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Abstract

Consider a product system over the positive cone of a quasi-lattice ordered group. We
construct a Fell bundle over an associated groupoid so that the cross-sectional algebra of
the bundle is isomorphic to the Nica—Toeplitz algebra of the product system. Under the
additional hypothesis that the left actions in the product system are implemented by in-
jective homomorphisms, we show that the cross-sectional algebra of the restriction of the
bundle to a natural boundary subgroupoid coincides with the Cuntz—Nica—Pimsner algebra
of the product system. We apply these results to improve on existing sufficient conditions
for nuclearity of the Nica—Toeplitz algebra and the Cuntz—Nica—Pimsner algebra, and for
the Cuntz—Nica—Pimsner algebra to coincide with its co-universal quotient.

1. Introduction

In [21], Pimsner associated to each C*-correspondence over a C*-algebra A two C*-
algebras 7y and Oy. His construction simultaneously generalised the Cuntz—Krieger algeb-
ras and their Toeplitz extensions, graph C*-algebras and crossed products by Z, and has been
intensively studied ever since.

It is standard these days to present 7x as the universal C*-algebra generated by a rep-
resentation of the module X, and then Oy as the quotient of 7y determined by a natural
covariance condition. However, this was not Pimsner’s original definition. In [21], Oy is by
definition the quotient of the image of the canonical representation of X as creation oper-
ators on its Fock space by the ideal of compact operators on the Fock space. Pimsner then
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provided two alternative presentations of Oy, the second of which is the one in terms of its
universal property.

The first, which is the one germane to this paper, is an analogue of the realisation of C(T)
by dilation of the canonical representation of the classical Toeplitz algebra on £2. Pimsner
constructed a direct-limit module X, over the direct limit A, of the algebras of compact
operators on the tensor powers of X. He showed that one can make sense of X" for all
integers 7, and so form a 2-sided Fock space @, ., X2". This space carries a natural repres-
entation of X, by translation operators, and the image generates Ox_ which is isomorphic
to O X

More recently [13], Fowler introduced compactly aligned product systems of Hilbert A—
A bimodules over the positive cones in quasi-lattice ordered groups (G, P), and studied
associated C*-algebras 7y and Oy, and an interpolating quotient N7 x (Fowler denoted it
by Zeov(X), but we follow the notation of [4]). When (G, P) = (Z,N), Ty = N'T x agrees
with Pimsner’s Toeplitz algebra, and Oy with Pimsner’s Cuntz—Pimsner algebra. But even
for (Z*, N?) the situation is more complicated. The algebra A/7 x is essentially universal for
the relations encoded by the natural Fock representation of X, so it is a natural analogue of
Pimsner’s Toeplitz algebra. But the quotient by the ideal of compact operators on the Fock
space is much too large to behave like an analogue of Pimsner’s Oy. (This is analogous to
the fact that C*(Z) is the quotient of C*(N) by the compact operators on ¢>(N), but C*(Z?)
is much smaller than the quotient of C*(N?) by the compact operators on £?(N?).) Fowler
also lacked an analogue of X; the direct limit should be taken over P, but P is typically
not directed. So Fowler’s approach to defining Oy was to mimic Pimsner’s second alternat-
ive presentation of Oy: identify a natural covariance relation and define Oy as the universal
quotient of 7x determined by this relation. Subsequent papers [5, 27] have modified Fowler’s
definition to accommodate various levels of additional generality, but have taken the same
fundamental approach of defining A'Oy as the universal C*-algebra determined by a repres-
entation of 7y satisfying some additional, essentially ad hoc, relations. Nevertheless, there
is strong evidence [5, 13] that the resulting C*-algebra N'Oy can profitably be regarded as
a generalised crossed product of the coefficient algebra A by the group G. In particular, in
the case that (G, P) = (Z*, N¥) and X is the product system arising from an action o of
N* on A by endomorphisms, a new characterisation and analysis of N'Oy, closely related
to Pimsner’s dilation approach, is achieved in [7] using the powerful machinery of Arveson
envelopes of non-self-adjoint operator algebras. The authors answer in the affirmative a
question raised in [5] about whether V'O can be recovered using Arveson’s approach, and
use this to show, amongst other things, that 'Oy is Morita equivalent (in fact isomorphic
in the case that the «,, are all injective) to a genuine crossed-product by Z*.

In this paper we provide an analogue of Pimsner’s first representation of Oy that is ap-
plicable to compactly aligned product systems over quasi-lattice ordered groups, under the
additional hypothesis that the left A-actions are implemented by nondegenerate injective ho-
momorphisms ¢, : A — L(X,). Our approach is to use a natural groupoid G associated to
(G, P) [18], and construct a Fell bundle over G whose cross-sectional C*-algebra coincides
with N7 x. The groupoid G has a natural boundary, which is a closed subgroupoid (see
[6]), and the restriction of our Fell bundle to this boundary subgroupoid has cross-sectional
algebra isomorphic to the algebra N'Ox of [27]. This is strong evidence that the relations
recorded in [27] are the right ones, at least for nondegenerate product systems with injective
left actions. As practical upshots of our results, we deduce that if the groupoid G is amenable,
then: (1) each of N7 x and N'Oy is nuclear whenever the coefficient algebra A is nuclear,
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and (2) NOx coincides with its co-universal quotient N'O’ as in [5]. This improves on
previous results along these lines, which assume that the group G is amenable, a stronger
hypothesis than amenability of G.

We mention that the work of Kwasniewski and Szymariski in [16], is related to our con-
struction. There the authors consider product systems over semigroups P that satisfy the
Ore condition but are not necessarily part of a quasi-lattice ordered pair, and assume that
the left actions in the product system are by compact operators. Here, by contrast, we insist
that P is quasi-lattice ordered, but do not require compact actions. Both approaches use the
machinery of Fell bundles, but Kwasniewski and Szymarski construct Fell bundles over the
enveloping group G of P, whereas we construct a bundle over the associated groupoid G.
As mentioned above, an advantage of the latter is that G can be amenable even when G is
not; and then our results guarantee immediately that NOx and N/ O coincide, whereas to
draw the same conclusion from [16], one must verify separately that the Fell bundle over G
constructed there is an amenable Fell bundle.

2. Preliminaries
2-1. Product systems over quasi-lattice ordered groups

Let G be a discrete group and let P be a subsemigroup of G satisfying P N P~! = {e}.
Define a partial order < on G by

g<h<g'her

We call the pair (G, P) a quasi-lattice ordered group if, whenever two elements g, h € G
have a common upper bound in G, they have a least common upper bound g Vv 4 in G. We
write g V h < oo if two elements g, 7 € G have a common upper bound and g V & = o0
otherwise.

A product system over a quasi-lattice ordered group (G, P) is a semigroup X equipped
with a semigroup homomorphism d : X — P such that the following hold. For each p € P,
let X, = d~'(p). Then we require that A = X, is a C*-algebra, thought of as a right-Hilbert
module over itself in the usual way, and that each X, is a right-Hilbert A-module together
with a left action of A by adjointable operators denoted ¢, : A — L£(X ). We require that ¢,
is given by left multiplication. Furthermore, for each p, ¢ € P with p + e, we require that
multiplication in X determines a Hilbert bimodule isomorphism X ,®4 X, — X, satisfying
X, ®x, = x,x,. The product system is nondegenerate if multiplication X, x X, — X, also
determines an isomorphism X, ®4 X, — X, for each p; that is, if each X, is nondegenerate
as a left A-module. Every right Hilbert module is automatically nondegenerate as a right A-
module by the Hewitt—Cohen factorisation theorem.

If p,q € P satisfy e + p < g, then there is a homomorphism i,-1, : £(X,) — L(X,)
characterised by

ip1g(S)(xy) = (Sx)y forallx € X, y € X,-14.

If we identify A with K(X,) in the usual way then the corresponding map i, : K(X,) —
L(X,)is i, = ¢,. We say that a product system X is compactly aligned if, whenever
SeK(X,). T € K(X,)and p Vv q < oo we have

ip=1(pvg) (S)ig=1(pvg) (T) € K(Xpug).
If g € G\ P we define i, to be 0.
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Example 2-1. The pair (Z, N) is a quasi-lattice ordered group, where < agrees with the
usual ordering on Z. Let A be a C*-algebra and let E be an A-correspondence; i.e. E is a
right Hilbert A-module with a left action A — L(FE). Let X, := A and for each n € N\ {0}
let X, ;== E®". Then

X = UneN X"
is a product system over (Z, N). With multiplication given by £n := & ® n.

Example 2-2. Foreach k > 1, the pair (Z*, N*) is a quasi lattice ordered group where, for
m,neZandl <i <k

(m Vv n); = max{m;, n;}.

Suppose that (A, d) is a k-graph. For each n € N¥, C.(d~'(n)) is a pre-Hilbert A = Cy(A°)
module. Let X, = C.(d~'(n)). Then

X = UneNk X”
is a product system over (Z*, N¥). (See [24].)

2-2. Representations of product systems
For details of the following, see [5, 13, 27].

Definition 2-3. Let X be a compactly aligned product system over a quasi-lattice ordered
group (G, P). A Toeplitz representation of X in a C*-algebra Bisamapy : X — B
satisfying:

(T1) ¥, :=¥lx, : X, — Bislinear for all p € P and ¥, is a homomorphism;
(T2) ¥(xy) =¥ (x)¥(y) forall x, y € X; and
(T3) forany p € Pandx,y € X, ¥ ({x,y)) = ¢y ()" ¥ (y).

Given a Toeplitz respresentation ¥ : X — B, for each p € P there is a homomorphism

¥P : K(X,) — B satisfying

1//(lm(ex,y) = wp(x)Wp(Y)*
We call a Toeplitz representation v : X — B Nica covariant if
(N) forall S € K(X,), T € K(X,) we have

» @) _ Y (ip*‘(qu)(S)iq"(pv(/)(T)) ifpvg<oo
YESYNT) = {0 otherwise.

Following [4], we will write N7 x for the universal C*-algebra generated by a Nica-
covariant Toeplitz representation ix of X. (Fowler shows that such a C*-algebra exists in
[13], but denotes it Toy (X).)

Given a predicate P on P, we say P is true for large s if for every g € P, there exists an
r > q such that P(s) is true whenever s > r.

We now present the definition of the Cuntz—Nica—Pimsner algebra /'O of a product sys-
tem X under the assumption that the left action on each fibre is implemented by an injective
homomorphism ¢,. This hypothesis is not needed for N’Ox to make sense (see [27]); but if
the left actions are not implemented by injective homomorphisms, then the relation (CNP)
as described below does not hold in N'Oy. In particular, this hypothesis will be necessary
in all statements that involve Cuntz—Nica—Pimsner covariance and representations of A'Oy:
Proposition 4-2, Theorem 5-2 and the results in Section 6
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Definition 2-4. Let X be a compactly aligned product system over a quasi-lattice ordered
group (G, P) and suppose that for each p € P the left action ¢, : A — L(X) is inject-
ive. We say a Nica covariant Toeplitz representation ¢ : X — B is Cuntz—Nica—Pimsner

covariant if it satisfies the following property:
(CNP) for each finite F' C P and collection of elements 7, € K(X,), p € F,

if 3 cpip1g(Ty) = 0 for large g, then > per WPUT,) = 0.

We write N'Oy for the universal C*-algebra generated by a Cuntz—Nica-Pimsner covariant
representation jx of X.

2.3. Fell bundles over groupoids

We say that a groupoid G is a topological groupoid if G is a topological space and the
multiplication and inversion are continuous functions. We call a topological groupoid G étale
if the unit space G© is locally compact and Hausdorff, and the range map r : G — G© is
a local homeomorphism. It follows that the source map s is also a local homeomorphism.
A bisection of G is an open subset U C G such that r|y and s|y are homeomorphisms; the
topology of a Hausdorff étale groupoid admits a basis consisting of bisections. See [10] for
an overview of étale groupoids.

Given a Hausdorff étale groupoid G, a Fell bundle over G is an upper-semicontinuous
Banach bundle p : & — G with a multiplication

EPY ={(e, e ExE: (ple), p(f) eGP} — &

and an involution

* (g) —> (9(07 e —> e*
satisfying the following properties:

(i) the multiplication is associative and bilinear, whenever it makes sense;
(i) p(ef) = p(e)p(f) forall (e, f) € £
(iii) multiplication is continuous in the relative topology on &® C & x &
iv) llefll < llellll f1I for all (e, f) € &P
(v) p(e*) = p(e)~! forall e € &, and involution is continuous and conjugate linear;
(vi) (e)* =e, [le*]| = |le|l and (ef)* = f*e* forall (¢, f) € &;
(vii) |le*e|| = |le||* forall e € &;
(viii) e*e > 0 as an element of p~'(s(p(e)))—which is a C*-algebra by ((i))—((vii))—for
alle € &.

We denote by E, the fibre p~'(y) C &.

Given a Fell bundle & over a locally compact Hausdorff étale groupoid, we write I'.(G; &)
for the vector space of continuous, compactly supported sections & : G — & If H C Gisa
closed subset, we will write I'.(H; &) for the compactly supported sections of the restriction
of & to H; thatis, I'.(H; &) := T.(H; &|n).

There are a convolution and involution on I'.(G; &) such that for &, n € T'.(G; &),

Exn(y) = Z E@n(B) and E(y)=E( )"
ap=y
This gives ['.(G; &) the structure of a %-algebra. The I-norm on I'.(G; &) is given by

170 = sup (max (32 0rool Yo 1Fo0l)).

ueg® s(y)=u r(y)=u
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A x-homomorphism L : T'.(G; &) — B(Hp) is called a bounded representation if
IL(OI < N fll; for all f € T.(G; &). It is nondegenerate if span{L(f)é : f €
I'.(G; &), & € Hy} = H; is dense. The universal C*-norm on I'.(G; &) is

| £l :==sup{||L(f)|l : L is an bounded representation}.

We define the cross-sectional algebra C*(G, &) to be the completion of I'.(G; &) with re-
spect to the universal C*-norm. If H C G is a closed subgroupoid, then we write C*(H, &)
for the completion of I'.(H, &) in the universal norm on I'.(H, &).

3. From a product system to a Fell bundle

In this section, given a product system X over a quasi-lattice ordered group (G, P), we
construct a groupoid G and a Fell bundle & over G. We will show in Section 5 that the C*-
algebra of this Fell bundle coincides with the Nica—Toeplitz algebra of X, and has a natural
quotient that coincides with the Cuntz—Nica—Pimsner algebra.

Standing notation: we fix, for the duration of Section 3, a quasi-lattice ordered group
(G, P), and a nondegenerate compactly aligned product system X over P. For the time
being, we do not require that the left actions on the fibres of X are implemented by injective
homomorphisms; as mentioned before, this additional hypothesis will be needed only in
Proposition 4-2, Theorem 5-2 and the results of Section 6.

3-1. The groupoid

We first construct a groupoid from (G, P). This construction is by no means new—for
example, it appears in the work of Muhly and Renault [18] in the context of Wiener—Hopf
algebras. Fix a quasi-lattice ordered group (G, P). We say that w C G is directed if

g.hew — coFfFgVhew
and hereditary if
hewandg < h = g ecw.

Let @ = {w C G : wis directed and hereditary}. With the relative product topology in-
duced by identifying € with a subset of {0, 1}¢ in the usual way, € is a totally disconnected
compact Hausdorff space: the sets

Z(Ap, Ay) ={weQ:ige A = x.(8) =i},

indexed by pairs Ay, A; of finite subsets of G constitute a basis of compact open sets.
We say that w € Q is maximal if ® C p € Q implies w = p. Let Qux = {0 € Q :
w is maximal}. Define the boundary of €2 to be

092 1= Quax C Q.
Given g € G and w € Q, let
gw = {gh:h € w}.

For finite Ag, A} € G and g € G, we have g7'Z(Ay, A)) = Z(g 'Ap, g 'A}). Hence
g - w = g defines an action of G by homeomorphisms of 2. Given p € P, the set
w, = {g € G : g < p} belongs to €2, so we can regard P as a subset of Q.

PROPOSITION 3-1. The boundary 92 is invariant under the action of G.
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Proof. By continuity of the G-action, it suffices to show that ., is invariant. Fix o €
Qmax and g € G and suppose that g C p for some p € Q. Then v C g~'p and hence
w = g~ 'p, since w is maximal. So gw = gg~'p = p.

The set

Gg={(g w):PNw+and PNgw + o)

becomes a groupoid when endowed with the operations

(g, hw)(h, ®) = (gh,w) and (g, 0)"' =(g"', gw).

The unit space is {e} x €2, which we identify with €2, and the structure maps are
r(g,w) =(e,gw) and s(g,w) = (e,w).

One can check that G is equal to the restriction of the transformation groupoid G x 2 to
the closure of the copy of P in 2; in symbols, G = (G x Q)|p. We write G|;q for the
subgroupoid

Glag :={(g,w) € G : w € IQ}.

Notice that for any (g, w) € G, s is bijective on the open neighbourhood {g} x @ C G, and
s0 G, and then also 03, are étale groupoids.

3-2. The fibres of the Fell bundle
For a fixed r € P and any p, g € P there is a map

ir : E(Xp» Xq) — ‘C(Xpr, er)
such that, forx € X, and y € X,

i(S)(xy) = S(x)y.

There is no notational dependence on p and g, but this will not cause confusion—indeed, it
is helpful to think of i, as a map from P, .., LX), Xy) 0D, ,cp LXpr, Xyr)-

For w € Q and p € w, we define [p, w) :={g € w : p < ¢q}. Given any (g, w) € G, we
have [evVg™', w) = {p € PNw : gp € P}, and this set is directed (under the usual ordering
on P). So we can form the Banach-space direct limit

li—n>lpe[e\/g-‘,w) L(Xp, Xgp)
with respect to the maps i, : £L(X,, X,,) — L(X,,, X,p) Where pr, gpr € w. By definition
of the direct limit, there are bounded linear maps L(X ), Xgp) — lmL(X), Xg,), p €
[evg™!, w), that are compatible with the linking maps i,. To lighten notation we regard all of
these maps as components of a single map i, ) : EBP LX), Xqp) — h_r)n L(X,, X,,). Since
each K(X,, X,,) € L(X,, Xgp) the map i, ) restricts to a map i) : K(X,, Xzp) —
li_r)nE(Xp, X,,) foreach p € [e vV g7', w). So we can define

E (4. = span Upe[ev;,rl,w) [g.0) (K(Xp, Xgp)) € li_r)n,C(Xp, Xep)-

LEMMA 3-2. Each A,, := E ) is a C*-algebra and each E . is an Ag,—A,, imprimit-
ivity bimodule.

Proof. By definition of the maps i,, if T € L(X,, X,) and S € L(X,, X, ), then
i.(T)i,(S) =i, (TS), and i, (T)* = i,(T*). Using this, one checks that, identifying each
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L(X, ® X,,) with the algebra of block-operator matrices ( ﬁ(f((;f?p(lﬂ L(g(g)’(’;j()”) ), the maps i,

determine a homomorphism i, : £(X,® X,,) — L(X,, @ X,p,). In the same vein as above,
we use the notation 7, ,, for all of the homomorphisms £(X, & X,,) — h_r)n L(X,, Xgp).

The following is adapted from the proof of [17, lemma 4-1]. Since w is directed, each finite
subset H C [e V g~!, w) is contained in a finite F C [e V g~', w) which is closed under V,
and each such F has a maximum element pr. By definition of the maps i, described in the
preceding paragraph, each s € F satisfies is-1,, (K(X; @ X)) C is-1,, (L(X; ® X)) S
L(X,, ® L(X,,). For each such F, let

Br =Y is1,, (KX, ® Xg0)) € LX), ® Xg,).

seF
If F C w is finite with more than one element and V-closed, and if ¢ € F is minimal, then
F':= F \ {q}isalso V closed, and pyp = pr. We have Bp = i;1,, (K(X,; ® X)) + Bp'.
Nica covariance and minimality of ¢ ensures that

iq*‘pp (K:(Xq @ ng))is*‘pp (’C(Xs @ ng)) - i(q\/s)*lpp (K(Xq\/s @ Xg(qu))) C By,

s0 Bp'Br, Br B € Bp:.. Assuming as an inductive hypothesis that By is a C*-algebra, we
deduce from [8, corollary 1-8-4] that By is a C*-algebra. Since each By,; = K(X, ® X,,) is
clearly a C*-algebra, we conclude by induction that each Bf is a C*-algebra. By definition
Iy carries each K(X), @ X,) into lim L(X, ® X,), and we deduce that

SPAN U pejevg 1.0 Lo (K(X) © X)) C lim £(X), ® X,p)

is canonically isometrically isomorphic to L., = li_I)nF Iw(BrF), so is a C*-algebra.
Put p = evgl,sop € oNPand gp € gw N P. Since X is nondegenerate,
the spaces A, and A, appear as the complementary full corners 7; ., (1x,)Lg.0lgo(lx,)
and g ,(l1x,)Lgwlgw(lx,) Of Lg,, so they are C*-algebras. Furthermore, E(..) =
lgw(lx,,)Lgolsw(lx,), and since 7y ,(lx,,) and 7, ,(1x,) are full projections, we deduce

that E, , is an Az,—A,-imprimitivity bimodule with linking algebra L, ,.

3.3. The operations on the Fell bundle
Let

&= U(g.a))eg E ).
Then & is a bundle over G, with 7w : & — G defined by 7(E(, ) = {(g, ®)}.

LEMMA 3-3. Fix p,p',q,q' € P with pVv q' < oo andletr = p~'(p Vv q'), and
r'=q" " (pVvq'). Thenforany S € KX, Xp)and T € K(X,, X,) we have

i, (8)iy(T) € K(Xgr, Xprr).

Proof. Since both the left and right actions are nondegenerate, it is enough to prove the
result for SU and VT where S € K(X, ), U € K(X,) and T € K(X,, Xy), V € K(Xy).
We have

i (SU)ip (VT) =i, (8)i,(U)ir (V)i (T).

Since X is compactly aligned, we have i, (U)i, (V) € K(Xpv4), and hence i, (SU)i, (VT) €
K(Xgr, X,r) as claimed.
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Product systems and Fell bundles 569
Fix ((g, hw), (h,w)) € GP, hp € [ev g™, hw),q € [evVh™', w) and S € K(Xyp, Xnp),
T € K(X,, Xny)-Letr = p~"(pVv q),r =q ' (pV q), and define
i(g.he) (i) (T) 1= i(gnw @ (S)iy(T)).
The right hand side makes sense by Lemma 3-3. This extends to a multiplication
ED ={(e, [ e &ExE: (m(e), n(f)) € G?} — &.

For (g,w) € G and p € [e vV g”', w), the usual adjoint operation * : L(X,, X)) —
L(X,,, X,) = L(Xgp, Xg-1(gp)) 18 isometric. So for each (g, w) it extends to an involution
lim £(X ), Xgp) — lim L(X,p, X ), which then restricts to an involution Ey,0) = E(g-1 0)-
3-4. The topology on the Fell bundle

Given p,q € P and S € L(X,, X,) define f5: G —
by

U(g,w)eg h_r>np€[evg4,w) E(va Xgp)

s _ gp—1.0)(S) ifg = qp_l and p € w,
S @)= {0 otherwise.

LEMMA 3-4. Forany p,q € P andany S € L(X,, X,), the map
(g @) — [f (g o)

IS upper semicontinuous.

Proof. Since || f5(g, w)|| = || f55(w)|'/? for any (g, w) € G, it is enough to check upper
semicontinuity on the unit space G© = Q. Fix p € P, S € £(X,) and « > 0. We must
show that the set

{o: I @I <o}
is open. Since p ¢ w implies that f5(w) = 0, we see that
{o:If @I <o} =Z(p}, D) U{w: p e wand i ()] < )
and so it is enough to show that {w : p € w and || f*(w)|| < a} is open. Fix  in this set. By

the definition of the norm on A, and using the fact that each i,,- is norm-decreasing as a
C*-homomorphism, we have

I £5 @) = llio(Il = 1im [li,-1,(S)]| = inf [|ip-14(S)].
qzp q=p

Therefore, there exists a ¢ > p such that ||li,-1,(S)|| < «. Suppose that o' € Z(2, {q}).
Then p € /', and so

175 (@) = lliw (DI < lip14 ()| < @
as required.

Now let
I =span{f*:p,qge P, SekK(X,, X,)}

Given finitely many pairs (pi, 1), ..., (Pa, ¢,) and operators S; € K(X,,, X,,), there are
finitely many maximal subsets Fi, ..., F,, of {py, ..., p,} such that each F; has an upper
bound r; in P. Putting T; := ZpiEFj i,-1,,(S;) for each j, we have T; € L(X,,, X

and since each i, -1 , 00,1, =i, ,1,lcx,.x,), We have

ap'r)>
qip;
Z:‘l=1 fSY = ZT:l fT’Q
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where the 7/ have mutually disjoint support. So Lemma 3-4 shows that the sections in I’
are upper semicontinuous.
Given (g, w) € G we have

{f(g.0): feT={iqun(S): pelevg »), Sek(X, X))}
= U[evg*l,w) i(g,w)(IC(Xps Xgp))

which densely spans E, .. Hence [12, section II-13-18] shows that there is a unique topo-
logy on & such that (&, ) is a Banach bundle and all the functions in I" are continuous
cross sections of &’; and & becomes a Fell-bundle over G in this topology.

4. Representing the product system
4-1. Toeplitz representation

Let (G, P) be a quasi-lattice ordered group, and X a nondegenerate compactly aligned
product system over P. For p € P, identify X, with X(X,, X,) as usual: x € X, is iden-
tified with the operator a +— x - a. We then write x* for the operator y — (x,y)x, in
K(X,,X,).Define ¢, : X, - C*(G, &) by ¥,(x) = f*.

PROPOSITION 4-1. Let (G, P) be a quasi-lattice ordered group, and X a nondegenerate
compactly aligned product system over P. Let G and & be the groupoid and Fell bundle
constructed in Section 3. The map ¥ : X — C*(G, &) such that Vlx, = ¥, is a Nica
covariant Toeplitz representation of X, and for S € K(X ), we have P (S) = f5.

Proof. We need to check the conditions of Definition 2-3. For x, y € X, and a € X,,

V)Y, (18 @) =) % 1) = D f(gh™ ho) ) f(h, w)

hoNP+2

= > fAhgt ge) £ (h.w) = 8 f1(p. ) £ (p. @)

hoNP+2
= 6g,ei(p,a))(-x)*i(p,a)) (y) = 5g,ei(p’],pa)) (x*)i(p,w) (y)
= 8g.ein((x, y)a) = f5V(g, ) = Y ((x, ).

Likewise,
[Ye( @y (0)1(g, ) = [f* % [l o) = D f“gh™", ho) f*(h, @)
hoNP+2

= ag,pipw(a)i(p,w) (X) = 6g,pi(p,w) (CZX) = fax(g» a)) = Wp(ax)

and
VOV @@, @) = L+ g o) = Y. FHgh™ ho) f*(h, )
hoNP+&
= Sg,pi(p,a))(x)ia)(a) = (Sg,pi(p,a))(xa) = fxa(g’ (,()) = wp(Xd)-
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To see that each P (S) = f5, consider S = 6, , and calculate:
Y P (0,,,)(8, ) = [V, ()Y, (1)*1(g, ) = [f* % f1(g, w)
= D [ ho) (o))

hoNP+&

= Y fUghT  he) (T hw) = 8, picp ) (Dicp 1) (D)

hoN\P+2
= 8¢, pi(p.p10) (i(p1,0) (V) = 8¢, pii(bx,y) = [ (g, w).
So continuity and linearity give ¥?(S) = f5 for all S € K(X,). Fix p,q € P with
pVvqg<ooand S € K(X,), T € K(X,). Then

PSP o) =15 flg o) = Y. fS(eh™ ho)fT(h, )

hoP+2
= 8g,el(8)in(T) = 8g.elw(ip-1(pvg) (Sig-1(pve) (T))
= firteo®@iriow D (g, w)
= [ PP 1 (pvg) (Sig-1(vg) (TH(G, ®).
Thus all the conditions of Definition 2-3 are satisfied.
4.2, Restriction of the representation to the boundary groupoid
Consider 77, : X, = C*(Glyq, &) satisfying
7p(x) = flgle
Define 7 : X — C*(Glya, &) by m|x, = 7).

PROPOSITION 4-2. Let (G, P) be a quasi-lattice ordered group, and X a nondegenerate
compactly aligned product system over P. Suppose that the homomorphisms ¢, : A —
L(X ) implementing the left actions are all injective. Let G and & be the groupoid and Fell
bundle constructed in Section 3. The map w : X — C*(Glsq, &) is a Cuntz—Nica—Pimsner
covariant Toeplitz representation.

Before we prove this, we need two lemmas.

LEMMA 4-3. Suppose that v € 02 and q € P satisfy g V p < oo forall p € w. Then
q € w.

Proof. Consider the set
gVvVw:={qVp:pecow}l
Ifg Vv pi,qV ps € gV wwehave
(@Vvp)V@Vp)=qV(pVp)eqVve

since p; V p; € w. So g V w is directed. Let Her(g V w) denote the hereditary closure
Her(g vw) = {g € G: g < pforsome p € g Vw} of ¢ Vw. Notice thatg = g Ve €
Her(q v w). For any p € o,

p<qVpeEgVw

and hence p € Her(q V w). So w C Her(g V w) and hence w = Her(q V w) because w € 9€2.
Soqg € w.
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LEMMA 4-4. Fix a sequence (w,)oe, C Q2 with p € w, for all n, and suppose that
w, = w. Then p € w, and for T € K(X,),

i, (T) — in(T)in E asn —> o0.

Proof. We know that the set Z(@, {p}) is closed and w, € Z(@, {p}) for all n. Hence
w e Z(D,{p}) andso p € w.

Now, fix T € K(X,) and U C & open with i,,(T) € U. By definition of the topology
on &, the function f7 is continuous, so (f7)~'(U) C G is open. Since w, —  and G
has the relative product topology, (e, w,) — (e, ®) in G. We have f7 (e, w) = i,(T) € U,
and hence (e, w) € (fT)~'(U). Thus there exists N such that (e, ,) € (fT)~'(U) for all
n > N, and so

fT(e, w,) =1i,,(T) € U foralln > N,
giving i, (T) — i,(T).
Proof of Proposition 4-2. Replacing w € Q with @ € 92 in the proof of Proposition
4.1 shows that 7 is a Nica covariant Toeplitz representation. Since all the left actions are
by injective homomorphisms, the representation 7 is Cuntz—Nica—Pimsner covariant if it

satisfies relation (CNP) of Definition 2-4.
Fix a finite set /' C P and elements 7, € K(X ), p € F such that

ZpEF igp1 (Tp) =0

for large ¢. We must show that 3~ . 7P(T,) = 0. So, since each 7P (T) = P (T)|sq,
we have to check that

ZPEF fTﬂ(gv w) =0

for all (g, w) € Glyq. Fix (g, w) € Glyq With w € Q., and observe that
D per fr(g, w) = 8. > perno lo(Tp)-
Since F Nw C P is finite and w is directed, the element
ri= \/peFﬂw P
belongs to w, and
ZpeFﬂw lw(TP) = lw( ZpeFﬂw ipflr(TP)>'

Since w is directed and countable we can choose a sequence (r,)o-, C w satisfying:

W) rn=r;
(i1) rpyy = r, for all n;
(i) for all ¢ € w, there exists n with r,, > q.

For each n, choose ¢, > r, and w, € Q2 with g, € w, (and hence r, € w,) such that
ZpEF ip-1q,(Tp) = 0.
Then in particular,

Zpanw,l ip-1q,(Tp) = Z[JEF ip-1q,(Tp) =0 (41

since p € F \ w, implies p < ¢, and so i;’*l"" = 0. We claim that w, — w asn — o0. To
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see this fix Z(Ay, A;) containing w. Since A; C w and w is directed, A has an upper bound
in P. Let

S=\/p€A] p-

By definition of (r,);2, there is an n; with r,,, > 5. Then A; C w,, forany n > n,.

For each ¢ € Ay, let N, := max{n : g € w,}. Suppose for contradiction that ¢ € Ay
satisfies N, = oo. For any p € w we can find r; > p. Since N, = oo we can find k > j
with ¢ € w;. But then

GgVIrg<o00 — gVr<o0 — gV p<x.

Since p € w was arbitrary we deduce that ¢ vV p < oo for all p € w and hence ¢ € w by
Lemma 4-3. This contradicts @ € Z(Ag, A1). Therefore N, is finite for every g € Ag. Now
put

N := max {nl, maxgea, Nq} < 00.

Then w, € Z(Ag, Ay) forany n > N and w, — o as claimed. Since F is finite, there exists
Np such that n > Ny implies F Nw, = F No.
Hence, using Lemma 4-4 at the third equality and (4-1) at the last one, we have

Z pr(gv w) = (Sg,e Z lw(Tp) = (Sg,eiw Z ip“r(Tp)

peF peFNw peFNw

=8 lim iy, | Y iy, (T)) = g lim i, D g (T))

n—00
peFNw peFNw

=g lim iy, [ D ip1q,(T) | =0.

peFNw,

Since Qp.x is dense in 92 and ) peF aP(T ») is a continuous section of &, we deduce that
ZpeF n(P)(T,,) =0.

5. The isomorphisms

In this section, we prove our main results: that the C*-algebra of the Fell bundle & con-
structed in Section 3 is isomorphic to the Nica-Toeplitz algebra N7 x and, under the hy-
pothesis that the left actions of A on the X, are implemented by injective homomorphisms,
that the C*-algebra of the restriction of & to the boundary groupoid G|yq is isomorphic to
the Cuntz—Nica—Pimsner algebra N'Oy.

THEOREM 5-1. Let X be a compactly aligned product system over a quasi-lattice ordered
group (G, P). Let G and & be the groupoid and Fell bundle constructed in Section 3. Then
the homomorphism V¥ : NTx — C*(G, &) induced by the Toeplitz representation v of
Proposition 4-1 is an isomorphism.

Proof. We begin by showing that W is surjective. By definition of the topology on &,
it suffices to show that /¥ € ImW for all S € K(X,, X,). If S, T € K(X,, X,) then
£S5+ T = f57, so it suffices to show that f®+ € Im W forall x € X, and y € X,. Given
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(g, w) € Q we have
[V MY ()18, ) = [f* % f71(g, @) = Z fr(gh™ heo) f*(h™, hewo)*
hoNP+&
= 8eqp 1 2@, pT ) [ (P, pTI0)" = g gpritgp i) @iy (1)
= 8g.ap1itg.p 10 X (p1 .y (V) = 8¢ gpr1igpt.an (V) = [ (g, w)
as required. To see that W is injective, we construct an inverse. We begin by showing that

there is a well-defined map @ : span( | f5:8 e K(X,, X,)}) - NTy satisfying
() = ix(y)ig(x)* forallx,y e X. (5-1)

1

p,qEP{

To see that such a map exists, suppose that
S [P =0eT(G: &).
It suffices to show that
23:1 ix(y)ix(x))*=0e NTy.

Since the Fock representation / : X — L(F (X)) is isometric [13, page 340], this is equival-
ent to

Y LI =0 € LIF(X)).
To see this, fix z € X, and a € A. For any p € P we have
IO @ a) | (= Y (ip,ﬂ,-(xj)*(z : a)) .
J=l pjsr

q;p;'r=p

Hence (Z_’;:l fe-vf»»v) * ff%a =0, and so

0= (Z fevj.xj) * fem (p.le]) = Z i(qj'l’fl,[r])(e.vi’xj)i(h[d) Oz.00)
j=1

ajpy'r=p
pj€lr]
= Y i@ = Y (i) e o).
pjsr pjsr
q;pj'r=p a;pj'r=p

Hence
(X1 1010 @ @) (p) = 0.

Since z-a and p were arbitrary, we see that there is a well-defined linear map satisfying (5-1).

We now show that @ in continuous in the inductive limit topology. Suppose that f; — f
in T'.(G; &). Fix a compact subset K C G such that f and each of the f; vanishes off K.
Write f = Z;f:l /5 where each §; € (X p;» Xg;)- Inductively define

A; =supp(fS) and Ay = supp(fS+)\ (UI;:I Ak>, for 1 <k < n.

Then each A; C G is a bisection, so that |(f; — f)|allcxc.e)y = 1(fi — f)la oo for all i.
Define the set
Appr = K\ (U?:l Ak) .

Downloaded from https://www.cambridge.org/core. University of New England, on 09 Nov 2021 at 23:01:56, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004117000202


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004117000202
https://www.cambridge.org/core

Product systems and Fell bundles 575

Without loss of generality, we may assume that A, is also a bisection. Then there exists
N > 1suchthatforalli > Nand1 <k <n

&
1(fi = Pladle < PaE

Sofori > N

19CH) = SNl = | Yo @i = 1%
j=1

=| S i 01|
Jj=1 k=1
n n+l n n+l

<Y D NOWS = £ DY i = FDlalloo <&

j=1 k=1 j=1 k=1

So ®(f;) = P(f). Since the inductive limit topology on I'.(G; &) is weaker than the norm
topology, we see that @ is bounded in norm. Since ['.(G; &) is norm dense in C*(G, &), ®
extends to a x-homomorphism

(O C*(g,éa) —)NTX
which is, by construction, an inverse for ¥. So C*(G, &) =~ N'Ty.

THEOREM 5-2. Let X be a nondegenerate compactly aligned product system over a
quasi-lattice ordered group (G, P). Suppose that the homomorphisms ¢, : A — L(X))
implementing the left actions are all injective. Let G and & be the groupoid and Fell bundle
constructed in Section 3. Then the homomorphism I1 : NOx — C*(G|sq, &), induced by
the Cuntz—Nica—Pimsner covariant representation 7w of Proposition 4-2, is an isomorphism.

Before we prove Theorem 5-2, we need to do some background work on coactions. The
first lemma that we need is a general statement about coactions of discrete groups. The
following brief summary of discrete coactions is based on [9, section A-3]. Given a dis-
crete group G, the universal property of C*(G) shows that there is a homomorphism ¢ :
C*(G) — C*(G)®C*(G) whose extension to MC*(G) satisfies 8, (i¢(g)) = ig(8)®ic(g).
A coaction of a discrete group G on a C*-algebra A is a nondegenerate homomorphism
3 : A — A® C*(G) which satisfies the coaction identity

(8 ® IC*(G)) 0d = (1 ® Sg) 04.

The coaction § is coaction-nondegenerate if span§(A) (14 ® C*(G)) = A ® C*(G).

It is claimed at the beginning of [23, section 1] that, in our setting of discrete groups G,
every coaction of a discrete group is coaction-nondegenerate. This assertion was used in
results of [5] that we in turn will want to use in the proof of Theorem 5-2. However, this
assertion in [23] depends on [22, proposition 2-5], and a gap has recently been identified in
the proof of this result [15]. The following simple lemma is well known, but hard to find in
the literature. We will use it first to show that the coactions used in [5] are indeed coaction-
nondegenerate (so the results of [5] are not affected by the issue identified in [15]), and then
again in the proof of Lemma 5-5 below.

Recall thatif § : A — A ® C*(G) is a coaction of a discrete group, then for each g € G,
we write A, for the spectral subspace {a € A : 6(a) =a ®ig(g)}.

LEMMA 5-3. Let A be a C*-algebra and G a discrete group. Suppose that § : A —
AQC*(G) is a coaction. Then § is coaction-nondegenerate if and only if A = span | J ecG Ag
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Proof. First suppose that § is coaction-nondegenerate. Then [9, proposition A-31] shows
that A is densely spanned by its spectral subspaces. Now suppose that A is densely spanned
by its spectral subspaces. Fix a typical spanning element ¢ ® iz(G) of A ® C*(G). Fix ¢
and choose finitely many g; € G and a; € A, such that |la — ), a;|| < €. Then

| Zis@ra@icts ') —a@ice)| = (Lia -a) 2ise)| <.
completing the proof.

COROLLARY 5-4. The coactions of G on NT x and NOyx used in (5] are coaction-
nondegenerate.

Proof. By construction (see [13]), the algebra N7 x is the closure of the span of the
elements iy (x)ix(y)* where x, y € X.Hence N Oy is densely spanned by the corresponding
elements jy(x)jx(y)*. The coactions of [5] are given by d(ix(x)) = ix(x) ® ig(g) and
§(jx(x)) = jx(x) ® ig(g) whenever x € X,. So each spanning element of N7 yx and of
N Oy belongs to a spectral subspace for §. Hence N7 x and N Oy are spanned by their
spectral subspaces. Thus Lemma 5-3 shows that the coactions § are coaction-nondegenerate.

The second lemma that we need establishes that the C*-algebra of the Fell bundle of
Section 3 carries a coaction of G that is compatible with the gauge coactions on N7 x and

NOy.

LEMMA 5-5. Let ¢ be a continuous grading of a Hausdorff étale groupoid G by a discrete
group G, and let & be a Fell bundle over G. Let i : G — C*(G) denote the universal rep-
resentation of G. There is a coaction-nondegenerate coaction 8 of G on C*(&, G) satisfying

5(f) = f®ic(g)
whenever g € G and f € T.(G; &) satisfies supp(f) C ¢~ ' ({g}).

Proof. As a vector space, the space I'.(G; &) is equal to the algebraic direct sum
@geG I.(c7'(g); &). So there is a linear map § : ['.(G; &) — I'.(G; &) ® C*(G) such that
8(f) = f ®ig whenever f € T.(¢c™1®; &). It is routine to check that this map is multiplic-
ative and *-preserving and continuous in the inductive-limit topology, and therefore extends
to a homomorphism § : C*(G, &) — C*(G, &) ® C*(G). An elementary calculation checks
the coaction identity on f € I'.(c~!(g); &), which suffices by linearity and continuity. To
check that § is coaction-nondegenerate, observe that the spectral subspaces C*(G, &), are
precisely the spaces I'.(c~!(g)); &). By definition, C*(G, &) is the closure of I'.(G; &),
which is spanned by the spaces I'.(c ! (g)); &). It follows that C*(G, &) is densely spanned
by its spectral subspaces, and so § is coaction-nondegenerate by Lemma 5-3.

Recall that the Cuntz—Nica-Pimsner algebra 'Oy has a quotient N'O that possesses a
co-universal property described in [5, theorem 4-1].

Proof of Theorem 5-2. To show that IT is an isomorphism, it is enough to show that the
homomorphism ® = W~! of (5-1) factors through the quotient map

p:C(G,E) — C*(Glsa, &)
defined on ['¢(G; &) by
p(f) = flglsa-
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To see this we use the co-universal property of N'OY. Since G|;q is G-graded via (g, @) >
g, Lemma 5-5 gives a coaction 8 : C*(Glyq, &) — C*(Glsq, &) ® C*(G) such that

B = fS®iglgp™") forall X € K(X,, X,).

For any x € X, we have

Br(x)) =B(fY) = [ ®ig(p) = ((r ® 1) 08)(jx(x)),

where jy : X — N Oy is the universal representation. So 7 is gauge-compatible in the sense
of [5]. We aim to apply [5, Theorem 4.1] to 7, so we must show that 7, : A — C*(Glsq, &)
is injective. Since the ¢, are injective, the maps i, : £(X,) — L(X,,) appearing in the
construction of the fibres A,, ® € G© in Section 3-2 are all injective. Hence the canonical
map i, : A = X, — X, is injective for each unit w. In particular, for each a € A, the
element ,(A) := f¢ satisfies f“(w) = i,(a) + 0 for all w, and 7, is injective.

Now, writing A, for the canonical quotient map from N'Oyx to N'OY%, [5, theorem 4-1]
yields a homomorphism

¢ :C*(Glog, &) — NO;(

that carries f° to )»r(j;((p)(S)) for S € K(X)).

Fix f € ker(p). Without loss of generality, assume that supp(f) C G is a bisection.
Then ¢ (p(f)) = 0 and hence ¢p(o(f*f)) = 0. So we have A,(o(P(f*f))) = 0. But
p(@(f*f)) € NOx), and A,|(noy), is isometric because the reduction map for any coac-
tion is isometric on each spectral subspace. Hence

llg(@NI* = llg(@f* NI =0

as required.

6. Applications

To state the results in this section, we recall that a C*-algebra A is nuclear if the iden-
tity homomorphism on A is point-norm approximately factorisable by completely positive
contractions through finite-dimensional C*-algebras [3, definitions 2-1-1 and 2-3-1]. It turns
out that A is nuclear if and only if A ®uin B = A Quax B for all C*-algebras B [3, the-
orem 3-8-7]. We also recall that a groupoid is amenable if it admits an approximate invariant
mean (see, for example, [1, proposition 2-2-13(ii)]). By [1, corollary 6-2-14], for a locally
compact étale groupoid (and indeed more generally), amenability is equivalent to nuclearity
of the associated reduced C*-algebra.

Takeishi [28] has recently characterised nuclearity for C*-algebras of Fell bundles over
étale groupoids as follows.

THEOREM 6-1 ([28, theorem 4-1]). Let & be a Fell bundle over an étale locally compact
Hausdorff groupoid G. If G is amenable, then the following conditions are equivalent:

(i) the C*-algebra C}(&) is nuclear;
(i) the fibre E, is nuclear for every x € G©;
(iii) the C*-algebra Cy(&|go, G) is nuclear.

For our example, the following lemma shows that (ii) holds whenever the coefficient
algebra X, of the product system X is nuclear.
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LEMMA 6-2. Let (G, P) be a quasi-lattice ordered group, and let X be a nondegenerate
compactly aligned product system over P. If the coefficient algebra X, of the product system
is nuclear, then the fibres A,, w € Q = G© are nuclear.

Proof. Fix w € Q. Arguing as in Lemma 3-2, for each finite ' C w that is closed under
Vv, writing pr for the maximum element of F the set By = Y i,-1,,(K(X)) is a C*-
algebra. If F is not a singleton and ¢ € F is minimal, then By, is an ideal of Br and the
quotient Br/Bp\(4) is a quotient of i,-1,, (K (X,)) and hence a quotient of X(X,).

Each KC(X,) is nuclear because it is Morita equivalent to X, via X,, and nuclearity is
preserved by Morita equivalence [14, Theorem 15]. Fix a finite /' C w and a minimal
g € F,and write F' = F \ {¢}. Assume as an inductive hypothesis that B is nuclear. Since
Br /By is a quotient of the nuclear C*-algebra KC(X,), it is nuclear. So By is an extension
of a nuclear C*-algebra by a nuclear C*-algebra, so also nuclear [25, proposition 2-1-2(iv)].
Now A, = li_r)nF Bp is nuclear because direct limits of nuclear C*-algebras are nuclear.

We therefore have the following theorem.

THEOREM 6-3. Let X be a nondegenerate compactly aligned product system over a
quasi-lattice ordered group (G, P), and suppose that the coefficient algebra X, is nuclear.
If the groupoid G of Section 3 is amenable, then N'T x and N Oy is nuclear. If G|,q is amen-
able and the homomorphisms ¢, : A — L(X,) implementing the left actions in X are all
injective, then N'Oy is nuclear.

Proof. If G is amenable, then C*(G, &) is amenable by [28, theorem 4-1] and Lemma 6-2.
Since NT x = C*(G, &) by Theorem 5-1, we have N7 x nuclear, and then N'Oy (as defined
in [27]) is nuclear because it is a quotient of N7 x. If G| is amenable then C*(G|yq, &) is
nuclear by [28, theorem 4-1] and Lemma 6-2. If the ¢, are injective, then Theorem 5-2 gives
an isomorphism NOy = C*(G,q, &), and so N' Oy is nuclear.

We also obtain an improvement on [5, corollary 4-2]. There it is proved that 'Oy and
N O coincide whenever the group G is amenable. But our results show that in fact N Oy =
N O whenever G|,q is amenable.

PROPOSITION 6-4. Let X be a nondegenerate compactly aligned product system over a
quasi-lattice ordered group (G, P), and suppose that the homomorphism ¢, : X, — L(X )
implementing the left actions in X are all injective. If G|yq is amenable, then the quotient
map A, : NOx — NOY is an isomorphism.

Proof. Theorem 5-2 gives an isomorphism IT™' : C*(Glsq, &) — NOx. Write ¢ :
G — G for the continuous cocycle ¢(g, w) = g. Since supp(x) € {p} x 2 whenever
x € X,, we see that T(NOx),) = T.(c'(g); &) for each g. In particular IT~" re-
stricts to an isomorphism of the closure of I'.(c™!(e); &) € C*(G, &) with (N Oy),. Since
c ) = GO, the closure of I'.(c"!(e); &) is To(G?D; &) € C*(G, &). It is standard that
restriction of compactly supported sections to G extends to a faithful conditional expecta-
tion C¥(G, &) — To(G?; &). [26, theorem 1] implies that C*(Glaq, &) = C*(Glaq, &), s0
we obtain a faithful conditional expectation R : C*(G, &) — I'g(G; &) extending restric-
tion of compactly supported sections. [23, lemma 1-3(a)] shows that there is a conditional
expectation P : NOy — (NOy), that annihilates (N Oy), for g # e, and it is routine
to check that [T o P = R o II. Since IT is an isomorphism and R is a faithful conditional
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expectation, it follows that P is a faithful conditional expectation as well. That is, the coac-
tion v on N'Oy such that §(jx(x)) = jx(x) @ ig(p) for x € X, is a normal coaction, and
(N Oy, G, v) is a normal cosystem. [5, corollary 4-6] shows that N'OY is the C*-algebra
appearing in the normalisation of the cosystem (N Oy, G, v), and A, is the normalisation
homomorphism. Since this cosystem is already normal, we conclude that A, is injective.

Remark 6-5. Tt is worth pointing out, in light of the results in this section, that it is not
uncommon for the groupoid G|;q of Section 3 to be amenable, even when G is not amenable.
For example, G| is amenable when G is a finitely generated free group—or more generally
a finitely-generated right-angled Artin group—and P its natural positive cone.
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