
to conclude that it was possible.

Responses such as "1/3 of A’s salery = 1/5 of B’s salary” (student TA) were typical
responses in the second last classification, with the algebraic equivalent of this
statement occurring in the final sec:ion. These last two categories were very different
from the others in that the students did not need any further information from what
was already contained in the question. In other words, they could provide an ‘abstract
generalisation’ as their response to -he question.

Overview

In general, the responses to this cuestion indicated that some students had a notion
that 1/5 and 1/3 were of a ‘fixed’ size that could never vary. Other students wanted
knowledge of the different wages. Some of these students appeared to believe that
since this information was not given, it was not possible to solve the problem. It is
worth noting that some students wzre able to reach a conclusion by generating their
own wages, and, in general, the wages selected by the students did not appear to be
random. They were selected on the: basis that 1/3 of one wage would equal 1/5 of the
other. It was not until the final category that responses indicated this relationship
completely in the absence of specific wages. There were no differences observed
between the two groups of students (x*=12.43, d.f. = 9, p<0.19) and their method
of response.

DISCUSSION

Both of these in-context questions (Q7, Q9) revealed that, when fractions were
employed, students frequently had difficulty taking into account all aspects of the
problem. For example, it was not until the second last category in the responses to
Q7 that the contribution to the total volume of each partial volume was considered. A
possible reason for these responses may be found in the difficulties students face in
manipulating the fractions (comparing 3/9 to 2/7 in Q7). However, a more plausible
explanation may be that students sclected the most appropriate strategy with which to
solve this problem, i.e, ratio. This would imply that students find ratio is a more
useful concept in their everyday lives than fractions, and, hence, requiring a lighter
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cognitive load. As a consequence, ‘his question was very difficult to analyse in terms
of fraction concepts due to the use cf ratio techniques by many students.

However, the results to Question 9 produced several distinct levels of responses,
which gradually increased in complexity. Responses indicated that it was not possible
for two people to save the same amount, were closed to the idea that 1/5 could be
greater than, or equal to, 1/3, i.e., they did not consider that two different salaries
could yield two equal sub-parts, or they assumed that both the salaries were the same.
For example, one student (MS) state:d the following during an interview:

I: What did you decide?

MS: No, they couldn’t.

I Why couldn’t they?

MS:  One third is taking cone third of a whole wage and this (points to 1/5)
would be less.

I Always?

MS:  Well, yeah, because if it was $200 and you’re taking one third of it, the
one fifth would be less.

This approach continued in the fol owing category, although the responses suggested
that students were starting to quest on the original assumption and were investigating
various methods that would bring about the possibility that the two people could save
the same amount. There is some 2vidence, provided by one student (LP) during an
interview, which indicated that the student appeared to be in a transition between
acknowledging that it was possible, but did not draw all the information together to
defend her intuitive response. Inst:ad, the student became confused and regressed to
the earlier category. The student stited:

LP: I don’t think that’s right (her original answer was ‘yes’ but no details
were provided).

I Why?

LP:  Because it doesn’t make sense. And I don’t know why. Because 1
worked out that’s what he’s saving. 1 want the problem right in my
head again. First - OK that person’s saving one fifth and that person’s
saving one third. So that’s one less than the other. But I mean they
can save the same anount. Yes, I agree with that. But I can’t work
out how much more. 1 don’t think that’s right. In fact, I'm pretty sure
that it’s not right. Eut I can’t arrive at the way my logic is for saying
yes.

However, the acknowledgment that two people could save the same amount was a
feature of the next few categorizs, with students becoming more aware of the
possibility and the underlying ma:hematical reasons for this. One student (MV),
during an interview, indicated that, provided he could invent appropriate wages, he
could reach the same conclusion, :lmost irrespective of the fractions provided. The

157



student’s technique involved working backwards, to arrive at appropriate wages for
the two people. This was the only method the student had to test the original context
of the question. Without the provision of wages, the student may not have been able
to address the question as the following transcript indicates:

MV:  What 1did was 1 jusi took a number there, 50, it could have been 10, it
could have been anyihing and then 1 multiplied by 5 and the second one
I multiplied by 3.

I: So you worked backwards?

MV: Yes. I don’t know how 1 would have worked that out
another way. Unles: I had a set figure of course, then it
would have been a bit different.

It was only in the last two categories that the responses no longer seemed limited in
any form to the context of the problem. These students were able to generalise,
irrespective of the selection of fractions involved.

GENERAL CONCLUSIONS

In general, the combined results from the context-free (Q2a, Q2b, Q3a, Q3b) and in-
context questions (Q7, Q9), ind cated that adult learners’ responses to fraction
questions can be placed into a notional hierarchy. Once again, some students were
observed to treat fractions as concrete objects. However, these types of responses
were more prevalent for the easier fraction questions, such as Q2a and Q3a. By the
time students had reached the in-context questions (Q7 and Q9), the use of diagrams
was starting to decrease, however, this was accompanied by a corresponding increase
in the number of non-responses. It is, of course, possible that some students were
tailoring their response to suit the lzvel of the question. However, this does not seem
to apply for all students who re:ponded in this way, i.e., there were still some
students who continued to rely orn diagrams irrespective of the problem, and even
when this technique was unlikely o bring success because the diagrams became too
difficult to interpret. In addit on, there was the application of the smaller
denominator, bigger fraction rule, which appeared to replace or supplant the use of
diagrams in Q3a and Q3b. Finally, when faced with a choice, many students chose
not to use fractions at all, e.g., Q7.

QUANTITATIVE ANALYSIS

In order to facilitate the quantitat ve analyses, the responses summarised earlier in
Tables 6.2 to 6.7 have been restructured so that the number of categories was
condensed to four, and coded O (for the lowest response category) through to 3 (for
the highest response category). In each case the compression of categories was
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addressed so as to combine equivilent categories, and, hence, maximise diversity.
These modified tables, which indica:e what categories were combined, can be found in
Appendix F. This procedure was necessary so that the question responses were in an
appropriate form for the application of the QUEST package.

RASCH ANALYSIS

This section of the work focuses on the fit of these data to the Rasch model. For this
theme, the Infit Mean Square value was found to be 1.01 with a standard deviation of
0.17. The Infit-t was 0.09 with a standard deviation of 1.30. These results imply
that the model is appropriate to us: with respect to the above data. Individual Infit
Mean Squares can be calculated for each of the above six questions. These values are
presented in graphical form (Figure 6.1) and indicate the degree of proximity to
perfect association (i.e., 1). Item e;timates that lie within the two vertical dotted lines
are considered acceptable (Masters, 1982).

item 7 . *

FIGURE 6.1
Map of Item Fit for the Comparison of Fractions theme

All of the six questions fell within acceptable limits. Overall the data fit the model
and can therefore be used to inves:igate the placement of categories in the proposed
hierarchy. This involves interpreting Thurston Threshold values and Difficulty values
using the Tau option.

THRESHOLD VALUES

In the Quest package the ‘threshold’ value of a particular item response or student
(case) estimate can be read from tne logit scale on the far left of Figure 6.2 (exact
values for both these measures can be found in Appendix G.) On the right hand side
of Fig. 6.2 are the response categories. As in the previous chapter, only the top three
response categories are given, e.g.. in the case of Q7 there is 7.3, 7.2 and 7.1. The



lowest response category (in this case 7.0) is not provided as it serves as baseline
data.

Each X represents a particular student from the sample. The left hand side of Fig.
6.2 illustrates the distribution of tte students’ performance over the logit scale. The
student (represented by a particular X) has a 50% chance of being able to provide the
response category of an item located at the same logit score, and, consequently, a
better than 50% chance of reaching a response category for answers below this score.
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The data indicate that the coding of each question, i.e., the allocation of response
categories was consistent. This can be seen by the bunching of .3 category responses
and .2 and .1. Since the original coding was on the quality of the response, it implies
that there is some underlying stracture to the groupings. This would appear to
support the notion of levels. Therz were no clear distinctions between the responses
to context-free and in-context quest ons.

The only item not to conform to tkis was item 3a. From Fig. 6.2 it can be seen that
there is little change between response category 3a.l and 3a.3 and that the top
category of response is much easer to achieve than the top response category for
other questions. These data provide further confirmation of the anomaly associated
with this question, identified previously. The graph provides clear evidence of the
impact of students applying an inccrrect rule (larger denominator, smaller fraction) to

obtain the correct answer.

Overall, the response to Question 7 (response category 1) was the easiest to reach.
This is possibly due to the fact that many students could simply guess an answer, such
as "two bottles are the stronger”. In general, it was felt that this type of response was
outside the range expected from adult learners since it does not appear to relate the
answer to the question. The next small collection of response category 1’s (2a.1 to
3a.1 and 9.1) appeared to be focus:d on diagrams, or provided answers which treated
fractions as if they were of a fixed size e.g., 1/3 > 1/5 as the response to Q9.

Following this stage, was a collection of response category 2’s (2b.1 to 9.2). These
type of responses indicated that fractions were becoming more complex, i.e., there
was a mixture of responses in which diagrams were starting to decrease, but other
strategies, such as the ‘bigger cenominator, smaller fraction’ rule were on the
increase. In addition, some adult learners were beginning to focus on only one
fraction, when two or more were presented as part of the problem, or would compare
the given fractions to a constructed ‘whole’ (2a.2 and 2b.2).

It was only in the final stages (response category 3’s) of all of the questions (2b.3 to
7.3) that fractions were treated as aumbers, e.g., common denominators, percentages
or decimals were used in answering the questions.

DIFFICULTY VALUES

Table 6.8 contains the overall difficulty and step difficulty values for both the context-
free questions (Q2a, Q2b, Q3a and Q3b) and the in-context questions (Q7 and Q9).
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TABLE 6.8

Overall Difficulty :nd Step Difficulties for Questions

in the Com jarison of Fractions theme

Question  Overall Step Difficulties
Difficulty
1 2 3

Context- || 2a .23 -.78 .28 .50
free 2b 22 40 95 -.54

3a -.51 1.01 .51 -1.52

3b .18 1.04 -1.50 .45
In- 7 -.17 -1.11 -.12 1.22
context 1 g 05 15 -26 .41

The easiest question was Q3a (-.51) which asked students to rank 1/2, 1/3 and 1/4.
However, the table suggests that students had difficulty starting (Step Difficulty 1 was
1.01) and continuing (Step Difficulty 2 was .51) this question. Step 1 was associated
with moving from no response (res>onse category 0) to drawing diagrams of all three
fractions (response category 1). Step 2 was associated with moving from the
diagrams to focusing on only one c¢f the fractions, such as 1/2 (response category 2).
It is almost as if the extra encumbrance of having to deal with three fractions made
these ‘simple’ techniques unwieldy. Instead, it appears as if many students have opted
to utilise other methods, e.g., percentages or decimals or just stated the answer. Such
techniques are associated with reaching the final response category and, as the table
shows, indicates that very few students had difficulty in reaching the final response
category (Step Difficulty 3 was -1.52) in this particular problem. This suggests that
fractions that contain 1 in the numerator or simple numbers, such as 2, 3 or 4 in the

denominator are comparatively easicr to deal with than other fractions.

The next easiest questions were the in-context questions (Q7 and Q9), although
students found Question 9 more difficult than Question 7. This is possibly because
Question 7 could be answered correctly by using ratios. The table suggests that many
students may have guessed an ansvier to Q7 (response category 1) (Step Difficulty 1
was -1.11) without considering the wider issues surrounding the context, such as an
increase in the overall volume. Step 2 (Step Difficulty 2 was -.12), or reaching
response category 2, indicates movement towards solving Q7, ratios were employed,
although the ‘new’ total volume wus often still not taken fully into consideration. In
contrast, very few students could rzach the final response category of this calculation

(Step Difficulty 3 was 1.22). This is associated with having an overview of the
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problem and required students to treat fractions as numbers and to take into account
other aspects of the problem such as partial volumes.

In Q9, students also found startirg (Step Difficulty 1 was -.15) this question and
continuing this question (Step Difficulty 2 was -.26) relatively easy. Step 1 equates to
moving from not addressing the (uestion (response category 0) to stating that two
people could never save the same amount if they were saving two different fractions
of their respective wages (response. category 1). Step 2 develops from this response
category to acknowledging that it was possible, even if they did not state how
(response category 2). In contrast, Step 3 (Step Difficulty 3 was .41) indicates that
very few students could state how it was possible that two people could save the same
amount (response category 3). It is worth noting that this response is similar to the
final response category in Q7 which required students to take into account the
comparative volumes with respect ty two different recipes.

The other three context-free questions were all of approximately equal difficulty. In
addition, the considerable gap betwzen Q3a and the rest of the questions would appear
to confirm the observations sugge:ted by the analysis of Q3a above. For example,
students found it comparatively more difficult to compare two fractions, if the
numerators were not 1 (Q2a and Q?’b) (.23 and .22, respectively). Step Difficulty 1 (-
.78 and -.40, respectively) for both of these questions indicates that students found it
comparatively easy to move from rot addressing the question (response category 0) to
sketching diagrams of the fractions (response category 1), i.e., more students chose
to sketch diagrams for two fractions (even if they did not contain 1 in the numerator).
In contrast, the results (Step Difficulty 2 was .28 and .95, respectively) suggest that
there is a considerable gap between response category 1 and the next response level,
i.e., students found it comparatively more difficult to reach response category 2 in
either of these questions. Response category 2 was associated with comparing the
fractions to an intermediary number, such as 1 or 1/2. In the case of Q2a, students
found it difficult to move to the final response category (Step Difficulty 3 was .50).
This suggests that once an intermediary number is chosen, other options, such as
percentages and decimals (response category 3) are not usually forthcoming.
However, Step Difficulty 3 (-.54) for Q2b, appears to contradict this. It is possible
that some students who selected ‘1’ for the intermediary number in Q2a rejected this
notion as inappropriate for Q2b and moved directly to percentages and decimals, i.e.,
response category 3.

In contrast to Q3a, students undertaking Q3b had considerably more difficulty in

ranking three fractions (.18) that did not contain numerators equal to 1. In particular,
students had difficulty moving fron response category O (no response) to response
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category 1, i.e., Step Difficulty 1 was 1.04. Response category 1 is associated with
drawing diagrams. It is as if many students realised that the sketching of diagrams
was a cumbersome and ineffective technique for this particular problem. It is worth
noting that students found reaching response category 2 comparatively easy (Step
Difficulty 2 was -1.50). Respons: category 2 consisted of responses which either
focused on only one fraction or provided an unusual order. These results suggest that
many students simply gave up trying to conceptualise the three different fractions
diagrammatically (response categoly 1) and simply guessed an (incorrect) ranking
(response category 2). This woild seem to be confirmed since students found
reaching the final response category difficult, i.e., Step Difficulty 3 was .45.
Response category 3 consisted of responses which ranked all three fractions in correct
order.

GENERAL CONCLUSIONS

There were four main findings fom this section. First, there was considerable
evidence to suggest that students compare fractions with 1 in the numerator
‘differently’ to fractions that do not possess this feature. For example, the overall
difficulty of Q3a indicates that stidents found it easy to rank 1/4, 1/3 and 1/2 in
order. However, their choice of jrocedures on three other similar questions (Q2a,
Q2b and Q3b) suggest that Q3a was treated fundamentally differently to the other
three questions - all of which were of comparable overall difficulty. It is possible that
three fractions chosen in Q3a were so familiar and easy to compare, that complex
calculations were not required. This implies that students find fractions which have
‘1’ in the numerator, or a small number, such as 2, 3 or 4 in the denominator, to be
considerably easier to deal with than other fractions.

Second, students used different st-ategies to compare two fractions, in contrast to
comparing three. This was observed even when the numerator did not contain ‘I1’.
For example, some students stay:d with sketching diagrams or focusing on one
fraction, irrespective of the number of fractions present. = However, the step
difficulties suggest that students round these approaches to be considerably more
difficult (inappropriate) when dealing with three fractions, even when the fractions
contained ‘1’ in the numerator (Q-a). For example, students had difficulty reaching
response category 1 in Q3b. This .mplies that some students abandoned this approach
and simply guessed a ranking. For example, the most common unusual answer for
Q3b, and which could have also e»plained the results to Q3a, was that some students
applied the ‘smaller denominator, bigger fraction” rule.
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Third, there was some evidence to distinguish between in-context and context-free
questions. In general, students found it easier to reach the final response categories of
the context-free questions. [This is the same as the previous chapter]. It is also
worth noting that the responses to Q7 indicated that, when faced with a familiar
context, many students prefer to avoid fractions altogether.

Finally, the fourth finding suggests that responses to some questions, and Q9 in
particular, indicate that there was 1 considerable gap to be bridged between treating
fractions as objects and the ability to work with them as numbers. In addition, the
results suggest that students do not have a clear understanding of how to compare
fractions when they are placed into a context. These issues are now dealt with as an
interpretation of the data, using the SOLO Taxonomy, is conducted.

A SOLO INTERPRETATION

The previous chapter has postulated the notion that there may be more than one cycle
of responses in the concrete symbolic mode within which to interpret the adults’
responses to fraction questions. This would again appear to be plausible with respect
to the current theme of comparison >f fractions.

RESPONSES PRIOR TO THE TARGET MODE

There were a number of responses which were unaware of the relevance of fractions
to the question. For example, some: responses to the drink-mix question (Q7) selected
the recipe containing the two bottles of sherry without considering any other
information. Other typical responses consisted of students writing ‘one part out of
four’ to describe 1/4. Such responses are consisted with belonging to the ikonic
mode, and do not belong to the targ:t mode of the question (concrete symbolic).

TARGET MODE RESPONSES

The next group of responses did attempt to address the question asked and are
classified in the concrete symbolic mode. Again, the first group of responses relied
on a concrete object or diagrammat ¢ representation with which to compare fractions.
By contrast, the second group is characterised by the use of fractions. A description,
with appropriate examples of each of the SOLO levels, spread across the two cycles is
now presented.
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THE FIRST UMR CYCLE

Unistructural 1 responses focused on only one aspect of the problem. For example,
all the context-free questions had responses in which students concentrated only on the
denominators, or focused upon one familiar fraction, e.g., ‘1/2 is the largest’ (Q3a).
Responses at this level are able to comprehend 1/2, 1/4, although there is some
evidence that 1/3 was developed considerably later than 1/2 and 1/4, i.e., the logit
scores for 3a.1 and 9.1 were much higher. Given this, it is feasible that other
common fractions with a numerator of 1 were also envisioned at this level, e.g., 1/5
(from Q9). However, responses sugested that students had difficulties working with
more than one fraction at a time, particularly if the denominators were not the same.
It is plausible that students could appear to be proficient at these types of fractions
because it is comparatively easy to visualise such fractions. Simple, and obvious
comparisons, such as between 1/4 und 1/2 would be available at this level. Hence,
students achieve success at comparng 1/3 and 1/5, since 1/3 will always be larger
than 1/5, i.e., no student who responded at this level in answer to Q9 doubted that 1/3
was ever able to be smaller than (/5. This is because, at this level, comparisons
between 1/3 and 1/5 become ‘fixed , and hence 1/3 is always larger than 1/5 as it is
only concerned with a fraction of th¢: same object.

This level is the first at which the ‘bigger the denominator, the smaller the fraction’
rule occurs. This is because, ths level is concerned with the influence of the
denominator on the fraction, and, hence, the numerator is usually 1. As a
consequence, students who use the above rule, for questions at this level, are usually
successful.

Multistructural 1 responses consisied of a multi-stage procedure, which involved the
introduction of an already stable and fixed value, such as 1 or 1/2, e.g., Q2a and
Q2b. Early responses in this level could only compare two fractions by first
comparing each fraction, separately and independently to a whole or one, e.g., some
responses to Q2a in which 5/7 was compared to 7/5 would compare each fraction to
1, before a decision was made. Laer responses in this level indicated that the above
procedure had been modified to enuble two different fractions to be compared to an
already familiar fraction, such as a half. No other intermediary numbers were noted
for this technique in this work. Fcr example, some responses in Q3b compared 2/3
and 3/5 to 1/2 before reaching a conclusion.

Responses at this level still focused on a visual representation of fractions. However,

it is feasible that two fractions, with a numerator greater than 1 could be compared by
the above method, provided that the fractions were visually different when represented
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on diagrams. This implies that only very simple fractions, such as 1/2 and 3/4, could
be compared.

Responses at this level appeared confused and tended to focus on the wrong cue in the
question. For example, some responses to Q9 stated that one person would have to
increase their contribution to sa/e the same amount, i.e., they are seeking
diagrammatic equivalence, but cannot provide the name, only describe the technique.
This would then enable the person saving 1/5 of their salary to ‘catch up’ to the
person saving 1/3 of their salary. "The process was based on the assumption that 1/5
and 1/3 can never represent the same amount, i.e., as in comparing these two
fractions using same sized diagrams.

Relational 1 responses had an overview of how to compare fractions, but only
diagrammatically. For example, some students were able to draw diagrams to
represent difficult fractions, such as 5/7 compared to 2/3 (KL). However, typical
responses at this level were more likely to avoid drawing tedious diagrams, preferring
instead to approximate or guess at an answer, such as, ‘2/3, because it seems the
biggest’. This level marks the start of students ‘questioning’ the dependence on
diagrams and opens up the possibility of working with fractions as numbers which are
independent of diagrams. This is tecause this is the first level to recognise, at least
implicitly, that a traditional diagrarimatic approach to this problem was inadequate,
e.g., such as that posed in Q9. This equates with the notion that, for the first time,
the wages did not necessarily have t> be the same for both people. A typical response
at this level (student KL) stated th:t it was possible, but, even during an interview,
was unable to say how.

THE SECOND UMR CYCLE

Unistructural 2 responses were the: first responses to reject the notion that 1/3 was
always greater than 1/5, and provid: a mathematical reason for their choice. For the
first time, typical responses, which compared the wages of the two people, indicated
that the wages had to be different ‘or the two people, e.g., "is possible, but only if
the wages are different”. Responses at this level did not say how different.

Multistructural 2 responses consisted of students accessing common denominators
and comparing two or more fractiors (Q2a, Q2b, Q3a, Q3b). Typical multistructural
2 responses to Q9 assumed that the wages were different and attempt to quantify this
statement by stating: "if the first wage earner earns more than the second wage
earner, then it is possible”. It is a; if these responses wanted to know the wages of
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the people, but since this information was not stated in the problem, they were unable
to proceed any further.

Relational 2 responses had a clear overview of the problem, and could work with
fractions as numbers. In the case of Question 9, responses at this level could provide
appropriate examples to solve the problem, e.g., they gave the two people appropriate
wages that enabled them to answer the question correctly. The most common
examples were $500 and $300 or $150 and $90, since the calculation of 1/5 and 1/3
of these numbers was relatively simple. All of the responses in this section ‘knew’
which numbers to chose for examples, unlike the previous level. This was the last
level in which fractions were number dependent, or number constrained.

An important characteristic of the szcond cycle is that fractions are treated more like
numbers and less like representaives of objects, i.e., responses focus on the
manipulation of fractions as numbers and do not depend on diagrams. However,
generality, in absence of numerica values, or the dependence on numerical values
does not occur until the next mode, ..e., the formal mode.

RESPONSES BEYOND THE TARGET MODE

There were a small number of resyonses which were more sophisticated than those
discussed above since they did no: need actual numbers for the wages. In these
responses students chose to use algebra as a tool to address the question. There was
an identifiable structure to these responses which could be interpreted by unistructural,
multistructural and relational levels within the first cycle of the formal (F) mode.
These codings are consistent with thase of Coady and Pegg (1994) when they explored
students’ responses to more difficult senior-secondary algebra questions.

Unistructural 1F responses were jualitatively better than those from the concrete
symbolic mode, since they could address the question without recourse to providing
actual wages. For example, one s:uudent (TF) wrote: "Yes. 1/5 of Mr A’s wage
could = 1/3 of Mr B’s wage if Mr A earns more". This statement has spontaneously
chosen to use algebraic concepts, but has not yet come to grips with the algebra.

Multistructural 1F responses, such as: "1/3 a = 1/5 b", indicated that some students,
had been exposed to more algebra and could treat the problem in more traditional and
abstract algebraic terms. Nevertheless, the students did not provide an overriding
statement for the answer.
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Relational 1F was the final category identified in the responses for this section of the
work. It is only at this level, that r:sponses could develop an overriding principle that
incorporated the generalisation estaslished in the previous level, e.g., students could
apply algebra (which lay outside tie question) to the problem and could conclude:
"The salary of the first person should be 5/3 salary of the second person" as one
student (DC) wrote.

Table 6.9 summarises the descriptions above and indicates typical responses at UMR
levels across the two modes. Since the majority of responses to Q7 used ratio this
question has not been included in th: table.



TABLE 6.9

Summary of adult learners’ responses to Questions
for the Con parison of Fractions theme

UMR CONTEXT-FREE IN-CONTEXT
(Q2a, Q2b, Q3a, Q3b) (Q9)
<U1 | one part out of 4
(CS)
Ul | can order simple fraction: with 1 in Q9 - not possible, assumes wages
(CS) | numerator, e.g., Q3a are the same, i.e., 1/5 > 1/3
biggest denominator, sma lest always (earliest possible level)
fraction ‘rule’
M1 | can order simple fraction: with >>1 Q9 - is possible, assumes wages
(CS) | in numerator, e.g., Q2a, compares are same, i.e., person A saves
5/7and 7/5to 1 or 1/2 longer
R1 can compare more difficult fractions [ Q9 - is possible, but cannot
(CS) | diagrammatically such as 2/3 and 3/5 | provide details
(Q2b), but will prefer to ivoid
difficult diagrams and ‘giess’, e.g.,
3/4 is the biggest because it seems
that way (Q3b)
U2 | attempts to ‘play with nuinbers’ as if | Q9 - is possible, states that the
(CS) | completing a pattern wages must be different, but
unable to say how
M2 | equivalent fractions Q9 - is possible, if 1st wage
(CS) earner earns > 2nd wage earner
R2 Q9 - is possible, if A earns $150
(CS) and B earns $90
Ul Q9 - is possible, if 1/5 of 1st
F wage earner = 1/3 of 2nd wage
earner
Ml Q9 - is possible, if 1/5a = 1/3 b
(F)
R1 Q9 - is possible, if second’s salary
(3] is 5/3 times the first’s salary

There were six main findings fo- this chapter.

CONCLUSION

First, the responses to fraction

questions involving comparing frac:ions formed a notional hierarchy, which could be
interpreted using the SOLO Taxonomy.
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Second, there were two main apprjaches adopted by students in answering fraction
questions with respect to comparing fractions. The first approach consisted of
responses in which students appearzd to guess answers as if visualising the relative
sizes of fractions. In some cases, f-actions, such as 1/2, were selected irrespective of
the fractions indicated in the probler1. This familiarity with 1/2 showed up in it being
used as a tool to solve problems. ©Other fractions that were commonly selected were
1/4, 1/3 and 1/5. In all of thesc cases, the responses implied that the fractions
appeared to be of a ‘fixed size’ as if the respondents were looking at a diagram of
such fractions. In some cases, 1esponses used divided diagrams to indicate the
fractions. It was as if the diagrams were the fractions to these students. Other
responses included inappropriate rules, rather than work with fractions, in an attempt
to explore answers to the respective problems. In contrast, the second approach
focused on treating fractions more ‘mathematically’.  For example, common
denominators were used to compare or rank fractions, irrespective of the numerator or
denominator. Other responses, for example to Q9, suggested that responses now had
an added flexibility and students could accept that 1/5 could be greater than 1/3
provided that two people had different wages.

Third, both qualitative and quantitaive analysis suggest that many students avoid the
use of fractions whenever possible. For example, the responses to Q7 indicated that
many of the adult learners in this sample selected a ratio strategy rather than approach
the question from a fraction perspective. It is plausible that these students were more
familiar with ratios or that they simply did not like fractions. However, students were
informed that the quiz was investiga:ing fractions.

Fourth, the responses to three que:tions (Q2a, Q3a, Q3b) from this theme revealed
significant differences between the wo groups of students investigated. All of these
questions were context-free and recuired students to compare fractions. Throughout
these questions, there were fewcr Tertiary Preparation students in the higher
categories when compared to the Associate Diploma students. In general, Tertiary
Preparation students either did not answer or produced a wider variety of incorrect
rankings. In many cases, responses indicated that some students demonstrated a
reliance on, and application of, inajpropriate rules, such as the ‘smaller denominator,
bigger fraction’ rule.

Fifth, a two cycle UMR approach in the concrete symbolic mode of the SOLO
Taxonomy has been proposed for interpreting adult learners’ responses to fraction
questions with respect to the compa ‘ing fractions theme. The first group of responses
which focused on a concrete object or diagrammatic representation were placed into
the first UMR cycle. By contrast, the second group of responses, which characterised
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fractions as numbers, were classified into the second UMR cycle. In addition, there
was also a small number of responszs which could be identified within an early cycle
in the formal mode. All of these responses came from the results to Q9, wherein
students spontaneously chose algebrz to address the question.

Finally, the trends noted in the previous chapter have continued throughout this
chapter. Students had more difficulty (Step Difficulties 2 and 3) reaching response
categories in which fractions were tieated as numbers, than earlier response categories
(Steps Difficulties 1 and 2), when the question was placed into a familiar context.
This is consistent with the findings of the previous chapter. It implies that students
find working at the highest levels n a familiar context question and their ability to
work with fractions, to be one of th¢: most difficult areas in which to achieve success.



