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1. Introduction

The notion of fuzzy sets © relates to objects with unsharp boundaries and the
degrees of membership plays a crucial role in describing them. In case of fuzzy sets,
we allow the truths of propositions to be expressed in terms of degrees which offers
a considerably broader framework for knowledge representation while dealing with
uncertainty.

In his paper 4, Heilpern introduced the concept of a fuzzy mapping which necce-
sarily implies a mapping from an arbitrary set to a subfamily of fuzzy sets in a metric
linear space X. Heilpern further proved a fixed point theorem for such fuzzy map-
pings as a generalization of the fixed point theorem for point-to-set maps 2 arising
from the set representation of fuzzy sets ®. The present paper extends Heilpern’s
result and a generalized fixed point theorem is proved. In this context, some further
characterizations are also done.
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2. Preliminaries

In this section we briefly present the preliminaries which mostly includes the work
of Heilpern 4. These concepts will be required for the sake of completeness of this

paper.

Definition 1. A fuzzy set A is said to be an approximate quantity if and only if

Aq is compact and convex for each  « € [0,1] and sup A(x) = 1.
zeX

In case A is an approximate quantity and A(xzg) = 1 for some z¢p € X, then A is
identified with an approximation of zg.

We consider F(X) to be the collection of all fuzzy sets in X and we also con-
sider W(X) to be a subcollection of all approximate quantities. Then the notion of
distance between two approximate quantities is defined in * as below:

Definition 2. Let A,B € W(X), «a € [0,1]. Then it is defined

Pa(A, B) = zeAfgeBa d(z,y),
Do(A, B) = H(Aq, By) (1)

H being the Hausdorff distance.

D(A,B) =sup D, (A, B),
p(A,B) = Sl;ppa(AaB)' (2)

where the function p, is called an a-space, D, an a-distance, and D a distance
between A and B (It should be noted that P, is a non-decreasing function of «).

Definition 3. Let us consider A, B € W(X). Then A is said to be more accurate
than B, denoted by A C B, if and only if A(x) < B(z) for each 2 € X. The relation
C induces a partial order on the family W (X).
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Definition 4. Let us consider X be an arbitrary set and Y be any metric linear
space. F' is called a fuzzy mapping if and only if F' is a mapping from the set X
into W(Y).

A fuzzy mapping F is a fuzzy subset on X x Y with membership function F(z, y).
The functional value F(z,y) represents the grade of membership of y in F(X).

We consider A € F(X),B € F(Y). Fuzzy set F(A) in F(Y) is defined by

F(A)(y) = EEE(F(%ZJ)A(ZJ)% yey. 3)
Fuzzy set F~1(B) in F(X) is defined by
FUB)(0) = sup (P B, o€ X, ()

Lemma 1. Let us consider x € X, A € W(X) and {x} be a fuzzy set with mem-
bership function equal to the characteristic function of the set {«}. If {x} C A, then
pa(z,A) =0 for each o € [0,1].

Lemma 2. For any z,y € X,pa(z, A) < d(x,y) + pa(y, A).
Lemma 3. If {0} C A, then po(x0,B) < Dy(A,B) Y B e W(X).

3. Fixed Point Theorem

In this section, we shall prove a fixed point theorem that generalizes Heilpern’s
theorem 4.

Theorem 1.
Consider (X,d) to be a complete metric linear space and consider F to be a
fuzzy mapping from X into W(X) satisfying the following condition:
D(F(z), F(y) < ¢(d(z,y)) for anyz,y € X (5)

where ¢ represents a function which is upper semicontinuous from right from R
into itself such that ¢(t) <t V t > 0. Then there exists z € X such that {z} C

Proof. We consider x9 € X and {z1} C F(zo). Then clearly 3 z € X such that
{z2} C F(x1) and d(x2,21) < D1(F (1), F(x0)). By Continuing in this way, we
produce a sequence (z,,) in X such that

{zn} C F(xp—1) and d(xn,xni1) < D1(F(zp-1),F(x,)) VYn € N. (6)

If d, = d(xn, Tns1), thenfor n>1

dn S Dl(F(xn—l)aF(xn)) S D(F(In_l),F(an))
< Qb(dn*l)
< dp_1. (7)
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which implies that the sequence (d,,) is convergent.

Let us consider d = lim d,. If d > 0, then clearly from above we are able to find
n—oo
that d < ¢(t) which leads to a contradiction. Hence d = 0.

After this, we shall prove that (z,) is a Cauchy’s sequence. On the contrary let us
assume that (z,,) is not a Cauchy’s sequence. Hence, for € > 0, and for each positive
integer K, there exists integers n(K) and m(K) with K < m(K) < n(K) such
that

rK = d(Tm(K)> Tn(k)) > €- (8)

In this case, without loss of generality we assume that n(K) is the smallest possible
integer greater than m(K') satisfying the above inequality.
Thus we have

€ <1k < d(Tm(k), Tr(r)-1) + A Tnr)—1, Tn(k))
<e+dpx)-1 9)
which necessarily implies klim T = E.
€ < 1 S d(T(K)s Tr(K)+1) T AT ()+15 Tn(r)+1) T ATn(k)41, Tn(k))

dm(xy + &(Tk) + dn(k)
o) as K — o0 (10)

IN

l

which represents a contradiction. Hence, (x,,) is a Cauchy’s sequence.

Let lim z, = z.

n—oo

po(z, F(2)) < d(z,2n) + po(zn, F(2))
< d(z,2n) + Do(F(2n-1), F(2))
< d(z,wn) + ¢(d(Tn-1,2))
< d(z,2n) + d(xn-1,2)
—0 as n—oo (11)

Thus from Lemma 1, it necessarily follows that {z} C F(z). Hence the theorem. O

Remark 1. If ¢(t) = gt where ¢ € (0,1), then in this case we are able to find
Heilpern’s result.

Theorem 2.
Consider (X,d) to be a complete metric linear space and consider F to be a
fuzzy mapping from X into W(X) satisfying the following condition:

3¢ € (0,1) such that D(F(z), F(y)) < q.d(z,y) where x,y € X. Then there exists
z € X such that {z} C F(z).
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The following theorem generalizes the above theorems further:

Theorem 3. Consider (X, d) to be a complete metric linear space and consider F
to be a fuzzy mapping from X into W (X) satisfying the following condition for any
T,y € X:

D(F(x), F(y)) < ¢{p(x, F(z)),p(y, F(y)), p(y, F(x)), p(x, F(y)), d(x,y)} (12)

where ¢ : [RT]® — RT represents a continuous function non-decreasing in each
co-ordinate variable such that

b(t,t art,ast,t) <t ¥V t>0, (13)
where a; € {0, 1,2} with a1 +ag = 2. Then there exists z € X such that {z} C F(z).

Theorem 4. Let (X,d) be a complete metric linear space and let F be a fuzzy
mapping from X into W(X) satisfying the following condition:

D(F(z), F(y)) < aip(x, F(x)) + asp(y, F(y)) + asp(z, F(y))
Faap(y, F(z)) + asd(z,y) (14)

for any x,y € X where a;’s are non-negative real numbers such that Y a; < 1 and
ay = ag or ag = ayg. Then 3 z € X such that {z} C F(z).

Remark 2. It should be noted that Theorem 3 follows from !, and if a1 = as =
a3 = a4 = 0, then Theorem 4 produces Heilpern’s result.
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