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This is the second part of our study on the competition model

u,(x, t)—d, (x) du(x, t) = Aa,(x) u—b(x) u*—c(x) uv,
v,(x, 1) —d,(x) Av(x, t) = ua,(x) v—e(x) v*—d(x) uv,

where the coefficient functions are strictly positive over the underlying spatial
region Q except b(x), which vanishes in a nontrivial subdomain of 2, and is posi-
tive in the rest of Q. In part I, we mainly discussed the existence of two kinds of
steady-state solutions of this system, namely, the classical steady-states and the
generalized steady-states. Here we use these solutions to determine the dynamics of
the model. We do this with the help of the perturbed model where b(x) is replaced
by b(x)+e, which itself is a classical competition model. This approach also reveals
the interesting relationship between the steady-state solutions (both classical and
generalized) of the above system and that of the perturbed system. © 2002 Elsevier
Science (USA)
Key Words: competition model; boundary blow-up.

1. INTRODUCTION

This is the second part of our study on the competition model

{u,(x, t)—Au(x, t) = Au—b(x) u*—cuv, D

v,(x, 1) —Av(x, t) = po—v*—duw,

where xeQ and t>0, Q2 denotes a smooth bounded domain in RY
(N = 2), 4 denotes the Laplacian operator on the space variable x, b(x) is a
nonnegative function over 2, and A, u, ¢ and d are positive constants.
Moreover, we suppose that  and v satisfy homogeneous Dirichlet bound-
ary conditions on 0%2. Our methods and results hold when (1.1) has a more
general form, and for Neumann and Robin boundary conditions as well, as
indicated at the beginning of Part I (see [Du]).
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We are interested in understanding the effects of the degeneracy of b(x)
on the model. As in Part I, by degeneracy, we mean that b(x) =0 on some
proper subdomain Q, of Q, and b(x) >0 on Q, = Q\Q,. For technical
reasons, we assume further that €, has C? boundary 9€,, is open and
connected, and Q, = Q. Moreover b e C(). All our notations here will
follow that of Part I.

We have proved in Part I that if 1 < 1$(0), then (1.1) behaves as if b(x)
is a positive constant, i.e., the degeneracy has little effects on the model.
However, if > 1°(0), then the steady-state solution set of (1.1) is changed
a great deal by this degeneracy. Moreover, in Part I, we also discussed the
generalized steady-state solutions (u, v) of (1.1), where u equals o0 on Q,
and is finite and positive on €2, whereas v is identically zero on £, and is
positive on ,. These generalized steady-states are governed by the
following boundary blow-up problem,

—Au = Au—b(x) u*— cuv, xeQ,,
—Av = pv—v*—duv, xeQ,, (1.2

ulpe =0, “|ago = 00, U|ag+ =0.

Here in Part II, based on results obtained in Part I, we will first show
that both the classical and generalized steady-states of (1.1) occur naturally
as the limits, when ¢ — 0, of the positive classical solutions of the perturbed
system

—Au = Ju—[b(x)+e] u>— cuv,
—Av = pv—v*—du, (1.3)

Ulpg =0, v]ae =0,

where ¢ >0 is a constant. This approach not only reveals the interesting
asymptotic behaviour of the positive solution branch S, = {(u, u, v)} of
(1.3) as ¢ > 0, but also helps to better understand the generalized steady-
states of (1.1); for example, it enables us to show that, when A > A (0), the
positive solution set {(u, u, v)} of (1.2) contains an unbounded continuum
in a suitable space. We will then discuss the dynamical behaviour of (1.1)
and show that the dynamics of the model is affected greatly by the degen-
eracy of b(x). It turns out that our perturbation approach is important for
discussing the dynamical behaviour of (1.1).

In order to understand the perturbed system (1.3), we study in Section 2
the perturbed logistic equation

—du+du=u—[b(x)+elu’,  ul=0, (1.4
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where ¢ € C(Q). While it is easily seen that the unique positive solution u,
of (1.4) varies continuously with ¢ € [0, c0) when A e (A2(¢), A (¢)), it is
no longer the case once A > A% (¢). Indeed, we will show that in this case,
u, blows up as ¢ » 0 on Q, while remains bounded on Q.. Moreover, on
Q., u, converges to the minimal positive solution U of the boundary
blow-up problem

—Au+¢u=Au—b(x) u>in Q,, ulsg =0, ulsg, = co. (1.5)

As a by-product, we show that U varies continuously with 4 for A > A% (¢).

In Section 3, we discuss how the positive solution set of (1.3) changes
with . As is well known, (1.3) has no positive solution if A < A7(0). There-
fore, we assume A > A7(0). By [DB], we know that there exist 17(0) <
1+(€) < u*(e) such that (1.3) has no positive solution if u ¢ [ u.(€), u*(e)],
and it has at least one positive solution if u € (u4(€), u*(¢)). Moreover, the
positive solutions can be chosen from a continuum of positive solutions
S, = {(u, u, v)}, which connects the two semitrivial solutions (x°,0,6,0)
and (u, u,, 0), where 6, denotes the unique positive solution to

—Av = pv—1?, Vpo =0,
u1° is determined uniquely by
A=27(ch,),

u, is the unique positive solution of (1.4) with ¢ = 0 and u% = A%(du,).

If 2<2$(0), then our results in this section show that the solution
branch S, remains bounded, and as ¢ — 0, S, approaches S, the branch of
steady-state solutions of (1.1) given in Theorem 2.4 of Part I.

If 4 > A9 (0), however, then for any fixed ¢ > 0, S, is a bounded set, but
by Theorem 3.1 in Part I, the branch of steady-state solutions of (1.1), S, is
an unbounded set. Therefore, it is more interesting to see how S, and S are
related when ¢ — 0. It turns out that as ¢ —» 0, both u*(¢) and S, become
unbounded. Moreover, only part of S, approaches the unbounded set S,
while another part of S, converges to the generalized steady-states of (1.1).
Thus, both the classical and generalized steady-state solutions of (1.1) can
come from the same origin, namely, S,. Moreover, by using this approach,
we prove that the set of positive solutions of (1.2) contains, in a suitable
space, an unbounded branch S bifurcating from the semitrivial solution
branch {(u,U,0): u€ R} at u=A%+(dU) and with the p-range of S
covering (A2+ (dU), ).

Section 4 is devoted to the study of the dynamical behaviour of (1.1).
The importance of the generalized steady-state solutions of (1.1) is fully
revealed here. We show that if u is small so that (1.1) has no classical nor
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generalized positive steady-state solutions, then every positive solution of
(1.1) has its v component converging to 0 on Q as ¢t — co, while u blows up
on Q, as t - co. If u> A%+ (dU), where U denotes the maximal positive
solution of (1.2) with ¢ = 0, then persistence of v is guaranteed. Moreover,
in this case, for xe 2., lim,_, , v(x, ) = v(x), lim,_, , u(x, t) <u(x), where
(u, v) denotes the minimal positive solution of (1.2).

Though Theorems 3.1 and 3.6 of Part I show that a stable coexistence
state of the two species is possible, results in the rest of Section 4 show that
one can always find bad initial conditions such that the positive solutions
of (1.1) with these bad initial conditions must have the u# component
blowing up in £, as ¢ » c0. We also show that there are parameter ranges
such that the global attractor of (1.1) is solely determined by the general-
ized steady-state solutions. Moreover, if (1.1) has a unique generalized
steady-state solution in this case, then it attracts all the positive solutions.

2. PERTURBATION OF THE DEGENERATE
LOGISTIC EQUATION

In order to study how the positive solutions of the perturbed system (1.3)
approaches the steady-states of (1.1), we need to know how the positive
solutions of the perturbed logistic equation (1.4) approach the solutions of
the unperturbed equation, i.e., (1.4) with ¢ = 0. Recall that for any ¢ >0,
(1.4) has a unique positive solution when 4> A7(¢), and (1.4) with e =0
has no positive solution if A ¢ (12(¢), 1% (¢)), and there is a unique posi-
tive solution if A e (12(¢), 1% (¢)). Moreover, for any real number A, the
boundary blow-up problem (1.5) has a minimal positive solution U.

It can be easily seen that if 1 e (A2(¢), A% (¢)), then the unique positive
solution of (1.4) varies continuously with ¢ for ¢ > 0. The following result
describes the situation for A > 1% (¢).

THEOREM 2.1. Suppose that A= 1% (¢) and ¢ >0, and denote by u, the
unique positive solution of (1.4), by U the minimal positive solution of (1.5).
Then

() u, > o0 as & — 0 uniformly on Q,;
(i) wu, » U as ¢ — 0 uniformly on any compact subset of Q\ Q,.

Proof. A standard upper and lower solution argument together with
the uniqueness of u, shows that ¢ — u,(x) is decreasing. Thus, lim, _, , u,(x)

is either finite or infinity. By Lemma 2.1 in [DH], we also have u, < U on
Q, . Thus there exists some function u,(x) on 2, such that

lim u,(x) = uy(x) < U(x), forall xeQ,.
e—>0
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By elliptic regularity, one easily sees that u, — 4, uniformly on any compact

subset of Q\Q,, and u, satisfies the differential equation in (1.5) together

with the boundary condition on Q. We will see that u, = U.
Let

m, = mlp ue(x) = ue(xs)a X, € QO'
x€

We claim that m, — oo as ¢ — 0. Clearly this implies (i). We prove this claim
by an indirect argument and divide the proof into several steps.

Step 1. If m, <M for some constant M and all ¢>0, then
d(x,, 022,) — 0.

Since A > A% (¢), we must have ||u,|| 2@ —> 0 as ¢ — 0, for otherwise u,
increases to a positive solution of (1.4) with ¢ =0 as ¢ decreases to 0, con-
tradicting Theorem 2.2 in Part I. Let us now pick up a sequence ¢, — 0, and
define 4, = u, /|u,||,,, where u, = u, . We easily see that

_Aﬁn +¢ﬁn = )'ﬁn - [b(x)+8n] "un”oo 1239 Z',in |6Q =0.

It follows that — 4i, < (A+|¢|.,) @,, which implies, by Lemma 2.10 in Part I,
that subject to a subsequence, #, converges weakly in W2 and strongly in
L? (for all p> 1) to some i € W (). Moreover, i # 0.

As u, is bounded from above by U on ., we easily see that #=0 on
Q.. Thus, as 09, is smooth, 7 € W §2(£,).

Let |u,|l,, = u(x,), x,€2,. Then —A4u,(x,) >0 and hence, from the
equation for u,, we obtain

P(x,) uy(x,) < Au, (x,) — [b(x,) +e, 1 u,(x,)"

It follows that ¢,|u,]l, < A+|4.,. Hence we may assume that e, |u,|,, = &
for some & > 0.

Now we multiply the equation for #, by an arbitrary € C3’(£,) and
integrate over €2, and pass to the limit # — oo, we obtain that

fg [V Vi +gip] dx = jg (ai—&a®) ¢ dx.

That is to say that i is a weak solution to
— Au+ u = Au—Eu?, ulag, =0.

By the weak Harnack inequality, we know % > 0 in £,.
From the equation for #,, we see that — A, is uniformly bounded on Q,.
By standard interior L? theory for elliptic equations (see [CW,LU]), we
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find that 4, is bounded in W*?(Q') for any p>1 and any compact sub-
domain Q' of Q,. By the Sobolev imbedding theorem (see [ GT]), we know
that subject to a subsequence, @, - @ in C'(2). As #>0 on ,, and
[l,]l., — o0, we find that u,(x) — oo uniformly on any compact subset of Q,.
As & - u, is monotone, u, — oo uniformly on any compact subset of 2, as

& — 0. Thus we must have d(x,, 02,) » 0 as ¢ —> 0.

Step 2. If m, <M for some M and all ¢ >0, then {Ju,(x,)/0v,} is
bounded from above, where v, is a unit vector in R" to be specified later.
It suffices to show that for any sequence ¢, — 0, {0u, (x,)/0v, } has a
subsequence which is bounded from above. Let us denote

= U, , X, =X, , and Q,={xeQ:d(x,02,) =d(x,, 02,)}.

Note that if x, € 092,, then Q, = Q,, and if Q, is different from Q,, then for
large n, it is close to ©, by Step 1. Thus for any Q' cc @, Q' c< Q, for all
large n. By a simple variant of Lemma 2.3 in [DH], we find that the
problem

U

_Au+¢u=iu_[b(x)+8n]u2 inQ\Qn7 ”|69=0=u|agn =un(xn) (21)

has a unique positive solution v,. Clearly u, is an upper solution to this
problem. Thus by Lemma 2.1 in [DH], u, >v, in 2\Q,. As u,(x,) =
v,(x,), it follows that

aun(xn)/avn < avn(xn)/aer

where v, is the unit normal vector of 022, at x, pointing inward of 2,. Thus
it suffices to show that dv,(x,)/0v, is bounded.

Let us now choose an open subdomain ' —c= €, which is so close to £,
such that 1%'\?(0) > 1+||¢||.. For example, we may choose ' = {x € Q, :
d(x, 0Q,) < 6} with § > 0 sufficiently small. Then, 2%'?(¢) > / and we can
find some A’ such that max{1, A2\7 ()} < 1’ < 1%'?(¢). By Theorem 2.2
in Part I, the problem

—Au+du=Nu—b(x) u* in Q\Q', Ulpguoo =0

has a unique positive solution #’. We may assume that Q, o Q' for all n.
Then we can find a large positive constant M, such that M u' >
M = u,(x,) on 0Q, for all n. It is easily seen that M« is an upper solution
to (2.1) for all n. Therefore, by Lemma 2.1 of [DH], u, < M, u'. This
implies that — Av, has an L* bound on 2\, which is independent of n.
Since furthermore,

(@) ,]ag, is a constant which has a bound independent of , and

(b) for all large n, 022, is as smooth as Q, with the smoothness not
depending on n,
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by the L? theory of elliptic equations up to the boundary (see, e.g., [LU,
pp. 190-193]), we see that, for any p > 1, |[v,|l27@\q,) has a bound inde-
pendent of n. By Sobolev imbeddings and the uniform smoothness of €,,
this implies that ||v,]lc!5\g,) has a bound independent of n. In particular
|Vv,(x,)| is bounded, and thus dv,(x,)/0v, is bounded, as required.

Step 3. m, >0 ase—0.

Otherwise we can find a sequence ¢, — 0 such that m, is bounded. By
Step 2, {0u,(x,)/0v,} is bounded from above, where v, is the unit normal
vector of 092, at x, pointing inward of Q,. Here we follow the notations in
Step 2. We show that this is impossible, and hence proving the claim. For
all large n, 092, is as smooth as Q, and hence it satisfies a uniform interior
ball condition: There exists R > 0 such that for any large » and x € 0Q,,
one can find a closed ball B, of radius R such that B e, and
B, n0Q, = {x}. Let y, denote the center of B, and define

Y = el ek,

where o is a positive number to be specified. We may assume that ¢, < 1 for
all n. Then, for any constant ¢ satisfying 1 <c<e¢,"? and xe B, \B",
where B” = {x: |[x—y,| < R/2}, we have

A[un(xn) + Cl//] + (j'_ ¢)[un(xn) + Cl//] _gn[un(xn) + c‘/’]z

=c[40? |x—y,|?*—2No+A—¢—2¢,u,(x,)
+28,,ce“’R2—s,,ce‘” "“y"'z] e—ohnl’
+ (/l_ ¢)[un(xn) - ce—aRz] _Snun(xn)2+2cgnun (xn) e—o’RZ_anZe—ZaRz

> c[6?R*—2No—2M —1] e="% — (|A| + |$|l..) M —M*—1

>0,

if g, ¢ and n are large enough. We fix ¢ at such a value.
Choose a compact set K —c £, such that K o |J_, B". By the proof of

Step 1, u, > o0 on K. Hence we can find a sequence ¢, —» oo satisfying
¢, <e;'* and

u,(x) = M+c, o, forall xedB"cK.
Thus, u, is an upper solution to the problem

_Au+¢u = /,{'u_gﬂu2 in an \an ulann = un(xn)’ ”|aB" = un(xn) +cn¢|63”'
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By our choice of o, for all large n, u,(x,)+c, is a lower solution to this
problem. By Lemma 2.1 in [DH], we find u, > u,(x,)+c¢, in B, \ B", and
it follows that

auﬂ(‘xn)/avn = Cnalp(xn)/avn = cn20R9_0R2 — 00.

This contradicts the conclusion in Step 2. Thus the claim and hence
conclusion (i) of the theorem is proved.

It remains to prove conclusion (ii). By (i), we see that u,|,;, — oo uni-
formly as n — co. It follows from Lemma 2.1 in [DH] that w, <u,, where
w, is the unique positive solution of

—Aw+¢w = Aw—Bw*in Q,, w|69=0,w|ago=l’lalén U,
0

where the constant B is chosen such that B > ||b||,, +¢, for all n. It is well-
known that w, increases to a solution w of the same problem but with
Wlsq, = 00. Recall that u, — u, as n — oo. Hence u, > w and it follows that
u, satisfies the boundary condition on 09, of (1.5). Thus it is a positive
solution to (1.5). It follows that u, > U as the latter is the minimal solution.
But we have also the reversed inequality at the beginning of the proof.
Thus we must have u, = U. The proof is complete. |

As a simple application of Theorem 2.1, we show that the minimal
positive solution U of (1.5) varies continuously with A for A > A(¢) in a
suitable sense.

We regard U as a function in the space C(2, U 0Q) equipped with the
metric defined by

© 271d (u, v)

W= 2 ey

with
d,(u, v) = |lu—vlceq,)> Q,={xeQ, :d(x,02,) > /n},

where ¢ is a small positive constant such that 2, # ¢&. Clearly, u, —» u in
this metric is equivalent to u, — u uniformly in any compact subset of
Q\Q,. Moreover, C(2, UdR) is a complete metric space under this
metric.

We will use the following topological result (see [W, item (9.12), p. 12]).

LemMmA 2.2. Let A, be a sequence of connected sets in a complete metric
space X such that
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(i) U 4, is precompact; and
(i) liminf(4,) # .

Then lim sup(A4,) is nonempty and connected.

Here liminf(4,) denotes the set of all ue X such that any neigh-
bourhood of u intersects all but finitely many of 4,, and lim sup(4,) con-
sists of all the point u € X such that any neighbourhood of u intersects
infinitely many A4,. It follows easily that lim inf(4,) < lim sup(4,), and
both sets are closed.

To emphasize the dependence on 4, let us denote the unique positive
solution of (1.4) by u? and the minimal positive solution of (1.5) by U*. Let
&, > 0 be a sequence converging to zero. Now for any given 1, > 1% (¢), we
fix some 4 > A, and consider the sets

Fn = {(’1’ uﬁ,, |.Q+ uag)3 /ﬁ?o (¢) <A< A}

It is well known that u* depends continuously on A in the C(2) norm.
Hence I, for each n, is a continuous curve in Rx C(2, U 0Q); in particu-
lar, it is a connected set in this space. By Theorem 2.1 (and a simple variant
of its proof), we easily see that conditions (i) and (ii) of Lemma 2.2 are
satisfied, and

lim inf(77,) = lim sup(T},) = {(4, U*) : A%($) <A< A} =T.

Thus, by Lemma 2.2, I' is connected. Moreover, a simple argument
involving upper and lower solutions shows that 4 — U*(x) is increasing.
Hence U’ must vary continuously with A in C(Q, udQ) for Ae
(A7 (), A), in particular, for A near A,. Thus, we have proved the following.

PROPOSITION 2.3. U* varies continuously in C(Q, U dQ) with A for
A > A () and is increasing with ).

Remark 2.4. (i) In fact, it can be proved that U” varies continuously
in C(2, v 0Q) with A for all A € (—o0, 00). To prove this, one considers the
boundary blow-up problem (1.5) with b(x) replaced by b(x)+¢ for small
&> 0, which has a unique positive solution U? (see Remark 2.9 in [DH]),
and it is easily seen that U —» U* in C(Q, U 0R) as ¢ — 0. By uniqueness,
for fixed &, U* varies continuously with 1. Now a simple application of
Lemma 2.2 as above shows that U” varies continuously with A.

(ii) Following the approach in (i), we can also show that the maximal
positive solution U* varies continuously with A in the same sense. Indeed,
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let Q, = {x e Q:d(x, Q,) <e}. Then since b(x) >0 on Q\Q,, as was men-
tioned in Remark 2.9 of [DH], a simple variant of the techniques of [MV]
can be used to show that

— Au+du = Au—b(x) u*in 2\ Q,, Ulag =0, ]z, =0

has a unique positive solution U?%. It is easily seen that U? — U” as ¢ > 0 in
C(Q, v 0Q) as ¢ > 0, and this limit is uniform in A for A in bounded sets.
Thus, one can use Lemma 2.2 as before to deduce that U* varies continu-
ously with A.

3. PERTURBATION AND THE STEADY-STATE SOLUTIONS

In this section, we first use the results of Section 3.1 of Part I on classical
steady-state solutions of (1.1) to obtain a better understanding of the posi-
tive solution branch S, of (1.3). Then this information on S, is used to
deduce better results on the generalized steady-state solutions of (1.1); in
particular, we show that the positive solution set {(u, u,v)} of (1.2) con-
tains an unbounded continuum bifurcating from (AZ+(dU), U, 0). This
complements the result in Section 3.2 of Part I. We will see how S, evolves
to give both classical and generalized steady-state solutions of (1.1) as
e—0.

Let us recall that S, is a continuum of positive solutions of (1.3) that
connects the two semitrivial solutions (x°, 0, 6,0) and (u§, u,, 0), where u, is
the unique positive solution of (1.4) with ¢ =0 and u = A7 (du,). We will
need the following result.

LemMa 3.1.  Suppose ¢, € C(Q) satisfies

() ¢,>—M for some constant M, ¢, — oo uniformly on Q, as
n— o0, and

(i) ¢,—>¢ in L?(Q'), for all p>1 and for all Q' cc Q,, where
P e C(Q,. o).

Then 22(¢,) — A%+ (). Therefore, by Theorem 2.1, when 1> A% (0), as
e—0,

Ho = A7 (du,) — A7+ (dU).
Proof. Let B be a small ball such that B < Q, . Then
AP (—=M) <2A7(¢,) <A%(9,) = A7(4) < 0.

Therefore, by taking a subsequence when needed, we may assume that
=27 (8,) = u*.
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Let y, be the corresponding eigenfunction of u,,:

_Alpn +¢n¢n = ﬂnwna !//n I@.(Z = 07 "lpn”oo = 17 l//n = 0.

Then — Ay, < (u, + M) Y, < M, for some large positive constant M. By
Lemma 2.10 in Part I, subject to a subsequence, ¥/, converges weakly in
W () and strongly in L?(2) ( for all p> 1) to some y* e Wy *(R), and
Y*£0.

Let £ be an arbitrary nonnegative function in Cg(£2). Multiplying the
equation for y, by &, then integrating over Q, we obtain

[, @ut M) & dx=(uy+-M) [ W& dx—] V4, Ve dx.

Hence,

0<min (4, +M) [ yEdx<(u+M) [ Y, &dx—| Vy, Védx
2 Q0 Q Q

(1 M) f Y dx—f Vy* - VE dx.
Q Q
By assumption (i), ming, (¢, + M) — oo. Hence

jﬂ Y*E dx = lim L} W, & dx =0.

n— oo

This implies that * = 0 on . It follows that y* e Wy *(£,).
Now we choose an arbitrary function # € Cy(£2,), and multiply the
equation for ¥, by 7, then integrate over 2. We obtain

Jo, Vi Vndx+[ dpnde=p, [ dmdx

Using assumption (ii), and letting » — oo, we deduce

J

That is, * is a weak solution to

— A+ Y = pu*Y, Ylog, =0.

By Theorem 3.9 in Part I, this implies that u* = A7+ (¢). As u* is uniquely
determined in this way, we find that the whole sequence u, converges to
25+ (¢). This finishes the proof. ||

Vy*-Vy dx+LZ N dx = u* L) V¥ dx.

+
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We are now ready to analyze the behaviour of u,(¢) and u*(¢) as ¢ — 0,
where u.(¢) and u*(e) are as in Section 1, namely, (1.3) has no positive
solution when u ¢ [ u.(e), #*(¢)], and there is at least one positive solution

if g e (ua(e), u*(e)).

THEOREM 3.2. The functions ¢ — u*(¢) and & — u,(¢) are both nonincreasing.
Moreover,

() if A>AP(0), then lim,_ , u*(e) =00 and lim,_, o us(e) = 4 < iy,
where u, is defined in Theorem 3.1 of Part 1;

() if A2(0) <A< A%(0), then lim,_, u*(e) = u* and lim,_ , p.(e)
= u,, where u* and u, are defined in Theorem 2.4 of Part 1.

Proof. We first show that ¢— u*(¢) is nonincreasing. If u*(e) =
max{u’, u§}, then, since u§=A7(du,) is nonincreasing with e, there is
nothing to prove. If p*(e) > max{u’ ui} for some e=¢, >0, then by
Lemma 2.5 of [DB], (1.3) (with ¢ = ¢,) has a positive solution (u,, v,) with
1= p*(g). Let & € (0, & ]. Then

— Auy < Aug— (b(x) +¢&,) ui — cuyv,.
We will call (&, v) a lower solution to (1.3) if

—Au > Ju—[b(x)+e] u>— cuv,
—Av < pv—v*—du,

Ul =0, v]ae <0,

and call (u,v) an upper solution to (1.3) if the inequalities above are
reversed. Clearly, (u,, v,) is an upper solution to (1.3) with ¢ =¢,. Since
1= p*(gy) > ud, if we choose ¢, close enough to &, then u > i and hence
the problem

—Av = pv—v*>—du, v, U)o =0

has a unique positive solution v, . It is easily checked that (u,,v, ) is a
lower solution to (1.3) with ¢=¢,. Moreover, it is easily seen that
u, =>u, >u, and v, <v,. Thus, by standard upper and lower solution
argument for competition models, (1.3) with ¢ = ¢, has a positive solution
(u, v) satisfying u, <u <u, and v, <v<v,. By the definition of u*(¢), we
must have u*(g,) = u = u*(¢y). Thus ¢ — u*(¢) is always nonincreasing.

The fact that ¢ » u,(¢) is nonincreasing can be proved by a similar
argument.
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Next we prove that u*(e) - oo as ¢ » 0 provided that 4> A% (0). We
view (1.3) as a perturbation of

—Au = Ju—b(x) u>—cuv,
—Av = pv—v*—duv, 3.D

Ulpe =0, V]ag =0,

and use a degree argument.

Given any f>max{A]*(dU), u,}, where u, is as in Theorem 3.1 of
Part I. By Lemma 3.2 there, we can find a constant M > 0 such that any
positive solution (u, v) of (3.1) with u € [0, 2] satisfies |4, < M. Note also
that we always have v < 6, <0,.

Let us choose large positive constants M, and M, such that

f(u, v) = (A+M,) u—b(x) u*—cuv is increasing in u
and
g, (u, v) = (u+M,) v—v>—duv is increasing in v
foral 0Su<M+1,0<v<0,],+1, and all u € [0, ii]. Then clearly
A,(u,v) = ((=4+ M) 7' f(u, v), (=4+M,) ™" g,(u, v))
maps the set
B={(u,1)eC(Q)xC(Q):0<u<M+1,0<v<|bll,+1}

into the natural positive cone K in C() x C(). Moreover, by our discus-
sion above, any positive solution of (3.1) belongs to the relative interior of
B with respect to K. Furthermore, it is easily seen that nonnegative
solutions of (3.1) are nonnegative fixed points of 4, and A4, is completely
continuous.

Let us now consider the fixed point index indexy(A4,, B). When
27(0) < u < py, the only nonnegative solutions of (3.1) are (u, v) = (0, 0)
and (u,v)=(0,0,), both are linearly unstable solutions of (3.1). By
Dancer’s fixed point index formula [ D2], for such g,

indexy(A,, (0,0)) = indexy(4,, (0,6,)) =0.
Therefore,

indexg(A,, B) = indexy(A,, (0, 0)) +indexx(A4,, (0,6,)) =0.
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As A, has no fixed point on B, the relative boundary of B with respect to
K, for any ue[0, Zi], by the continuity property of the fixed point index
(see [A]), indexy(A,, B) is independent of u € [0, i] and is thus identically
Zero.

Consider now u e (u°, i], where u° is as in Theorem 3.1 of Part I. For
such u, the trivial solution (0, 0) of (3.1) is linearly unstable and hence has
fixed point index 0, but the semitrivial solution (0, 6,) is linearly stable,
and therefore it has fixed point index 1. It follows that we can find small
neighborhoods N, of (0, 0) and N, of (0, 6,) such that

indexy(A;, B\ (N, U N,))
= indexy(A;, B)—indexg(Ay, (0, 0))—indexy(A;, (0,0,))
=0—-0—-1=-1.

Let A45(u, v) denote the operator obtained by replacing b(x) by b(x)+e
in the definition of 4,(u, v). For & > 0 small enough, one sees that 47 maps
B into K (we may need to enlarge M, a little to ensure this), is completely
continuous and varies continuously with ¢. It follows from the continuity
property of the fixed point index that, for all sufficiently small &> 0,
indexy (A, B\(N, U N,)) is well defined and equals index(A;, B\ (N, U N,))
= —1. Thus 4} has a fixed point (u, v) in B\ (N, U N,)), i.e., (3.1) has a
positive solution with g = /i for all small & > 0. In particular, u*(¢) > fi. As
/i is arbitrary, this implies u*(¢) — o0 as ¢ — 0.

Let us now prove that lim,  , u4(¢) < . Since u.(e) is nonincreasing
with ¢ and (&) < u° lim, ,, p.(e) = ji exists. If 4 > p,, then, since g < u°,
we must have u, < u°. By Theorem 3.1 in Part I, (3.1) with x = u, has a
positive solution (u,, vy). It is easily checked that (u,, v,) is a lower solution
to (1.3) with u=u, for any &>0. Moreover, since u,<u’ A=
A2(c0,0) > A7(ch,,), and thus, the problem

—Au=Ju—(b(x)+e) u*—cb,u,  ulpg=0

has a unique positive solution u*. Clearly (u*, ,,) is an upper solution of
(1.3) with g = u,, and v, <40,,, u, > u*. Thus, (1.3) with x = u, has a posi-
tive solution, and hence u,(¢) < u,. But this implies 4 < u,, a contradic-
tion. Therefore, we must have j < u,, as required.

Finally we consider the case A(0) <A< A%(0). We first show that
lim,_,, us«(¢) = 4. The argument in the last paragraph shows that
A=1lim,_ , u.(e) < u,. We show that g > u,. Otherwise, fi < . Thus, for
any &¢>0 and a suitable fixed § >0, (1.3) has a positive solution (u,, v,)



DEGENERACY IN THE COMPETITION MODEL, II 147

with u= i+ < p, < u°. Choose a sequence ¢, — 0 and denote (u,, v,) =
(u,,, v, ). Since A < A7*(0), u, has an L* bound independent of n. It follows
that —Au, and — Av, both have L* bounds independent of n. By the L?
theory for elliptic equations, we find that {u,} and {v,} are bounded in
W2#(Q) for any p > 1. Thus, subject to a subsequence, u, — #, and v, — v,
in the C' norm and (u,,v,) is a nonnegative solution of (3.1) with
U= [+ < uy. By the definition of u,, (u,, v,) cannot be a positive solu-
tion of (3.1). If 4, = 0, then u, — 0 and from the equation for u, we obtain

A=27((b+e,) u, +cv,) = A7 (cvy)
< /ﬁ)(ceﬁﬂs) < /1?(6’0”0),

which contradicts the definition of x°. If v, =0, then v, = 0, and from the
equation for v,, we deduce

fi+d =27 (v, +du,) — A7 (duy).

Hence /i+0J = A7 (du,). But as u, # 0 and (u,, v,) solves (3.1), u, must be
the unique positive solution of

— Au = Au—b(x) u?, s = 0.

It follows that A9 (du,) = u,, where y, is defined in Theorem 2.4 of Part I,
and u, < 1. Thus fi+6 > u,, a contradiction. This proves that i = u,.

The fact that lim,_ , u*(¢) = u* is proved by an analogous argument
except that now it is not evident that x*(¢) is bounded from above. If u*(¢)
has no bound from above, then since it is nonincreasing with ¢, for any
sequence ¢, — 0, u*(g,) — 0. Let (u,, v,) be a positive solution of (1.3) with
e=¢, and u=pu, = u*(e,). Since u, < U, the unique positive solution of
(1.4) with ¢ =¢ =0, we have ||u,|.,, <||U|l,. From the equation for v,, we
obtain

2
—AU” > Hn Uy — Uy —d "U”oovn’
and hence v, >0, _ ;v - Now we use the equation for u, and deduce
Q Q
Az A7 (ev,) Z A7 (B, _apy, ) = ©,

a contradiction. Thus x*(¢) must be bounded from above, which implies
A=1lim,_ , u*(e) exists. The proof for j= u* is analogous to that in the
last paragraph and is left to the reader. ||

Remark 3.3. Using Theorem 3.2 above and Theorem 3.6 of Part I, we
can easily construct examples for the classical competition model (1.3) such
that

fix () < min{p’, p§} and pu*(e) > max{u’, ug}.
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We suppose 4> A7(0). If we choose ¢ suitably, we can have ji < A+ (0)
< u°, where 7 is as in Theorem 3.6 of Part I, namely, 1{°(c6;) = A. By
Theorem 3.6 of Part I, for all small d, u, is close to fi, and we can assume
that d is so small that 1%+ (dU) is close to A%+ (0) and hence greater than
Ux. Now for small & >0, u’ = A¥(du,) is close to A¥+(dU) by Lemma 3.1,
and u,(¢) is close to some /i < u, while u*(¢) is very large by Theorem 3.2;
therefore, for all small ¢ > 0, we have

(&) < py < 1 < p*(e).

If we choose ¢ such that u° < 12+(0), then our above argument gives an
example where

(&) < p° < iy < p*(e).

Moreover, a more careful (and tedious) analysis of the construction above
shows that we can choose parameters so that

(&) < 5 = p° < p*(e).

In this last case, when u = u° the two semitrivial solutions (u,, 0) and
(0, 6,) are both linearly neutral (i.e., the linearization has zero as the first
eigenvalue), yet (1.3) has a positive solution. This contrasts to the examples
of Dancer in [D1] where the two semitrivial solutions of the Lotka-
Volterra competition model are linearly neutral, but there is no positive
steady-state solution.

In the following, we are going to analyze how the solutions on S,
approach the steady-state solutions of (1.1) as ¢ —» 0. To this end, we need
the following useful lemma.

LeMMA 3.4. Suppose A> A%(0) and (u,, v,) is a positive solution of (1.3)
with u=pu, and ¢ =¢,>0. Moreover, assume that ¢, decreases to 0 as
n— oo, {u,} is bounded and |u,||., — co. Then, subject to a subsequence,
(> u,, v,) = (4, 4, 0), where (i, 0) = (o0, 0) on Q,, and on Q,, (4,0) is a
positive solution of (1.2) with u = [i except when ji = A%+ (dU), in which case,
(4, 9) = (U, 0) is possible. Moreover, i <U. Here v, — ¥ is in the norm of
L?(Q), for all p> 1, and u, — i is in the following sense: u, — oo uniformly
on Q,, and u, — ii uniformly on any compact subset of Q, L 0Q.

Proof. We may assume that u, < i < co. Since

2 ~
_Avn = Uy U, — Uy _dunvn < MUy,
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and 0<v,<0;, by Lemma 2.10 in Part I, subject to a subsequence, v,
converges weakly in W y%(Q) and strongly in L?(Q) (for all p> 1) to some
# e W§*(2). We may also assume that u, — fi.

Consider now @, = u, /|[u,||,.- It satisfies the equation

- Aﬁn = /lﬁn - (b(x) +£n) ”un”oo ﬁi _cvnﬁn’ ﬁn |6.Q =0. (32)

Hence — 4i, < Zii,. By Lemma 2.10 in Part I, it follows that, subject to a
subsequence, 7, converges weakly in W ?() and strongly in L?(Q) ( for
all p> 1) to some u* and u*# 0. Moreover, since u, <U on Q,, we must
have u*=0on Q,. Thus u* e W§*(R,).

If u,(x,) = |u,lle> X, € 2, we have — Au,(x,) = 0 and hence

Ay (x,) — (b(x,) +e,) 1,(x,) — cu, (x,) v,(x,) > 0.

It follows that ¢, ||u,|, < A. Thus we may assume that ¢, |u,|., > >0 as
n — 0. We now multiply (3.2) by an arbitrary function yy € C§(€,), and
then integrate it over Q,. We obtain

Vi, Vi dx = f (i, —e, llu,ll., 32— cv,d,) ¥ dx.
Q0 Q0
Letting n — co, we have
Vu* Vi dx = f Qu* — E(u™)? — cou™) ¥ dx.
2 Q9

Hence, u* is a weak solution to
— Au = Au— Eu* —ciu, ulog, = 0.

As A—&u*—cie L*(Q,) and u* is nonnegative, by the weak Harnack
inequality, we must have u* > 0 in ©,. Moreover, from the right-hand side
of (3.2), we find that — 44, has an L*(£,) bound independent of n. Thus
by the interior L” estimates, ||&,[l»274, has a bound independent of » for
any Q' cc Q,. It follows that, subject to a subsequence, i, converges to u*
in the C' norm on '. Thus, u,=|u,|, #, — oo uniformly on any
Q' == Q,.

Multiplying the equation for v, by any ¥ € C*(£2) satisfying ¥y > 0 in Q
and y|;, = 0, and integrating over Q, we obtain

L} Vv, -V dx = L} (0, —v>) Y dx—L) du, v,y dx.
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It follows that
f dii, o dx = (Ju,||..)~ [ j Vo, - Vl//dx+j (1,0, vﬁ)wdx].
Letting n — oo, we deduce
jg du* 8 dx = 0.

As u*=0on Q,, it follows [, u*6y dx = 0. But both «* and y are positive
in ©,, and 7 is nonnegative. So we must have # =0 on Q,.

Since v, » ¢ in L?(Q2) ( for all p>1), and {v,} is L*(L2) bounded, a
careful check of Steps 1-3 in the proof of Theorem 2.1 shows that if we
replace the function ¢ there by v,, then we can still reach the same conclu-
sion. Thus, 4, — oo uniformly on €,. From here, it is easily checked that,
subject to a subsequence, u, — @ uniformly on any compact subset of
Q, v 0Q, and (4, ¥) is a nonnegative solution of (1.2) with 4= g. To see,
for example, #|,,, = 0, we can compare # with the minimal positive solu-
tion w of (1.5) with ¢ = 0], and with b(x) replaced by some constant
B> |||, +¢, for all n. w can be obtained as the limit of the solutions w, of
(1.5) with the above modifications and with w,|,, = ming u,. By Lemma
2.1 of [DH], we have u, > w,. Thus @ > w and hence #/|,,, = co.

If 4 =0, then # must be a positive solution of (1.5) and hence # > U. But
each u, <U. Thus we must have #=U. But by Lemma 3.1 and the
equation for v,, we have

Hy =27 (v, +du,) - 27 (dU).

Thus we must have i = A7+ (dU). Hence (@, ) is a positive solution of (1.3)
with g =/, unless fi=A?*(dU), in which case, it is possible that
(4, 5) = (U, 0). This finishes the proof. ||

THEOREM 3.5. Suppose 1> A%(0). Then, the closure of the positive
solution set {(u,u,v)} of (1.2) in_the space RxC(Q, L 0Q)xLXL,)
contains an unbounded connected set S such that

() (A% (dU),U,0)eS;
() S\{(A%+(dU), U, 0)} consists of positive solutions of (1.2);
(i) {: (uu, v) € §) > (A (dU), ).
Thus, we can say that (1.2) has an unbounded positive solution branch

bifurcating from the semitrivial solution branch {(u,U,0):ue R} at
=27+ (dU).
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Proof. Since A> A% (0), by Lemma 3.1 and Theorem 3.2, for all small
e>0, u < A7 (dU) < u*(e). From Lemma 2.6 in [ DB], we easily see that
for each p € (u§, 1*(¢)], (1.3) has a minimal positive solution (u}, v}) in the
sense that any other positive solution (u, v) of (1.3) satisfies u <uj, and
v > v%. Let us introduce, in the space Rx C'(2) x C'(£2), the set

45, = (=00, p] x [uy,, ) x (=00, v, ],
where
[u, 00)={ueC'(RQ):u>u}, (—oo,vi]={ve C'(Q):v<vi}.
It follows from Lemma 3.2 of [ DB] and the remark following it that
045 S, = {(u, s )},

If we use  to denote the interior of 47, then the above identity shows that
0w N S, consists of a single point. By Lemma 3.1 of [ DB], this implies that
S, N w is a connected set. Let us use S¥ to denote this set. Then

Stcd,= (—o0, u] % [u, 00) X (—00, vy, ]

Let ¢, be a decreasing sequence of positive numbers that converges to
zero. For each ji> A%+(dU), we can find n, such that u*(e,) > ji> u>
holds for all n > n,. Define, for n > n,,

4, =55 v {(A¥(du,), u,, 0)},

and we understand that for (u,u,v)e 4,, the functions u and v are
considered as their restrictions on €, .

Let (u),v}) be the minimal positive solution of (1.3) with ¢=¢, and
pu=p*(,), and let (u,,u,,v,)€S%. Then v, <v), and u,>u,. We first
note that |u¥||,, — oo as n — co. Otherwise, we may assume d |u}]|,, < M for
all n. Then,

— vy = p*(e,) vy —(03)> —duyvy = (u*(e,) — M) vy — (v;)*
It follows that v}, > 6%, ,, and so, as u*(¢,) — oo by Theorem 3.2,
A?(CU:) = j’?(ceu*(e,,)—M) — 00.

But from the equation for u*, we deduce A?(cv¥) < A. This contradiction
shows that |u}||, = oo as n— oo. It follows that ||u,|,, = c0. We now use
Lemma 3.4 and see that () 4, is precompact and lim sup(4,) consists of
positive solutions of (1.2) satisfying u < U, together with (A¥+(dU), U, 0).
By Theorem 2.1 and Lemma 3.1, we have u, - U in C(2, U 02) and
A%(du, ) > 27+ (dU) as n — co. Hence

(Af+(dU), U, 0) € lim inf(4,,).
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By Lemma 2.2, S” = lim sup(4,) is a nonempty connected set consisting of
positive solutions of (1.2) satisfying u < U, together with (AZ+(dU), U, 0).
Moreover, it follows from Lemma 3.4 that {u: (1, u, v) € S*} = [A7+ (dU), ii].
Let S={J, 222+ @v) S”. Then clearly S is connected, consists of positive
solutions of (1.2) with u<U and the point (A%+(dU), U, 0), and
{u: (u, u, v) € S} o [+ (dU), o0). The proof is complete. ||

Remark 3.6. The proof of Theorem 3.5 shows that when 4> A{(0),
for any fixed u> A$*(dU) and all sufficiently small ¢>0, thanks to
conclusion (i) of Theorem 3.2, (1.3) has a minimal positive solution (u,, v,)
and for any sequence ¢, — 0, (4,4, v,) = (4, u, , v, ) has the property
described in Lemma 3.4. This shows that (u,, v,) has pattern Q, for large ».
Note that these minimal solutions are asymptotically stable as steady-state
solutions of the corresponding parabolic problem.

Theorem 3.5 and its proof also shows that when 4 > 15(0), as ¢ — 0, part of
the positive solution branch S, of (1.3) evolves to an unbounded branch of
generalized steady-state solutions of (1.1). Let us now see how .S, also produces
an unbounded branch of classical steady-state solutions of (1.1) when ¢ — 0.
Suppose 4> 1% (0). By Lemma 3.2 in Part I, we know that for any fixed
fi> p1°, every positive solution (u, u, v) of (3.1) with u € [A7(0), ii] satisfies

lleelloe < M, |0l < 116 -
Denote
B, ={(u,v1) eC(AXC(Q): 0<u<M+1,0<0v<0;],, +1}.

Then (3.1) with xe[4£(0), ] has no nonnegative solution (u,v) lying on
Ok B, the relative boundary of B; with respect to the natural positive cone K in
C(R)xC(R). A simple compactness argument shows that there exists &; >0
such that, when 0 < & < ¢;, (1.3) has no nonnegative solution (x, u, v) satlsfylng
ue[22(0), i] and (u, v)ea B;. Since clearly (u°,0,6,) € RxB;, and
S, 0 ({47(0)} x B;]) = &, we see that S, n ([/19(0) f]x B;) contains a
component S” whlch joins (4°, 0, 6,0) and some point (g, u, v) € S with u = fi.
Choose a decreasing sequence of numbers ¢, € (0, ¢;) satisfying ¢, — 0,
and define 4, S” for all large n such that uf < @< u*(g,). It is easily
seen that () 4, is precompact lim sup(4,) consists of positive solutions of
3.DH together with (u° 0,0 ), and u°,0,0 ) €lim inf(4,). Hence by
Lemma 2.2, S%=1lim sup(4, ) is a nonempty connected set_consisting of
positive solutions of (3.1) together with (1,0, 6,0). Define S = Uzs w0 SE.
Then S’ is a connected set consisting of positive solutlons of (3.1) together
with (1% 0,0,0) and {u: (1, u, U)ES’}D[u ,00). Since (1% 0,0,0) is a
simple blfurcatlon point, the part of S’ near (x°, 0, 6 ,0) is a simple curve. It
follows that S, ="\ {(1’ 0, 8,0)} is connected, consists of positive solu-
tions of (3.1), joins (4’ 0, 6,0), and satisfies {u: (1, u, v) € Sy} > (u°, 00).
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Moreover, S, = S, where S is the positive solution branch of (3.1) given in
Theorem 3.1 of Part I, since both connected sets coincide near (u°, 0, 0,0).

Finally, let us look briefly at the case A%(0) < A < A% (0). In this case, it
is easily proved that for any sequence ¢, —» 0, |JS, is precompact and
lim inf(S, ) contains both (u°, 0,6,0) and (yy, U, 0), where we follow the
notations of Theorem 2.4 in Part I. Moreover, the connected set
lim sup(S, ) consists of positive solutions of (3.1) together with the
two semitrivial solutions given above. As both semitrivial solutions are
simple bifurcation points, it follows that S, = lim sup(S, )\ {(x’, 0, 6,0),
(4, U, 0)} is a connected set which consists of positive solutions of (3.1)
and joins the two semitrivial solutions. Moreover, S, = S, where S is the
positive solution branch given in Theorem 2.4 of Part 1.

Since in both Theorems 2.4 and 3.1 of Part I, not much is known about
the positive solution branch S apart from those part of it which are close to
the semitrivial solutions, our above arguments do not exclude the possi-
bility that S, is a proper subset of S. On the other and, by Theorem 3.2,
{p: (u, u,v) €Sy} = {: (u, u, v) €S}.

Finally in this section, let us look at a case where all the positive solu-
tions of (1.3) for a certain range of u converge, as ¢ — 0, to generalized
steady-state solutions of (1.1).

THEOREM 3.7. Let (u,,v,) be a positive solution of (1.3) with a fixed
u<pand e=z¢,— 0, where u is determined by A = A8 (cB,). Then subject to
a subsequence, (u,,v,) — (i, 5), where (i, ?) = (0, 0) on Q,, and on Q,,
(4, ©) is a positive solution of (1.2). Here v, — 0 is in the norm of L*(Q), for
all p>1, and u, — i is in the following sense: u, — oo uniformly on Q,, and
u, — 4 uniformly on any compact subset of Q, U 0Q.

Proof. Since v, <0, we have u, >, where i, denotes the unique
positive solution of

— Au=Ju—(b(x)+e,) u>—cl,u, ul,g =0.

The existence of #, follows from p<gu which implies 4> g (c8,)
> 27(c8,). Also from 4> A{(cf,), we deduce by Theorem 2.1 that i, — oo

uniformly on ,. Therefore, ||u,|,, = o as #n — co. The conclusion of the

theorem now follows from Lemma 3.4. This completes the proof. ||

Remark 3.8. A sufficient condition for the existence of (,,v,) as in
Theorem 3.7 is that A9+ (dU) < 4, which is satisfied, from the definition of
w, if ¢ is sufficiently small. Indeed, by Theorem 3.1, u,(e,) < uo = A% (du,) —
A%+ (dU) as n — o0, and by Theorem 3.2, u*(e,) — 00 as n — oo. Thus for
any u satisfying A9+ (dU) < u < p, for all large n, u.(e,) < u < u*(e,), and
(1.3) has a positive solution (u,, v,) with e =¢,.
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4. DYNAMICAL BEHAVIOUR

In this section, we discuss the dynamical behaviour of (1.1). As the case
A < A%(0) was considered in Part I already, we only discuss here the case

A>2A7(0). 4.1
We assume (4.1) throughout this section.

Tueorem 4.1 (Extinction of v). Suppose that u<min{A7+(0), u},
where u, is given in Theorem 3.1 of Part 1. Then any positive solution (u, v)
of (1.1) satisfies |v( -, t)|l, — 0 and min, .5, u(x, t) — 00, as t — oo.

Proof. We may assume that both u(x, 0) = #,(x) and v(x, 0) = vy(x) are
nonnegative and not identically zero. Let ¢ >0 and (U,, V,) be the unique
solution of the problem

u, — Au = Au— (b(x) +&) u*— cuv, t>0,xeQ,

v, — Av = puv—v*>—duv, t>0,xeQ,
4.2)
u(x,t) =v(x,t) =0, t>0,xe0Q,

u(x, 0) = uy(x), v(x, 0) = vy(x), xe .

It follows from the order preserving property of this system that u > U, and
v<V,forallt>0and x e Q. (See, e.g., [HL, Ma, Sa, S].)

If we can prove that for some ¢ > 0, u < u,(¢) holds, then by the known
dynamical behaviour of (4.2) in this case (compare case (ii) in Theorem 2.6
of Part I), V,(x, t) —» 0 uniformly in x as t > 00. As 0 < v(x, t) <V, (x, 1), it
follows that |jv( -, ?)|l,, = 0 as ¢ —» c0. By (4.1), we know that for some J > 0
small, 4> A% (0)+6. Assume that c|o(-,t)|, <J when ¢>T >0. Then
u(x, t) = w(x, t) for t > T, where w is the unique solution of

w, —Aw = (A—05) w—b(x) w?, Wlae =0, w(x, T) = u(x, T).

By Theorem 2.3 of Part I, it follows from A—dJ > A% (0) that w(x, t) -
uniformly for x € Q, as ¢ — co. Therefore, min, . G, U(x, 1) > 00 ast— o0,
Thus it suffices to show that u < u.(¢) for all small positive &. We argue
indirectly. Suppose that there is a sequence of positive numbers ¢, such that
&, > 0 and u,(g,) < u. Choose u' satisfying u < g’ <min{A{* (0), p.}. By
Theorem 3.2, we may assume that u*(¢,) > u’ for all n. Thus, (1.3) has a
positive solution (u,, v,) with e =¢, and p = u'. If {||u,||,,} is bounded, then
a simple compactness argument shows that, subject to a subsequence,
(u,, v,) converges in C'(2) to a nonnegative steady-state solution (u*, v*)
of (1.1) with u=y'. If (u*, v*) is a positive solution, then we must have
W = p, by the definition of u,. But this contradicts the choice of u’. Thus
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we necessarily have (u*, v*) =(0,6,) or (u*,v*) = (0, 0). If the first alter-
native occurs, then we must have y' = u° > u,, contradicting the choice of
/. This implies that the second alternative must occur. But then
A= A7 (bu,+cv,) > 27(0), contradicting (4.1). This shows that {lu,|.}
must be unbounded. We may assume that ||u,||, = o0 as n — co. Now we
can use Lemma 3.4 to conclude that, subject to a subsequence, v, — 7 in
L?(Q) ( for all p> 1) and u, — oo uniformly on @, and u, » U* in C(Q")
for any compact subset Q' of Q, UdQ, and U* is a positive solution of
(1.5) with ¢ = 4. By Lemma 3.1, we obtain

' =27 (v, +du,) — AT (6+dU*) > A7+ (0),
again contradicting the choice of u'. This finishes the proof. ||

THEOREM 4.2 (Persistance of v). If u> A%+ (dU), where U denotes the
maximal positive solution of (1.5) with ¢ =0, then for any compact subset Q'

of Q.,

lim min v(x, t) > 0.

t>o xeQ

Proof. 1If we can find a subdomain Q" of €, such that Q' cc
Q" cc Q. and u> 1% (dU), then the classical logistic problem

—Aw=uw—w?—dUwin Q", Wy =0
has a unique positive solution w and any positive solution w(x, ¢) of
w,—Aw = uw—w?—dOw,  W|ye =0

satisfies w(x, t) » w(x) uniformly on 2" as ¢t — co. But we have v(x, t) >
w(x, t) for t > 0 and x € 2" by the maximum principle. Therefore,

lim min v(x, ¢) = lim min w(x, ) = min w(x) > 0.
xeQ'

to>o0 xef to>o0 xe
It remains to find such a subdomain Q". Define
Q,={xeQ, :d(x,00Q,)>/n},

where ¢ >0 is chosen such that Q, # ¢ZJ. Then clearly Q, cQ,c --- <
Q,c---ccQ,,and Q' cc Q, for all large n.

Denote u, = A" (dU). Then u, is a decreasing sequence bounded from
below by A2+ (dU). Therefore u, — i exists and > A%+ (dU). We show
that i = A7+ (dU). This would complete the proof for we can then choose
Q" = Q, for some large n.
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Let v, be the eigenfunction corresponding to yu, as
_Avn +dUUn = UpUy in Qna Uy, |6Qn = 09 v, > 0 in Qna "Un”Lw(Qn) =1

Define &, = v, on ,, and &, = 0 outside £,. Then #, e W y*(2,) and
[ valdx=[ Vo ldx<p [ Fdr<mle.l.
Q. Q, 2,

It follows that, subject to a subsequence, #, converges weakly in W y%(£2,)
and strongly in L*(,) to some &€ W y*(2,). Since ||5,]l, =1, 7, » 7 in
L?(Q,) forall p>1.

Let u, denote the unique solution to

_Aun =17n in Q+’ unl@!br =0:
and let w, be the unique solution to
—Aw, =v, in Q,, W, oo, = 0.

Then it follows from the maximum principle that u, >w, in Q,. If §=0,
that is, ©, > 0 in L?(Q2,) for any p>1, then u, —» 0 in C'(Q,). It then
follows from 0<w,<wu, in Q, that |w,|;=qo,—>0 as n—oco. From
— v, < v, = —A(uw,) in Q, and (v,—pw,)lsg, =0, we deduce
0<v,<mw, in Q,, and hence, ||v,|.=q,) — 0 as n— co. But this contra-
dicts the fact that ||v,||.=q,, = 1. Thus we have proved that & # 0.

Let y be an arbitrary function in C7(2,). We multiply the
equation for v, by V, integrate over ., and obtain, for all large n such
that Q, o support(y),

jg V5, Vi dx+ L) dUs dx = u, L} 5.4 dox.

+

Letting n — oo, we obtain

L) Vﬁ-Vx//dx+L2 dUﬁ¢dx=ﬁL) & dx.

That is to say that 7 is a weak solution of
— Av+dUv = jiv, Vlag, =0.

By Theorem 3.9 of Part I, we must have = A+ (dU), as required. The
proof is complete. |

The conclusion of Theorem 4.2 can be sharpened considerably. Indeed,
we have the following better result.
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THEOREM 4.3. Suppose u> A7+(dU) and let (u, v) denote the minimal
positive solution of (1.2) guaranteed by Theorem 3.15 of Part 1. Then for any
positive solution (u, v) of (1.1) and any compact subdomain Q' of Q., we
have

lim o(x, ) = v(x), lim wu(x, t) <u(x), uniformly in Q'.
t— o0 t— o0

Proof. Letu, and v, k=1, 2, ..., be defined as in the proof of Theorem
3.15 in Part I. The proof there shows that u, decreases to u and v, increases
to v as k — oo, uniformly on any compact subset of 22, . Thus it suffices to
show that for all large k,

li—m U(X, t) = Uk(x)’ m u(xa I) < uk(x)’ (43)
t— t—>00

uniformly on any compact subset of 2, .

Let 2, be defined as in the proof of Theorem 4.2. We know from there
u> A3 (dU) for all large n. Without loss of generality, we may assume that
this is true for every n > 1. Denote by w, the unique positive solution of

—Aw=puw—w>—dUwin Q,,  wls, =0.

Then w, increases with n by a simple variant of Lemma 2.1 in [DH]. We
may regard w, as extended to be zero outside 2,. Then from the equation
for w, and the fact that w, < u, we easily deduce that w, converges weakly
in W§2(R,) and strongly in L?(R2,) ( for all p > 1) to some w*e Wy*(Q,)
which is a positive solution to

—dw=puw—w>—dUwin Q,,  wly, =0.

By Theorem 3.8 of Part I, w* must agree with v, given in the proof of
Theorem 3.15 of Part L.
If we denote by w* the unique positive solution of

—Aw = pw—w?—du,_,win Q,, Wlsg, =0,

then a similar consideration shows that the extended w® converges, as
n— oo, weakly in W §*(2,) and strongly in L?(Q2,) ( for all p> 1) to v,.
Moreover, by the L” interior estimate and the Sobolev imbedding theorem,
one easily sees that w, — v, and w* - v, are uniform on any compact
subset of Q..

We are now ready to show (4.3). We use an induction argument. From
the proof of Theorem 4.2 we see that, for all large n, lim,_
v(x, t) = w,(x) uniformly on any given compact subdomain of €,. Since
w, — v;, we deduce

lim o(x,?) = v,(x) 4.4

t— 0
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uniformly on any compact subdomain of €2, . It follows that, for any ¢ > 0,
we can find 7' > 0 such that

v(x, 1) =v(x)—¢, forallz>T, forall xe Q, = {xeQ, :v,(x)>¢}.

If we extend v, (x) to be zero outside €2, , then, since v(x, t) =0 for all >0
and x € Q, we have

v(x, t) = v(x)—¢, forall =T, forall xe .
Let z(x, ¢) be the unique solution of the problem
z,— Az = dz—b(x) z*—c(v, —¢) z, Zpo =0,z(x, T)=u(x,T). (4.5)

Then u(x, t) <z(x,t) forallt > T and x € Q.

By Theorem 2.3 of Part I, according as A4ce <A (cv,) or A+ce>
A% (cv,), when t — o0, z(x,t) converges uniformly on Q to the unique
steady-state z, of (4.5), or Iim, , , z(x, t) < Z, uniformly on any compact
subset of Q, U 0Q, where Z, denotes the maximal positive solution of

—Az=Jz—b(x) 2’ —c(v;—€)z In Q,,  z|;n=0,z|s, =.

Since z, < Z, when both exist, we see that lim, , ,, z(x, ) < Z, always holds.
It follows that lim,_. u(x,?)<Z,. By Remark 2.4, we know that
Z,(x) > u;(x) as ¢ >0 uniformly on any compact subset of Q, U JQ.
Hence,

lim u(x, t) < u,(x) 4.6)

uniformly on any compact subset of 2, U 0. Thus we have proved that
(4.3) holds for k= 1.

Suppose that (4.3) holds for k=m > 1. We want to show that it holds
for k=m+1. For &> 0 sufficiently small such that u—de > A7+ (dU), by
(4.3) with k =m, we can find 7, > 0 such that u(x, t) <u,(x)+¢e fort =T,
and x € Q,. For any n > 1, let w(x, t) be the unique solution to

w,—Aw = uw—w?—d(u,, +e)wlort>T,,xe Q,,
wI@.Q,, = 07 W(.x, T;l) = U(x’ 7—;1)

Then clearly v(x,?)>w(x,t) for t>7T, and xeQ,. For all large n,
u—de> 2%(dU) > 1% (du,), and hence, as t— oo, w(x,t) converges
uniformly on £, to the unique positive solution w, of

—Aw = uw—w*—d(u,, +¢) w, Wlag, = 0.
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Hence lim, ., , v(x, ) = w,(x) uniformly on ,. But w,(x) - w”*"' as ¢ — 0,
uniformly on ,. Hence lim,_ ., v(x,?) >wf,"+1(x) uniformly on Q,. As
w™(x) = v,,,,(x) uniformly on any compact subset of Q, as n — o0, we
deduce finally that
lim v(x, 1) = v,41(X)
t— o0
uniformly on any compact subset of €2, .
Now we can repeat the argument for the proof of the fact that (4.4)
implies (4.6) but with v, replaced by v,,,, and deduce that
M (X, £) <ty (%)
t—> o0
uniformly on any compact subset of 2,. Hence (4.3) is true for k=m+1.
This finishes the induction argument and hence the proof of the
theorem. ||
When x> 28+ (dU0), if we define U(x) = u(x) for x € 2, , and U(x)=
for x € Q,, and let ¥ (x) = v(x) for x e ,, and V' (x) =0 for x € Q,, where
(u,v) is the minimal positive solution of (1.2), then it follows from
Theorem 4.3 that the set of function pairs

A={(u,v):uly, ,v]p, €C(2,U0Q),0<ulx)<U(x),V(x)<v(x)<6,}

is a global attractor for (1.1). The dynamical behaviour of (1.1) inside A4 is
rather complicated. For example, if u is also greater than u°, then 4 con-
tains at least one classical steady-state solution, one generalized steady-
state solution, and the stable semitrivial solution (0, 6,).

From a biological point of view, it is important to know whether (1.1) can
have a stable classical steady-state solution for the case 4> A*(0), where
without a competitor v, u always blows up in , as ¢ — 0. This was answered
in Theorems 3.1 and 3.6 of Part I. More precisely, Theorem 3.1 there states
that when u, < u° and € [p,, u°), then (1.1) has at least one asymptotically
stable steady-state, while Theorem 3.6 shows that u, < u° is guaranteed to
happen if d is sufficiently small. Thus a stable coexistence state of the two
species is possible if d is small compared with the other parameters. This is
reasonable since d measures the effects of the species u on v; so d small means
that the effects of u on v is small when compared with that of v on u,
measured by the constant c¢. Clearly, such a competitor v (with d small
compared to ¢) is a good choice in order to avoid over growth of u.

Though a stable coexistence state of the two species is possible, our
results below show that this depends very much on a suitable choice of the
initial conditions apart from a good choice of the competitor v. Indeed, we
will show that one can always find bad initial conditions such that the
positive solution (u, v) of (1.1) has its ¥ component blowing up as ¢ — oo.
We divide our discussions into two cases:
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(@) p<27*(dU)and (b) u> iy (dU)

Let us recall that we always assume (4.1) holds.
The following result covers case (a).

THEOREM 4.4. Suppose yu < A%+ (dU). Then there exists (u,, vy) € C(2) x
C(Q) with uy|pe = volag =0 and uy >0, vy >0 in Q, such that if (u,v) is a
solution of (1.1) with u(x, 0) = uy(x) and 0 < v(x, 0) < vy(x), then, as t — oo,
u — oo uniformly on Q,, v — 0 uniformly on Q, and

lim u(x,t)>U(x), Im u(x, 1) <U(x),
t— o0

t— 00

uniformly on any compact subset of 2, L 0L.

Proof. By Theorem 3.9 of Part I and Remark 2.4, we know that
22+(dU*) depends continuously on A. Let us choose A’ <A such that
U< A2+(dU*) and A’ > A9 (0). Then we let w, denote the unique positive
solution of the problem

—Aw = Aw—(b(x)+¢) w?, Wlze =0.

By Theorem 2.1, as ¢ >0, w, — oo uniformly on Q,, and w, » U” uni-

formly on any compact subset of 2, U0Q. By Lemma 3.1, this implies

A2(dw,) — A3+ (dU*) > . It follows that A7 (dw,) > u for all small & > 0.
Let y, be determined by

— A, +dw, =27 @w) Yo Yeloo = 0,9, =0, Y]l = 1.
Define v, = &y, and let u, be the unique positive solution to
— Au = Ju—(b(x)+¢&) u*—cu,u, U]po = 0.
Since v, <é¢, when ¢ <(A—A1")/c, we have A—cv, > A’ and hence u, > w,.
Moreover, since A7 (dw,) - A%+ (dU*) > pand v, — 0 as ¢ — 0, we easily see
that, for all small ¢ > 0,
A2 (dw,) v, > uv, —v?.

It follows that

—Av, > pv, —v> —dw,v, = uv, —v> —du,v,.
Clearly

— Au, < Ju, —b(x) u> —cu,v,.
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Hence, for all small ¢ >0, (u,, v,) is an upper steady-state solution of (1.1)
in the sense defined in the proof of Theorem 3.2. By the order preserving
property of (1.1), any positive solution (u, v) of (1.1) with u(x, 0) = u,(x),
v(x, 0) =v,(x) has the following property: u(x, t) is increasing in ¢ and
v(x, t) is decreasing in ¢.

Let z(x, t) be the unique solution to

z,— Az = dz—b(x) z*—cv,z, Z|s0 =0, z(x, 0) = u,(x).

Since v(x, t) < v,(x) for all >0, we deduce u(x, t) > z(x, t) for all £> 0.
But when ¢ > 0 is sufficiently small such that 1—ce > A7 (0) and therefore
A> A% (cv,), it follows from Theorem 2.3 of Part I that, as ¢ — oo,
z(x, t) > oo uniformly on Q,. Since u(x, t) > z(x, t), the same is true for
u(x, t). Comparing u with the unique solution of

w, —dw= /lw_b(x) Wza W|ag = 03 W(xs O) = ue(x)’

and using Theorem 2.3 of Part I, we deduce that Tim,_,  u(x, t) < U*(x)
uniformly on any compact subset of 2, U 0Q.
Since u < A%(dw,) < A£(du,), the unique solution w(x, t) of

W —dw = ,uw—wz—dusw, W|ag = 09 W(x, t) = ve(x)a

satisfies lim, ., w(x, £) = 0 uniformly on Q. But it follows from u(x, t) >
u,(x) that v(x, ) < w(x, t). Hence v(x, t) — 0 uniformly on Q as ¢ — 0.

Now for any given § > 0 satisfying A—d > 1(0), we can find T > 0 such
that 0 <uv(x,t)<¢d for all t=>T and all xe Q. Let Z(x, t) be the unique
solution to

Z,—AZ=)Z—b(x)Z*—06Z, Zlpp=0,Z(x,T)=uv(x,T).

Then by Theorem 2.3 of Part I, lim, , ., Z(x, ¢) > U*~°(x) uniformly on any
compact subset of 2, U 0Q. But clearly u(x, t) > Z(x, t) for t > T. Hence
lim, , , u(x, t) > U"*%(x) uniformly on any compact subset of Q, U Q.
As 6 > 0 can be arbitrarily small and by Remark 2.4, U*~° > U” as § - 0,
we obtain lim, . u(x,t)>U”*(x) uniformly on any compact subset of
Q, voQ.

It is now easily seen that we can choose (i, v,) = (1, v,) for some small
&> 0. The proof is complete. ||

Remark 4.5. If (3.12) of Part I holds, then U =U and Theorem 4.4
implies that (U, 0) is locally stable when u < A%+ (dU), where U denotes U
extended to Q, with value co. Moreover, Theorem 4.3 implies that (U, 0) is
unstable if u > A%+ (dU).
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Next we consider case (b), where u > A9+ (dU). Let u, be defined as in
Theorem 2.1. We know from Theorem 2.1 and Lemma 3.1 that A?(du,)
converges to A%+(dU). Since u, decreases with ¢, we must have
28(du,) < 28+ (dU) < pu. By Theorem 3.2, u*(¢) > oo as &¢—0. Hence
us = A%(du,) < p < p*(e) for all small ¢>0. As in the proof of Theorem
3.5, we know that in this case (1.3) has a minimal positive solution (u*, v°).
One easily shows that u* decreases and v° increases with &. Moreover, as in
the proof of Theorem 3.5, we must have |u°|,, » o0 as ¢ » 0. Hence, by
Lemma 3.4, as ¢ — 0, (¢°, v°) — (4, ©), where (&, §) = (o0, 0) on ,, and on
Q., (4, 0) is a positive solution of (1.2) except when u = A+ (dU), in which
case, (4, 9) = (U, 0) is possible. Moreover, ## <U. Here v, » ¢ is in the
norm of L?(R2), for all p> 1, and u, — #@ is in the following sense: u, — o0
uniformly on ,, and u, — # uniformly on any compact subset of 2, U 0.

THEOREM 4.6. Suppose that p > A%+ (dU). Then for any small & >0, the
set

A4, ={(u,0)eCQXxC(Q):u'<u<omw,0<v< v}

is invariant for t > 0 under the flow generated by (1.1). Moreover, any solu-
tion (u, v) of (1.1) lying in A, satisfies lim, _, ., u(x, t) = oo uniformly on £,.

Proof. Let (U,,V,) be the unique solution of (1.1) with initial condition
U.(x,0) =u®(x), V,(x,0)=0v%x). It is easily seen that (u, v*) is an upper
steady-state solution of (1.1). Hence, by the order preserving property of
(1.1), U,(x, t) is increasing in ¢ and V,(x, t) is decreasing in ¢. Thus (U,, V})
stays in A, for all 1>0. If (1, v) is an arbitrary solution of (1.1) with
u(x, 0) = u®(x), 0 < v(x, 0) < v’(x), then u(x, ) =2 U,(x, t) and 0 < v(x, t) <
V.(x,t) for all t>0. Therefore (u, v) remains in A,. By our discussion
before this theorem, v°*— 0 in L?(R,), for all p>1. Hence A% (cv®) —
A$0(0). It follows that for all small & > 0, A > A5 (cv®).

Let w(x, t) be the unique solution to

—Aw = Iw—b(x) w?—cv'w, Wlse =0, w(x, 0) = u*(x).

Then, by Theorem 2.3 of Part I , we have w(x, t) » oo uniformly on Q, as
t — co. If (u, v) is a solution of (1.1) in 4,, then u(x, t) > w(x, t) and hence
u(x, t) — oo uniformly on Q, as ¢ — c0. The proof is complete. ||

Finally, let us look at a case that every positive solution (u, v) of (1.1)

must blow up in u as ¢ — oo, while v is persistent.

THEOREM 4.7.  Suppose A%+ (dU) < p, where p is given by 1= 2%(c0,).
Let pe (A8+(d0), ). Then any positive > solution (u, v) of (1.1) satisfies
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lim u(x, t) = oo, lim v(x, t) =0, uniformly on Q,, 4.7
t— o0

t— 0

im u(x, ) <u(x), lim v(x,?)>v(x), 4.8)
t— o0 t— 00
lim u(x, ) >a(x), lim v(x, ) <o(x), 4.9)

uniformly on any compact subset of Q., where (u,v) and (i, D) are the
minimal and maximal positive solutions of (1.2), respectively.

Proof. We may assume that both u(x, 0) = 4,(x) and v(x, 0) = vy(x) are
nonnegative and not identically zero. Let ¢ > 0 and (U,, V,) be the unique
solution of (4.2). We may assume that &> 0 is small enough such that
u> A% (du,) = us. Since we also have u < u < u°, by the known dynamical
behaviour of (4.2) (compare Theorem 2.7 of Part I),

lim U,(x,t)>#,(x), Iim V,(x,7) <7,(x)
t— o0

t— 00

uniformly on Q, where (i,, 7,) denotes the maximal positive solution of
(1.3).

Since u(x, t) = U,(x, t) and v(x, t) <V,(x,t), (4.7) and (4.9) now follow
from Theorem 3.7 by letting ¢ — 0 in the above inequalities. Clearly (4.8)
follows from Theorem 4.3. The proof is complete. ||

Remark 4.8. (1) A discussion on when the condition of Theorem 4.7 is
satisfied can be found in Remark 3.8.

(i) When (1.2) has a unique positive solution, then (u, v) = (i, D),
and Theorem 4.7 shows that the unique generalized steady-state solution of
(1.1) attracts all the positive solutions of (1.1).
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