SHEARFREE LORENTZIAN GEOMETRY AND CR
GEOMETRY

By
Masoud Ganji-Arjenaki

A thesis submitted for the degree of
Doctor of Philosophy
of The University of New England
September 2018



Declaration

I certify that the substance of the thesis has not already been submitted for
and degree and is not currently being submitted for any other degree.
I certify that to the best of my knowledge, any help received in preparing

this thesis, and all sources used, have been acknowledged in this thesis.

Masoud Ganji-Arjenaki

11



Abstract

We introduce a CR-invariant class of Lorentzian metrics on a circle bundle
over a 3-dimensional CR-structure, which we call FRT-metrics. These met-
rics generalise the Fefferman metric, allowing for more control of the Ricci
curvature, but are more special than the shearfree Lorentzian metrics in-
troduced by Robinson and Trautman. Our main result is a criterion for
embeddability of 3-dimensional CR-structures in terms of the Ricci curva-
ture of the FRT-metrics in the spirit of the results by Lewandowski et al. in
[37] and also Hill et al. in [25]. We also study higher dimensional versions of
shearfree null congruences in conformal Lorentzian manifolds. We show that
such structures induce a subconformal structure and a partially integrable
almost CR structure on the leaf space and we classify the Lorentzian metrics

that induce the same subconformal structure.
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Introduction

This thesis concerns the relation between geometric properties of Lorentzian
spaces and CR manifolds of hypersurface type. The most famous example of
Lorentzian manifold is the 4-dimensional spacetime from Einstein’s relativity
theory. We are interested in the curved version of that, specifically, in the
properties of its geometric curvature and the existence of certain solutions of
Maxwell’s equations.

On the other hand, a CR manifold (M, D, J) is a manifold M of dimension
2n+1 with a rank 2n contact distribution D, and complex structure J on D
that satisfies certain integrability conditions. Such CR manifolds naturally
occur as boundaries of domains in complex manifolds.

One of the most crucial problems is the embeddability problem which asks
if an abstractly given CR manifold (M, D, J) is locally realisable as a real
hypersurface in C**!. It is well-known that 3-dimensional CR manifolds are
“almost never embeddable”, unless they are real analytic or possess certain
symmetry.

It is a notoriously hard problem to give criteria, when a CR manifold
is locally embeddable. In the 1960’s, physicists discovered an intimate rela-
tionship between the embeddability problem of a 3-dimensional CR manifold
and geometric properties of an associated 4-dimensional spacetime.

Subsequently, Hill et al. [25] proved the following criterion of embed-
dabiltiy
Theorem [25] Let M be a sufficiently smooth strictly pseudoconvex 3-
dimensional CR manifold. It is locally CR embeddable as a hypersurface



in C? if and only if:

1. it admits a lift to a spacetime whose complexified Ricci tensor vanishes

on the corresponding distribution of a-planes, and

2. it admits a non-trivial null Maxwell field aligned with the null con-

gruence of shearfree geodesics corresponding to the CR structure on
M.

The principal aim of this thesis is to clarify the nature of the above result,
we succeeded in proving an embeddability criterion that uses a more special
class of metrics, but does not require the a priori assumption of the existence
of an aligned Maxwell field. Our result has been published in [61].

We have introduced the family of FRT metrics (in honour of Fefferman,
Robinson and Trautman) specifically for our criterion. The family of FRT
metrics is more general than the celebrated conformal Fefferman metric from
CR geometry but more special than the family of shearfree metrics introduced
by I. Robinson and A. Trautman [52] 53].

Another principal achievement of the thesis are the theorems and
which clarify the relation between CR manifolds, subconformal mani-
folds and Lorentzian manifolds in higher dimensions. The results have been
published in [3].

This thesis aims to survey the pioneering works on the relation between
shearfree Lorentzian geometry and CR geometry. For the sake of a self-
contained exposition we give an introduction to pseudo Riemannian geome-
try, affine connections, Cartan’s structural equations, Hodge dual operator,
Maxwell’s equations, Beltrami equation.

We cite results and proofs from original papers whenever it is essential
for the understanding of the presented material, in several instances we have
added proofs of known results which did not seem to be readily available in

the literature.



The thesis is organised as follows. In the preliminary chapter we col-
lect some well-known fundamental facts about pseudo Riemannian geome-
try, which will be used throughout the thesis. In particular, we invoke the
Nomizu operator, which simplifies some of the proofs on Lorentzian metrics
with shearfree vector fields.

In addition, we explain the notation of electromagnetic fields as wedge
products of elements of admissible coframe defined on the Lorentzian mani-
fold.

Chapter 1 starts with defining contact manifolds. We then characterise
the Reeb vector fields on contact manifolds as infinitesimal automorphisms
of the contact distribution (Proposition [1.1.2).

Next we introduce Cartan’s approach to CR structures, which enables us
to define the shearfree metrics and FRT metrics in the proceeding chapters.

In Chapter 2, the embedding problem for 3-dimensional CR manifolds is
discussed. In 1982, M. Kuranishi [32] proved that smooth CR manifolds of
dimension 2n + 1, with n > 4, are embeddable. After that, T. Akahori [1]
showed that it is also true for n = 3.

However, CR manifolds of dimension 3, that is when n = 1, are rarely
embeddable. L. Nirenberg gave the first counterexample in [44, [45]. See
Chapter 2 of the present work and [5] for more details.

Based on Theorem by H. Jacobowitz, we give criteria for the em-
beddability of 3-dimensional CR manifolds. We also compute the Feffer-
man metric explicitly for general 3-dimensional CR manifolds following the
approach [29] 47], but without assuming that a non-constant CR function
exists.

Chapter 3 is the main part of the thesis. The main result of this chapter is
a criterion for local embeddability of 3-dimensional CR manifolds mentioned
above.

In particular, we define the family of FRT metrics on a circle bundle and

show that it is CR invariant.



In Chapter 4, we study higher dimensional versions of shearfree null con-
gruences in conformal Lorentzian manifolds. We define the RT-spaces and
show that such generalisations of shearfree null congruences induce a sub-
conformal structure and a partially integrable almost CR structure on the

leaf space.



Chapter 0O

Preliminaries on

pseudo-Riemannian geometry

The goal of this chapter is to provide an introduction to pseudo-Riemannian
geometry and some facts in manifold theory which will be needed later and
to fix our terminology. The topics discussed include Lorentzian geometry,
structural equations, Nomizu operator and electromagnetic fields. In the
first section we recall some fundamental theorems and definitions in pseudo-
Riemannian geometry( Lorentzian geometry), which will be used throughout
the thesis [24] 49] 50, 35, 19].

0.1 Pseudo-Riemannian geometry

In this section we collect some preliminaries about pseudo-Riemannian ge-

ometry, which are used throughout the thesis.

0.1.1 Pseudo-Riemannian metric

A pseudo-Riemannian metric is defined by (0,2) tensors on the tangent
spaces. Hence, to define the pseudo-Riemannian metric in general, let V'

be a real vector space of finite dimension n. A symmetric bilinear form b on
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V is an R-bilinear mapping b: V x V — R such that b(v,w) = b(w, v) for all

v,weV.

Definition 0.1.1 A symmetric bilinear form b on V is
1. positive (negative) definite, provided v + 0 implies b(v,v) > 0(<0),
2. nondegenerate, provided g(v,w) =0 for all w eV implies v = 0.

A vector u € V is called a unit vector, if g(u,u) = £1. Two vectors u,v
are orthogonal if g(u,v) = 0. A set of n mutually orthogonal unit vectors is
defined to be an orthonormal basis of V. Similar to the inner product space,
i.e. the vector space equipped with a positive definite symmetric bilinear
form, the scalar product space, that is, the vector space furnished with a

symmetric nondegenerate bilinear form, possesses an orthonormal basis.

Definition 0.1.2 The index v of a symmetric bilinear form b on V is the
largest integer that is the dimension of a vector subspace W €V where by :

W x W — R is negative definite.
We now have the following lemma

Lemma 0.1.3 [/Y] Let (V,g) be a scalar product. For any orthonormal basis
(e1,...,en) for V, the number of negative signs in the signature (eq,. .., €,)

is the index v of V' where €; = g(e;, €;).

Proof Suppose for the first m vectors eq,...,e, we have that ¢ < 0, 7 =

1,...m. The inner product g is negative definite on the subspace S where
S = linear span{ey,...,en,}.

Therefore, v > m. Let W be a maximal subspace of V' on which g is negative

definite with dim = m. The linear map L : W — S defined by

L(w) = Z g(w,ej)e;, weW

j<m
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is one-to-one, since on one hand, g(w,w) < 0 for w € W. On the other
hand, suppose w € ker L. For the indices j < m it implies that g(w,e;) = 0.

Moreover, since L(w) =0 it implies that

g(w,w) = Z wig(w,e;) + Z wig(w,e;) = Z w/g(w,e;) = Z g(w,e;)? =0,

Jj<m ji>m j>m ji>m

which implies w = 0, where w = Y, wie;. We note that w’ = g(w,e;) for
j=1

Jj>m. [
Now we are in the position to define the pseudo-Riemannian metric.

Definition 0.1.4 A pseudo-Riemannian metric g on a smooth manifold M
is an assignment which smoothly assigns to each point p € M a symmetric
nondegenerate bilinear form g, on the tangent space T, M, such that the index

of g, is the same for all p e M.

The pair (M, g) is called a pseudo-Riemannian manifold. The pair (M, g)
is called Riemannian manifold, if the index v = 0. If v = 1, the pair (M, g)

is a Lorentzian manifold.

0.1.2 Affine connection

We also recall the definition of affine connection for any manifold M. The
set of all smooth sections of the tangent bundle is denoted by I'(TM).

Definition 0.1.5 An affine connection on a manifold M is a rule which

assigns to each X e I'(T M) a mapping
Vx :I'(TM)->T(TM)
satisfying the following two properties:
(i) Vixegy = [Vx +9Vy,

(1) Vx(fY) = f(VxY)+(X[)Y,
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for f,ge C°(M) and X,Y € T(TM). The operator Vx is called covariant

derivative with respect to X.

Before we go any further, we state the fundamental theorem in pseudo-
Riemannian geometry, which plays an important role in other parts of the

thesis.

Theorem 0.1.6 [/9/ On a pseudo-Riemannian manifold M there is a unique

connection V such that

(0.1a) [V.W]=vyW -vVyV,

(0.1b) Xg(V,W) = g(VxV, W) +g(V,VxW),

for all X, VW e (T M). The connection V is called the Levi-Civita connec-
tion of M.

The so-called Koszul formula below is a direct consequence of ((0.1al) and
(0.1b)) of the above theorem.
(0.2)  29(VyW, X) = Vg(W, X))+ Wy(X,V) - Xg(V,W) - g(V,[W, X])
+g(W[X,V]) + g(X, [V, W]).

We set
T(X,)Y)=VxY -VyX -[X,Y]
R(X,Y)=VxVy-VyVx - Vix,y]

for all X,Y € I'(TM). The tensor fields T and R are called torsion and
curvature tensor fields respectively. Let p € M and suppose (eq,...,¢e,) is a
basis for the vector fields in a neighborhood of p. We define the functions
Ik Tk RE

i Tiy, Ryy; by the formulas

Ve, €5 = fojek,
k

T(Gz‘,ej) = ZTiI;Gka
k

R(e;,ej)e = Z Rfijek.
%
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We note from (0.1a]) that the Levi-Civita connection is torsion-free, that is,

the torsion tensor vanishes or equivalently
T, =0, ijk=1,....n

is satisfied.
Suppose ' form a dual frame to e;, i.e., 0'(e;) = ;. Then I'; are deter-

mined by
(0.3) Iy =T},0% i4,k=1,...,n,

and therefore, I =T (e;). The 1-forms I'} are called connection forms. The
structural equations which will be explained below show the relation between
the 1-forms F; and the tensor fields 7" and R.

0.2 The structural equations

The structural equations of Cartan play an important role in the computation
of the components of the Ricci curvature in the next chapters.

Let M be an n-dimensional manifold with an affine connection V.

Theorem 0.2.1 (Cartan) [2]] For the 1-forms 0,1 and tensor fields T, R
the following statements are fulfilled:

) . 1 . .
(0.4a) df* = =T}, A 67+ ST5.67 A o,
. . 1.
(0.4b) dr = T, AT? + §R},€€9’“ no-.

The next fact relates the metric defined on the manifold to the connection

forms.

Proposition 0.2.2 Let (M, g) be a pseudo-Riemannian manifold of dimen-

sion n and (eq,...,e,) be a local frame for the vector fields on M. Then,
(05) dgij = ngF;C + g]kff

is satisfied, where g;; = g(e;,e;) and Fé. as was introduced by (0.3)).
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We provide a proof, analogous to the proof for Riemannian manifolds in [19].

Proof Let Y e I'(TM) be any arbitrary vector field. We first note that

dgz‘j(Y) =Y (g(ei, ej))-

On the other hand,

(gL} + g (V) =g (D5 (Y )er, e5) + g (T (Y)er, ;)

=g (¥ (er)er + -+ yl¥(en)en, ;)
+9 (ylrf(el)ek +eeet ynrf(en)ek, €j)

=g (ylrlfjek Tt ynrﬁjek, 61‘)
+g (ylrlfiek + Y T ey, Gj)

=g(y1Ve €5+ +y, Ve, €5, €)
+ 9 (Y1Ver €+ + YnVe, €5 €5)

=9 (Vyej,ei) +g(Vyeie;) =Y (g(ei €5))

=dg; (V). |

We use the metric to lower and raise the indices. For example for the con-

: i k_
nection forms I, we have g;I'7 = T';;.

0.2.1 Frobenius Theorem

The Frobenius theorem plays a crucial role in the next chapters. For a

detailed proof of this famous theorem, refer to, e.g. [18] [7].

Theorem 0.2.3 (Frobenius) Let 0',....0" be I-forms in R", which are

linearly independent at a point p € R™. Suppose there are 1-forms w; satisfying
df’ = ij-/\@j, 1=1,...,r
j=1
Then, there are functions f;,xj, J=1,...,r satisfying

0= fidi
j=1
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We finalise this section by recalling the following lemma, and for the conve-

nience of the readers, the proof is provided.

Lemma 0.2.4 [35] Let M be a smooth manifold of dimension n. Take
(e1,...en) to be alocal frame for M with corresponding dual coframe (6, ...,0m),
and, furthermore,

(e, €] =clijel, =1, n.
Then, the exterior derivative of each of the 1-forms 6 is given by
Ao = e 0 A 07, i<
Proof For the proof we note that df* is a 2-form and can be expressed as
do* = b’ijiAQj, k=1,-n, i<y,
and therefore,
. . 1
d@k(ei, €j) = bI:J 0" A Hj(ei, ej) = ibljj
On the other hand,

df*(e;,e;) = %{ez‘@k(ej) —e;0"(ei) = 0 ([es,e5])} = —%9k([€u€j])

ko_ _k
So, bij =—c".. |

2

0.3 Nomizu operator

The Nomizu operator is an important tool which relates the differential ge-

ometry to algebra and is defined as follows.

Definition 0.3.1 Let (M, g) be a Lorentzian manifold with the Levi-Civita
connection V. For any smooth vector field X e T'(T M), the Nomizu operator
Lx is defined as

Ly :T(TM) > T(TM)
LxY :=-VyX, VY eDl(TM).
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The g-adjoint L% is the operator defined by

The symmetric and skew-symmetric parts of the Nomizu operator are de-

noted by L% and L respectively. That is,
D= y(x v 13), D= 5(lx - L),
The Nomizu operator has some known facts listed in the following proposition
Proposition 0.3.2 The following statements hold
1. For any null vector field p, Lip=0.
2. For arbitrary vector fields X,Y,V
(0.6) (Lvg)(X)Y) = -29(X, L}Y),
where £y X is the Lie derivative of X along V.
3. For any vector field X and the 1-form 0 = g(X,-)
do(Y,V)=—-g(L&Y,V), Y, Vel(TM).

Proof To see that Lp = 0, where g(p,p) =0, we notice that for the adjoint
operator g(Lxp, X') = g(p, L, X) is satisfied. Therefore,

1
g(Lyp, X) = g(p, L, X) = g(p,~Vxp) = —§Xg(p,p) =0

for all vector fields X, where the last equality follows from (0.1b)). Since g
is non-degenerate, it follows that L;p = 0. To prove the second property, for
arbitrary vector fields X, Y,V

(Lvg)(X,Y) = ofv(g(XJ/)) -9(LHX)Y)-g9(X, AY)
=Vg(X,Y)-g(Vv X -VxV,Y) - g(X,VyY - VyV)
=Vg(X,Y) - g(VvX,Y) +g(VxVY) - g(X,VvY) + g(X,VyV)
= g(“Ly X,Y) + g(X,~LvY) = —g(X, LLY + LyY) = —29(X, L3, Y).
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is satisfied. In order to show the last statement, we notice that for arbitrary
vector fields Y,V it follows that

(Y, V) = (Y g(X.V) = Vg(X.¥) - (X, [V, V])}
= SNV = V(X V) = g(X, Ty V) + g(X, 7y )
- SOOI X V) + (X 93 V) - g(T0 X, Y)
~9(X,VvY) = g(X,VyV) + (X, VyY)}
= STV X V) =g (VX V) = S{-g(LaY, V) + gLV, V)
= gLV V) + g (LY, V))

1
= _§{Q(LXY - LYY, V)} =-g(LY, V). |

0.4 Maxwell’s equations

The solutions of Maxwell’s equations which describe electromagnetic fields
can be conveniently represented by means of differential 2-forms. In order to
recall the Maxwell’s equations, we first need to review some facts about the
Hodge operator. The solutions of Maxwell’s equations are needed in chapeter
3.

0.4.1 Hodge dual operator

Let M be an oriented n-dimensional manifold equipped with a metric g,
(Riemannian or pseudo-Riemannian), and AP(T*M) the set of all smooth
differential p-forms on M. We recall that, by Riesz representation theorem,
we can use the metric tensor to relate the vector fields and 1-forms.

For any 1-form 7 there exists a unique vector field V' on M such that
n =g(V,-), which means n(X) = g(V, X) for all vector fields X on M.

The metric g defined on the tangent bundle of M induces a metric g on

the cotangent bundle of M as follows:

9(n,¢) =g(V, W)
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where 1 = g(V,-) and ¢ = g(W,-). Similarly, the metric g induces a metric on
A2(T*M). In order to describe the induced metric A2(T*M), we recall the

universal mapping property as follows.

Universal Mapping Property [50] Let V, W be two vector spaces. Given

any skew-symmetric multilinear mapping

p-times
S

AV xxV W
there exists a unique linear mapping
C:AP(V) > W

such that
U(vy Ao nvp) = A(vr, ..o, 0p), U1, 0 € VL
Now we consider the following real-valued function

4-times

A AT M) x - x A(T*M) - R

defined by
g(alvai‘}) g(a17&4)

A(C)él,OZQ,()ég,OZ4): R .
9(042,@3) 9(042>a4)

Y

where ;,7=1,...4, is a 1-form on M. The mapping A is biskew-symmetric
and mulitlinear and two applications of the universal mapping property yields
a bilinear form, still denoted by g, on A?(T*M) characterized by

g, B1)  g(ou, B2)

g(al A Oég,ﬁl /\52) = g(OZQ,Bl) Q(QQ,/@Q)

The bilinear form ¢ is nondegenerate, because for all 1-forms X, Y,

g(O&l,X) Q(Oél,Y)

glon nag, X ANY ) =17 R
g(a27X) g(O[Q,Y)

=0
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implies that the first row of the determinant is a b multiple of the second

row. Precisely,
g(a17X):bg(a27X)7 g(Q{bY):bg(O[Q,Y)?
which implies oy = bas since ¢ is nondegenerate. That means a; A as = 0.

Definition 0.4.1 Let (M, g) be a 4-dimensional Lorentzian manifold. The

Hodge dual operator is a linear operator
«: A2(T* M) — A>(T* M)

which assigns to any 2-form n € AP(T*M), a 2-form =n e A2(T* M) defined

by
CAxn=—g(¢,m)vol, Y(eA*(T*M).

Here vol is the volume form on the manifold M [I8].
Let (e1,e2,e3,e4) be an orthonormal frame for the set of vector fields on
M such that g(ej,e;) = -1 and g(e;,e;) =1 for i = 2,3,4. The set of 2-forms

€1 Neg,e1 Neg,e1 Neyg,ez3 Ney,eq Neg, ey Nes

is a frame for A2(7*M). The following relations are also satisfied

* (e1 A eg) =e3Aey, *(e3ney) =—e1Aey,
+ (e1 Aeg) =eq ey, x(e4 A eg) =—eq Aes,
* (61/\64) = €9 N es3, *(62/\63) = —€1 Néy.

The Hodge operator has the property *? = —id. The * operator is also self-
adjoint, that is,

g9(+¢,m) = g(¢, *n)
for all 2-forms (,n € A2(T*M). Indeed,

g(x¢,m)vol = =x (Axn=—%nA*(=g(*n,()vol.
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0.4.2 Electromagnetic Fields

Let (M, g) be an oriented 4-dimensional Lorentzian manifold.

Definition 0.4.2 An electromagnetic field is a real 2-form F such that
dF =d«F =0,
where * is the Hodge operator associated with the metric g.

Now consider the complex 2-form F = F' +i*F. It follows that dF = 0. We
call F, the complex electromagnetic field. The complex electromagnetic field
F, has the property of being anti-self-dual, that is, *F = -1 F [42].

Definition 0.4.3 A differential 2-form on the Lorentzian manifold (M, g)
is called null, if

g(F, F) = g(F,+F) = 0.

In particular, null solutions of the Maxwell’s equations are called null elec-

tromagnetic fields.

We extend the metric g defined on A?2(7*M) by complex linearity to a metric
on A?2(T*M)Q®C, the complexification of A2(T*M), which we also denote
by g as follows

g(Fl + iFQ, E1 + IEQ) = g(Fl, El) — g(FQ, EQ) + l{g(Fl, EQ) + g(FQ, El)}
We now say the complex electromagnetic field F is null if, g(F,F) = 0.

Proposition 0.4.4 The nonzero complex electromagnetic field F is null if
and only if
FaF=0.

Proof Assume F = F +ixF is null, i.e. g(F,F) =0. It follows that

g(F,F)=g(+F,+F), and g(F,+F)=0.
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It also follows that
FAF=-Fnx+F=g(F, +F)vol =0,

and furthermore,
*F AxF =—-g(+F, F)vol = 0.

Moreover, on one hand,
FAxF=xFAF

is satisfied. On the other hand,
FAxF=-g(F,F)vol=—-g(*xF,«F)vol=F A%xF =—x FAF.

Hence,
FAxF=xFAF=0.

Thus, we now clearly observe that
FAF=FANF-xFAsF+iFA*F+ixFAF=0.

To show the converse statement we note that from F A F =0, it follows
that
FAF=xFnxF, and FAxF=-xFAF.

Hence,
g(F,F)vol=-F A*F =%FANF =—% FAxxF = g(xF,*F)vol
implies g(F, F) = g(+F, »F'). Furthermore,
g(F,xF)vol=-F Ax*xF=FANF=xFA*F =—g(*F, F)vol
also implies g(*F, F') =0 and consequently, g(F,F)=0. ||

We next show that a null complex electromagnetic field F can always be
written as F = @A A i, where ¢ is a complex function, A is a smooth real
1-form and p is a smooth complex 1-form. Before proving that, we need to

state the following definition.
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Definition 0.4.5 Let (M, g) be a Lorentzian manifold of dimension m and
pr={Vel(TM)|g(p,V) =0}

be the codimension one distribution that is orthogonal to the null vector field

p. A field of frames (p,e1,...,em,q) is called admissible if

pt =span(p,er,...,en), 9(p,q) =1,

and
g(p, ei) = g(Qaei) =0, g(euej) = 51']', for i,j=1...m.

We denote by

p* = g(q,-),e’{ = g(ela')v e .,E:n = g(emf)aq* :g(p7')

the dual coframe to p,e1,...,em,q.

We also recall that a 2-form w is decomposable if
w=aApf,
where «, 8 are 1-forms.

Lemma 0.4.6 Let M be a 4-dimensional Lorentzian manifold. Any nonzero

2-form w is decomposable if and only if
wAw=0.

Proof Assume that a 2-form w is decomposable, that is there are 1-forms

a,  such that w = a A §. It is now obvious that
wAw=aABAranp=0.

The proof in the other direction is by contradiction. Assume w is not de-
composable. Therefore, there are linearly independent 1-forms «, 3,,n such
that

w=aAB+yAn,

which implies

wAw=2aABAyAn£0. |



0.4. MAXWELL’S EQUATIONS 21

Lemma 0.4.7 Let (M,g) be a 4-dimensional Lorentzian manifold. For the
null electromagnetic field F there exists a local admissible frame (p,e, f,q)

such that F'=q* ne* and »F =q* A f*.

Proof Since F is null, it follows that F' A F' = 0. Hence, by Lemma [0.4.6] F
is decomposable, that is, there are two real 1-forms «, 3 such that F' = aA .

Moreover, if follows from

g(F F) =

j(a,q) ﬁ(a,ﬁ)‘
9(B.a) 4(B.B)

that there exists a function ¢ such that

9(a, ) +tg(a, B) = ga, a+15) = 0,
9(8,0) +tg(B, ) = §(B,a+1f) = 0.

Set ¢* := a+ tf5. From the construction
9(¢",q") = 9(q", @) = g(¢*, 5) = 0
are satisfied. Then, there exists a null vector field p* such that
9(*.q") = 1,

since ¢ is nondegenerate. One can complement p*, ¢* by orthonormal vectors
e*, f* such that

(p*,q" e*, f)
forms a null coframe for the cotangent bundle, more precisely,
g™ e”) =g(p", f*) =9(qa".e*) = g(q", ") = 0.
It now follows that
F=anf=(q"-tB)rB=q"rpB.

Furthermore, 3 is expressed as

B=xq" +ye +zf",
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where x,y, z are some real functions, since F' is null. Therefore,
F=qg"nB=q"n(ye" +2f").
If
g(ye* +2f* ye* +z2f*) =y + 22 # 1,

the coframe
(p**aq**>€**7f**) = (X17X27X37X)7

where

1
P = ——=0", ¢ =Y+ 22,
/y2+22
y4

6** — y e* + Z f*,f** - 6* _ y f*

has the property that

F=q™ ne,
On the other hand, the 2-form *F' can be written as

*F=cy; X'AX7, i<j.
The only nonzero coefficient is coq = 1, since

* %

PrAEt ARE = —g(pt Ae gt Ae) vol = —coy vol,

and, moreover,

g(p** Ae**’q** /\6** — 1.

Thus,
>(_F1 — q** /\f**’

and the vectors (q, e, f,p) given by
p*=9(a,), ¢ =g(p,), € =gle,), [ =9(f,)

form an admissible frame for the tangent bundle. |

22
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As a consequence of the above lemma, we have the following proposition for

the null complex electromagnetic field F.

Proposition 0.4.8 Any null complex electromagnetic field F can be written

as
F =a\ A pu,

where a 1s a complex function, X\ a real 1-form and p a complex 1-form.
Proof Using Lemma [0.4.7] there exists an admissible frame
(p*.q",e", f)
such that the null complex electromagnetic field can be expressed as
F=F+i*xF=q¢"rw,
where w = e* +if*. It also follows that
g ANF=0.

Moreover, there exists two complex 1-forms ~, i such that F = v A p, since F

is null. Therefore,

g Ay AP =0,
implies that there are two complex functions a, b such that

v =aq* +bu.
Wedging both sides of the above expression by u, we get

F=yAp=aq” Apu,
where A = ¢* = g(p,-) and p is a null vector field. |}
Corollary 0.4.9 It follows from the identity
Ly F=dlpaF)+padF=d(paF)

that £, F = 0. Indeed,

pJ}":ag(p,p)w—ag(pa')/\[(y+2)pJ€*+(z‘y)pJf*]:0'
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The null complex electromagnetic field also possesses two properties stated

below, which will be used later.

Proposition 0.4.10 For the null complex electromagnetic field described in
Proposition (0.4.8)), the following statements are satisfied:

(0.7a) AApA Lo =0,
(0.7b) AAZLN=0,

where X = g(p,-).

Proof Taking the Lie derivative along the null vector field p from both sides

of the electromagnetic field F = a\ A u, we see

(0.8) Ly F=pa)AApp+a LA A p+al A ZLpp =0,

which implies A A A 2,10 = 0. Wedging both sides of by A gives us
ANLAN =0,

which is equivalent to
LA =X+ ypu,

where x,y are two complex functions.

Wedging the last identity with A, implies that
ANLAN=LF,
where ¢ = £. If ¢ # 0, and since the left hand side is real, it follows that
AN =YAA L,

which means that A is a linear combination of p and pi contradicting the

definition of the electromagnetic field. |}
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0.4.3 Isothermal coordinates

In this subsection we briefly recall the notion of isothermal coordinates, which

will be used later. Let
g =E(z,y)ds? + 2F (z,y)dxdy + G(z,y)dy*

satisfying
EG-F?>0, E>0

be a positive definite Riemannian metric defined in a neighborhood of a
surface with the local coordinates z,y. By isothermal coordinates we mean

local coordinates u, v relative to which the metric takes the form
g = Mu,v)(du® + dv?®), Mu,v)>0.

A special case first observed and studied by Gauss, is a surface in three
dimensions, (coordinates z,y,¢ ) given by ¢ = ¢(z,y). He also proved the
existence of real analytic isothermal coordinates when the Riemannian metric
defined on a neighborhood of 0 € R? is real analytic. One can refer to, e.g. [62]
for a proof. The weakest conditions under which the isothermal coordinates
are known were found by A. Korn [31] in 1914 and Lichtenestein in 1916. A
simpler proof was given by S. S. Chern in [I1] in 1955.

0.4.4 Beltrami equation

Let (z,y) be real coordinates on a 2-dimensional surface. Also assume
u(x,y),v(x,y) be two smooth functions such that w = u +iv. As customary,
we denote

w 1 ow i(’9w 1 0w . Ow

T 2\0 (9y)’ wzzﬁ(@x-ﬂa_y'
The differential equation defined by

(0.9) ws = pw,, w, #0

where p is a complex function satisfying | p |< 1, is called the Beltrami

equation.
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Now we recall a theorem in [40], which actually states the problem of
finding isothermal coordinates is reduced to finding a solution of Beltrami

equation.
Theorem 0.4.11 [0/ Let E,F,G be C'-functions such that EG - F? > 0
and E,G > 0. Suppose
_ $(E-G)+iF
s HE+G)+VEG-F?

If w(z) is a C'=solution of the Beltrami equation near the origin, and

w(0) # 0, then in a neighborhood of the origin, writing w(z) = u + iv, the

coordinates u,v are isothermal, i.e.

du? + dv? = A(u,v)( Edz* + 2Fdzdy + Gdy?).



Chapter 1

Shearfree geometry and CR

geometry

In this chapter we first collect some known facts about contact and also CR
manifolds. The Sasakian manifolds which are examples of CR manifolds are
introduced and we show that if the CR structure is preserved by the Reeb
vector field, then a CR manifold is Sasakian.

We conclude this chapter by introducing the notion of shearfree geometry
and its connection with CR geometry. We also provide some equivalent

definitions of the shearfree vector fields which are useful in the next chapter.

1.1 Contact geometry

1.1.1 Contact manifolds

Definition 1.1.1 A contact structure on a smooth manifold M of dimension
2n+1 1s a distribution D of the tangent bundle of co-dimension 1 which can

be defined by a 1-form w, I'(D) = ker w, satisfying
w A (dw)"™ #0.

Any such 1-form w is called contact form. The manifold M equipped with a

contact structure D s called a contact manifold.

27



1.1. CONTACT GEOMETRY 28

We first note that any nonzero rescaling of a contact form is also a contact

form. Indeed, for any nonzero function o, we see that
d(aw) =adw mod{w},

and

aw A (daw)™ = a™w A (dw)™ # 0.

For any choice of the contact form w, the Reeb vector field Z on M, is defined
by the conditions
Z Jw=1, Z Jdw = 0.

The Reeb vector field Z, is an infinitesimal automorphism of the contact
structure, i.e.

Z;X eD(D) ¥X eI(D).

Cartan’s magic formula implies
Lypw=d(Z Jw)+Z 2dw =0.
Furthermore, for any section X of D
Ly(wX) =Y (w(X))+w(ZLzX)=w(ZLsX)
is satisfied, which implies
w(ZzX) =%, (w(X))=0.
The following proposition shows that the converse statement is also true.

Proposition 1.1.2 A wvector field Z on a contact manifold (M, D) that is

transversal to D is a Reeb vector field for some contact form w if and only if
£, (D) cT(D).

Proof We only need to proof the “if” statement. Assume that Z is an

infinitesimal automorphism of the contact structure D and transversal to D.
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Let w be the unique contact form such that Z yw = 1. We show that Z is
the Reeb vector field for w, i.e.

Z adw = 0.
Indeed, let X be a section of D then
(7, X) = %{Zw(X) _ Xw(Z) -w([Z, X])} =0.
Together with dw(Z, Z) = 0, this proves the claim. |}
In addition, for w’ = fw the new Reeb vector field is the following

7 - %(z L Xy),

where X is a section of D such that

XoJ(fdw+dBrnw)=-Z 1(df Aw)

is fulfilled. Refer also to [33].

1.1.2 Partially integrable almost CR manifold

Definition 1.1.3 A partially integrable almost CR manifold M is a contact
manifold with contact distribution D and a smooth family of endomorphisms
Jo: Dy = D, with J? = -1d. We assume that (M, D, J) is partially integrable,

i.e. the complex eigen-distribution
DY cDeC
of J with eigenvalue i satisfies
[T(D™Y), T(DY)] cT(D®C).

Lemma 1.1.4 Let (M,D,J) be an almost CR manifold. Then, M is par-
tially integrable if and only if

AN(JX,JY) =d\(X,Y), VX,YeT(D),

where X is a contact form for the contact distribution D. This is also equiv-

alent to d\(-, J-) being symmetric.
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Proof For any X,Y € I'(D) the following
(X -iJX,)Y -1JY]=[X,)Y]-[JX,JY]-i([X,JY]+[JX,Y])
is satisfied. Therefore, M is partially integrable if and only if
[X,Y]-[JX,JY]eD(D), [X,JY]+[JX,Y]eD(D).
Moreover,
AN(JX,JY) = %{(JX))\(JY) —(JY)NIX) - A ([JX, TY])}
= SMIX,JY]),
since JX,JY e '(D). Similarly,
IN(X,Y) = —%)\([X, YY)
Thus, dA\(JX,JY) =d\(X,Y) is equivalent to
[X,)Y]-[JX,JY]eD(D).
We now assume that dA(JX, JY) = d\(X,Y), is satisfied. It follows that
dN(X,JY) = =d\(J?X,JY) = —d\(JX,Y),
which is equivalent to
[X,JY]+[JX,Y]eD(D).

Together with [X,Y] - [JX,JY] € T'(D), implies that M is partially inte-

grable. We also see this is equivalent to
dN(X,JY) =dA\(Y,JX),
since

AN(X, JY) = —dN(J2X, JY) = —dA(JX,Y) = dA(JY, X).
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1.2 CR geometry

In this section we initially introduce the notion of an almost complex struc-

ture on a manifold.

1.2.1 Almost complex structure

Definition 1.2.1 Let M be a manifold and let V' be a subbundle of TM @ C.
The pair (M,V') is an almost complex manifold if

VnV={0}, and VeV=TMeC
are satisfied. The subbundle V is called an almost complex structure.

Set dim¢ V' =n, then it follows that dimg M = 2n.
Consider the complex manifold M with the coordinate system (z1,...,z")
at a point p € M. The underlying almost complex structure is given by

0 0

V = linear Span(c{ﬁ, cee %}7
where 5 5
(o )

is a basis of T,M.

Here is another definition of an almost complex manifold.

Definition 1.2.2 Let M be a manifold and let J, : T,M — T,M be a family
of endomorphisms satisfying J2 = ~1d at each point p € M. The pair (M, J) is
called an almost complex manifold. The endomorphism J s called an almost

complex structure.

The above definitions of the almost complex manifold are equivalent.

Indeed, For a given (M,V'), we define the linear map J
JTMeC-TMeC

such that
J(V) =iV, J(V)=-iV.
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The restriction of the map J to T'M satisfies J? = —Id.
Conversely, for a given (M, J), where J : TM - TM with J? = -1d, we
extend J by complex linearity, still denoted by J, from T'M ® C to itself and

let V' be the eigenspace corresponding to i.

Definition 1.2.3 An almost complex manifold (M,V) is called integrable
if

V), (V)] I(V),
that is, for all sections X,Y of the subbundle V', their commutator [ X,Y] is

also a section of V.

Equivalently, (M, J) is integrable if the Nijenhuis tensor defined by
(1.1) NY(X,)Y)=J{[JX,Y]+[X,JY]} - [JX,JY]+[X,Y]
vanishes for all vector fields X,Y on M.

Example Let M be a complex manifold on complex dimension n. Also
assume that (z! = 2! +iy!,... 2" = 2" +iy"), is a holomorphic coordinate
system at point p € M. The underlying almost complex structure at each
point p € M is given by

9, 9, 9, 9,
(&UQ) - oy’ J(aya) T 9a’

The converse statement of the example is not true in general. There are
almost complex manifolds which are not complex manifolds. The following
theorem shows that under some circumstances the almost complex structure
is complex.

Let the manifold M be real analytic, i.e. a manifold with real analytic
atlas. Fix some coordinates system from this real analytic atlas. Any almost
complex structure on the manifold has a basis of vectors with real analytic
complex-valued coefficients. We finalise this part with the following impor-

tant theorem.

Theorem 1.2.4 (Newlander-Nirenberg) [/3] A CF, k > 1, integrable al-

most complex structure is complex.
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1.2.2 CR manifolds

First of all, we give two equivalent definitions of CR manifolds.

Definition 1.2.5 Let M be a smooth real manifold of dimension 2n + 1.
We also assume that a complex subbundle V c T'M ® C(complezified tangent
bundle) satisfies the following properties

(i) dim@V =Nn.

(ii) V is integrable, i.e. [T(V),T(V)] c T'(V'), which means the commutator

of sections of V' is again a section of V.
(iii) V'V ={0}.
Then, (M,V') is called a CR manifold.

Definition 1.2.6 Let M be a smooth real manifold of dimension 2n+1. The
triple (M, D, J) is called a CR manifold if

(i) D cTM is a real subbundle of rank 2n.
(i) J:T'(D) - T(D) is an endomorphism such that J* = -1d.
(iii) If X, Y are in T'(D), then so is [JX,Y]+[X,JY] and N/(X,Y) =0.

We show that these two definitions are equivalent. Indeed, assume that

(M, V) is given, then consider the subbundle
D:=ReV={X+X:XeI(V)},
and the endomorphism J defined by
J(X +X)=i(X - X).

The subbundle D is of codimension 1 with J? = —=Id. The integrability con-

ditions are also satisfied.
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On the other hand, given (M, D, J) as the CR structure, consider the
complexified of D, D® C. By complex linearity we define the endomorphism
on D ® C, still denoted by J, and set

DY ={XeDoC|JX=iX}={X-iJX|XeD}.

We show that D00 D% = {0}. Let T be a section of D0n D%!. Therefore,
there exists a vector field X on D such that

T=X-iJX=X+iJX,
which implies X =0, since J is an invertible endomorphism. Thus,
DY D% = {0}.

Let X —iJX and Y —iJY be sections of D10 where X,Y e I'(D). We then

have

(X —iJX,Y —iJY] = [X,Y]-i[X, Y] -i[JX, Y] - [JX, JY]
=~ J{[JX,Y]+[X,JY]} -i([X,JY]+ [JX,Y])
= Si([X, JY] + [JX, Y] =1 ([X, Y] + [JX,Y])).

Since [X,JY ]|+ [JX,Y] e (D), it follows that
i([X, JY]+ [JX, Y] +iJ([X,JY]+[JX,Y]) e (D).

Therefore, [X +1JX,Y +1JY ] e (D).

1.2.3 Some examples of CR manifolds

Below we give some examples of the CR manifolds.

Examples 1. A real hypersurface in C**! is a subset M of C™*! such that
for every point p € M there is a neighborhood U of p in C**! and a

real-valued function p defined in U such that

MnU={2¢eU:p(z,2) =0}
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with differential dp # 0 in U where z = (z!,...,2"*!). The function p is

called a defining function.

On any real hypersurface M in C**!, there exists a CR structure in-
duced from C™*1. Indeed, let (2! = ! +iy!, ... 27+ = 7+l +iyn*l) be
a coordinate system at a point p € C**! and J be the canonical almost

complex structure on C**!, i.e.
J: Tcn+1 N Tcn+1

given by

0 0 0 0
J(axa)_ayav J(aya)_ axav
For any p e M, we set

(1.2) D=TMnJITM.

We first note that
dim D > 2n,

because

dimTM +dim JTM - dim D = dim(TM + JT M)
<dimTC™! =2n + 2.

Assume that dim D = 2n + 1. Since D c T'M, it follows that D = T M.
That is, TM c JT'M and because dim JT'M = 2n + 1, eventuality,
TM = JT'M. Without loss of any generality we may assume that
ﬁiﬂ ¢ TM = JTM, which implies ax;iﬂ ¢ TM, which contradicts the
dimension of M. Hence, dim D = 2n. The restriction of J to D has
the property that J? = -Id. We note that because C**! is a complex

manifold, it is integrable, i.e. the Nijenhuis tensor vanishes and
J{JX, Y]+ [X,JY]} =[JX,JY]-[X,Y].

Moreover, if both W, JW are tangent to M, then W e I'(D). Thus,
[JX,Y]+[X,JY] and [JX,JY] - [X,Y] are tangent to M, which
implies [JX,Y]+[X,JY ] e'(D). Hence, (M, D, J) is a CR manifold.
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2. In the next example we provide the details for the CR structure de-
fined on the Heisenberg group [13]. We consider H,, = C" x R with the
coordinates (z,t) = (2',...,2" t), where 27 € C,t € R. By its definition
H,, is a smooth manifold of real dimension 2n + 1. Furthermore, H,,

becomes a group with the operation defined by
(z,t).(w,s) = (z+w,t+ s+ 2Im(z, w))

where (z,w) = 0;z7w*. The smooth manifold H, with the group op-
eration defined above is called Heisenberg group. We now explain the
construction of a CR structure on H,,. Let us consider the complex
vector fields X; on H,, defined by

XJZ%‘H?a’ j=1,...,n.
We then define at each point (z,t) € H,,, the space

We only need to check that the complex subbundle H,, is integrable,
that is, [Xj, Xj] € H,, for all X, X} € H,,, j,k=1...,n. We compute
the commutator of X;, Xj.

) ) ) g 0 d 0
[XJ7X’€:| [az] +12 at’ 8 +i at] [62;] azk] [62-7 8t

9 9 9 0
W= _— 1 _[z)___ _
HlE g s w2
o 0 o 0 o 0
:.,k v . ] 7k: ] _
ol 17 g gl ~ 7 g 51 =0

Therefore, the pair (H,,, V") is a CR manifold.

1.2.4 The Levi form

Definition 1.2.7 Let (M,V) be a (2n + 1)-dimensional CR manifold. For
pe M, the Levi form is the bilinear form defined by

Ly:VpxVy _’(TpM@’C)/(%@vp)

(1.3) L,( X, p)‘ Wp([X Y] );
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where X,Y are sections of V with X(p) = X, and Y (p) =Y,. Here the map

Tp 18 the natural projection
T T,M®C — (I,M&C)/(V,®V,).
The Levi form defined as above is Hermitian since,
£, Yy) = 5 ([X. V) = =0V, X)) = 5oy (1Y K) = 5,075 5y,

Alternatively, for a given CR manifold (M, D, J), the Levi form is defined

as follows.
L,:D,xD,— T,M|D,

Ly(Xp,Y,) = 7T:o([X> JY]p)>

where XY are sections of D with X (p) = X, and Y (p) =Y,. The map 7, is
the projection
7, T,M — T,M[D,.

The Levi form defined in the real case is symmetric. Indeed,

Lo(XpYy) = LYy, X,) = m([X, JY ], [Y. IX],) = (X, JY ], + [JX,Y],)
= 07,M/D,,,

since [ X, JY]+[JX,Y] is also a section of D.

Definition 1.2.8 A CR manifold (M,V') is called

i) nondegenerate at the point p € M, if L,(X,,Y,) =0 for all Y € I'(D)
with Y (p) =Y, implies X, =0,

it) strictly pseudoconvex at the point p € M | if the Levi form is positive
definite (L, >0) or negative definite (L, <0).
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1.2.5 Cartan’s approach to 3-dimensional CR mani-
folds

Following Cartan [10] a 3-dimensional CR structure of M can also be (locally)

encoded as a choice of a real 1-form A and a complex 1-form p such that
(i) AApAp+0
(ii) D =ker A

(ili) p|p o J =iu|p for all sections X of D.

Then any other pair (A, u') of 1-forms defines the same CR structure if it is
related to (A, 1) by

(1.4) A= fA, i =hp+ I\

where f #0 (real), h # 0 and [ are complex functions.

A 3-dimensional manifold M equipped with the class of pairs of 1-forms
[(p, \)] where the equivalence relation is defined by the transformations
is also called CR manifold and denoted by (M, [(u, \)]).

1.2.6 Strictly pseudoconvex CR manifolds

A 3-dimensional CR structure on M can be alternatively defined by means
of vector fields as follows. Let (M, D, J) be a strictly pseudoconvex CR
manifold, i.e. for any (local) non-vanishing section X of D, [X,JX] ¢ D,
and 0 = X —iJX and 0 = X +iJX are the generators of D0 and D!

respectively. One can complement 9,0 with
0o =1[0,0] = -2[ X, JX],

such that (9,0, dy) forms a frame for the set of all sections of the complexified
tangent bundle on M. In the terminology of the CR geometry, e.g. [30] the

linear differential operator 0 is called a CR operator.
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We denote the corresponding dual coframe by (u, i, A). Strict pseudo-

convexity of M translates to
dAAX#0,
since otherwise, dA A A = 0 implies
AN=cuuAXN+ClL AN
for some complex function ¢ defined on M. On one hand, it is clear that
d\(0,0) = 0.
On the other hand,
AN©,9) = 3 {OA(D) - ON(D) - A([0.0)} = -5 A([0.0))

implies
[0,0] = -2[X,JX] e(D),

which contradicts the strict pseudoconvexity of M. Our choice of the vector

fields 0,0, 0y allows us to normalize A and p in the following way.

Lemma 1.2.9 Let (M,D,J) be a strictly pseudoconvex CR manifold. The
choice of the frame (9,0,0 =1i[0,0]) implies

(1.5a) AN =1 AL+ Cci AN+ CILA N
(1.5b) dp = apu AN+ B AN,

where (p, j1, \) is the corresponding coframe and c,c, B are some complex-

valued functions on M.
Proof We first note that

[0,0] = cly0 + 250 + 3,0y = —i0,.
Then, Lemma implies

AN = ~Cly i A= Clg U AN = g AN =it A i = Clg i AN = o3 LA N,
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and since A is a real 1-form it follows that

3 _ =3 _
Ci3 = Co3 = =G,

which implies
AN =1 AL+t AN+ ClL A .
To show is satisfied, we note that
dpp=—Clo U Afi = Ciz ftA N = Cog AN = ap AN+ BRA N,
since ¢j, =0. |

Now, we are able to compute the commutators of the vector fields stated
above.

Corollary 1.2.10 The following statements are satisfied:

(1.6a) [0,00] = —ad - B - cOy

(1.6b) [0,00] = -B0 — ad - cd,.

Proof Lemma and equations (|[1.5)) give us the above statements for the

commutators. |

From now on, without loss of any generality, we assume that the 1-forms p, A

satisfy (|1.5]).

We consider the representatives (u, A) and (u/, \') with the transforma-
tion (|1.4)) satisfying

d\=ipAjp mod{\}, d\N =iy Ay mod{\}.
Then there exists complex functions f # 0 and h such that
(1.7) N=fPN, = f(u+hA).

This is because for X' = a\ and u' = fu+ ¢\, where a # 0 is a real function

and b # 0, ¢ are complex functions, the normalization of X,

AN = 1#;/ A mod{N},
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implies a = | f|?, and as such p’ can be written as

p' = fu+hA),

where h = §

Now we can fix our convention as follows: any other distinguished frame
(0/,0',0}) and coframe (y/, ', \') may be expressed through the original

frame and coframe by

(1.8a) d'=eT%0, 9% =€ (0o — h0 - h0),
(1.8b) p=em P (u+ h\), N =e* ),

where 7 is a real-valued function, ¢ € [0,27) and h is a complex function.

For the choice (u/, \') the functions o/, 5', ¢’ take the following forms:

Proposition 1.2.11 For the choice of the pair (N, ') defined by (L.8)), the

following statements are satisfied
1. h=-id(1 +ip)
2. o' =e* (a—0y(T +1ip) + hO(T +ip) + Oh + hc)
3. B =e2m+%¢ (B + hO(T +1ip) + Oh + ch)
4. ¢ =e%(c=2ih+9(T +ip)).
Proof Let f:=e™%. From (1.8) we have that

(1.9) dp' =df Ap+hdf AN+ fdu+ fdh AN+ fhd)
= (=Of +ifh) i+ (=Oof + hOf + fa+ fOh+cfh)uA N
+(h5f+,6’f+f5h+5fh)/]/\)\.

On the one hand,
(1.10) O AN B AN = ol IR AN+ BT A
Comparing and , we get

Olog f =ih, —0of + hOf + fa+ fOh+cfh =o' f|f],
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and also
B'fIfI> = hOf + Bf + fOh +Efh.
Substituting f = e™*¥ into the above expressions gives o/ and 3'.

To prove the last property, we notice that

(1.11) dN = d(ffN) = fdf AN+ fdf AX+|fPdX

= fONuAN+FON)a AN+ [Of)unX+ f(Of)anA
+HilfPuAp+cfPuaX+elfPanr

=ilfPunp+ (FOf + fOF +clfP)unX
+(f5f+f5f+é|f|2)ﬁ/\)\
On the other hand,
(112) iy Ap + W AN+ aaN =ilfPun i+ (i fPh+ fIfP)uaX
+(=ilfPr+c fIfF)mA A
Comparing and ([L.12)), it follows that
fof+ fof+clfl? =ilfIh+c fIf?

and thus, X
d = ?(c—iﬁ+ dlog|f?). 1

1.3 Sasakian geometry

Sasakian manifolds are examples of CR manifolds. We first give the definition
of Sasakian manifolds based on Ké&hler manifolds. We begin with Ké&hler

structures which may be considered as special Riemannian structures.

1.3.1 Kahler manifolds

Definition 1.3.1 A Kdhler structure on a Riemannian manifold (M,g) is
giwven by a closed real 2-form €2, i.e. d2 = 0 and an endomorphism J on

L(TM) satisfying the following conditions:



1.3. SASAKIAN GEOMETRY 43

(i) J is an almost complex structure of the tangent bundle, i.e. J? = -Id.
(ii) g(X,Y)=g(JX,JY)  VX,Y eD(M).

(iii) UX,Y)=g(JX,Y) VX,Y eD(M).

(iv) J is integrable, i.e. Nijenhuis tensor defined by vanishes.

Then (M, g,,J) is called a Kdhler manifold. We note that because of the
condition (i) the manifold M is of even dimension.

Let (S, gs,60) be a contact Riemannian manifold of dimension 2n+ 1, that
is, a manifold S equipped with a Riemannian metric gs and a contact form

6. We now consider the Riemannian metric
g =dr*+r%gg

defined on the cone C(S) = R* xS where r is the coordinate along R*. Now

we have the following definition of a Sasakian manifold

1.3.2 Sasakian manifolds

Definition 1.3.2 A contact Riemannian manifold (S, gs,0) is called Sasakian,
if (C(S),q,9,J) with Q = d(r?0) and the almost complex structure J defined

by
Q('? ) = Q(J‘, )

is a Kdhler manifold.

A Sasakian manifold S is naturally embedded into its cone as a real hyper-

surface. Indeed, a Sasakian manifold can be considered as
§=9x{1}cO(9),
and the CR structure is naturally defined by

D=TSnJ(TS),
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where J is the almost complex structure on the cone.
We now recall from [2] the characterisation of the Sasakian manifolds in
the class of strictly pseudoconvex CR manifolds. For the convenience of the

readers we provide the proof.

Proposition 1.3.3 (Alekseevsky et al. [2]) Let (M,D,J) be a strictly
pseudoconver CR manifold M of dimension 2n+1 with contact form 6 where
D =ker6 and Z is the corresponding Reeb vector field to 0. Assume that Z

s an infinitesimal CR-automorphism, i.e.
Z7J =0.
Then, M s Sasakian.

Proof The proof is local. Let (i,...,(, be the generators of D0 and set
N = M xR*. We also assume that r is the coordinate along R*. We then

consider the vectors (,...,(,, Z —ird,, such that

(Cl,...,Cn,gtl,...,En,Z—irﬁr,Z+ir&4)

is a frame for the complexified tangent bundle of N. The endomorphism Jy

defined on the tangent bundle of N given by
JN|D=J, JN(Z)=—TaT, JN(r&n):Z,
is an almost complex structure on the tangent bundle of N and

(¢1y--3Co, Z —i10,)

are generators of THON. Now we check the integrability of J|y, that is, the
involutivity of THON. The endomorphism J|y is integrable on D due to the
involutivity of D19, We only need to check that

[Z - ird,,(;] e D(TON).

(Z -ird,,¢;] = [Z -ird,, X —iJX] = [Z,X -1JX]
- [2.X]-i[2,JX] = ([2,X]-1J[Z,X]) e T*°N
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because LJ =0, where (; = X —iJX, X e (D). Moreover, notice that the
metric defined on M by
g=do(J--)+6?

is a Riemannian metric. We are now in the position to define the metric gy
given by

gy =1r2g +dr?

and the 2-form 2 by
Q =d(r%0)

on N. The form €2 is clearly exact and hence, closed. We now show that these
structures are compatible, i.e. (N, g,€,J) is a K&hler manifold. We need to
show that g(JyX,Y) = Q(X,Y) or equivalently gn(X,Y) = Q(JyX,Y) is
satisfied, where XY e ['(N). If X,Y € kerf nkerdr, then

gn(X,Y) =r2g(X,Y) =r2d0(JX,Y) = Q(JX,Y) = Q(JyX,Y).

If X =27 andY €kerf, then

gn(X,Y) =Q(JyX,Y)=0.
If X=Y =Z, then

gN(Z,2) =1r? =Q(r0,,Z) = UJINZ, 7).

If X =70, and Y € kerdr, then

gn(X,Y) =Q(JyX,Y)=0.
If X =Y =r0,, then

gy (10,,70,) =12 =Q(~-Z,70,) = Q(Jn70,,70,). |}

We also notice that the choice of the scaling function is unique: Let
JZ =hdr and gy = fg+ dr?. Then the 2-form 2 is defined to be

2= d(f0),
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since

gN(X,Y) = Q(JNX,Y),

for X,Y e kerf nkerdr and df) = 0. Furthermore,

because
gn(Z,Z) = f = f'QUho,, Z) = QU INZ, Z)

for X =Y =Z, and
1
h?=—f'h
5/

because
gn (RO, hd,) = h* = f'Q(-Z,hd,) = QUJIxh0,, hd,).

Hence, because of
and

it follows

1.4 Shearfree congruences

In this section we first introduce the notion of shearfreeness which may be
interpreted as a generalisation of the conformal Killing equation.

A vector field p is called a conformal Killing if the following equation is
satisfied.

(1.13) Zp9=p9

where p is a function defined on M. If p = 0, the vector field p is called

Killing vector.
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1.4.1 Shearfree vector fields

Definition 1.4.1 A shearfree congruence is an even-dimensional Lorentzian
manifold (M, g) equipped with a foliation into integral curves of a nowhere

vanishing vector field p, such that
(i) The vector field p is null, i.e. g(p,p)=0.

(i) £p9 = pg+0v 1, where 6 = g(p,-), p is a real function on M and ) is
a 1-form. This condition means that the metric g changes conformally

under the flow of p if restricted to the subspaces

pt={X el'(TM);9(X,p) =0}.

We call p a shearfree vector field (with respect to (M, g)) if it satisfies con-
ditions (i) and (ii) above. The pair (g,p), is called a shearfree metric.

One can find some examples of shearfree metrics in the relevant chapters of

[63]. Here, we denote the symmetrized tensor product,

% (9(p,) @Y+ ®g(p,.))

by 6 v 1.

Below we show that any null conformal Killing vector field is geodesic.

Lemma 1.4.2 Let (M,g) be a Lorentzian manifold and p be a null confor-
mal Killing vector field, that is, £,9 = pg, where p is a real function defined
on M. Then, p is geodesic, i.e.

Vpp = [P,
where f 1s a real function on M and V is the Levi-Civita connection.
Proof For any vector field W on p!, the identity (0.1b), for X =V =p

implies that
9(Vp, W) +g(p, V,W) = 0.
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On the other hand, the Kosul formula ((0.2)) yields

g(Vwp,p) = 0.

Moreover,
[p, W] =V,W - Vwp
implies
9(p: [p, W]) = g(p, V, V).
Therefore, on one hand,

(Z9)(p, W) = £, (9(p, W) - 9(Lop, W) — g(p, LLW) = —g(p, L,W),

and on the other hand,

(9)(0, W) = pg(p,W) =0,

which implies that
9(p, £,W) = 0.

Finally, from
g(vppa W) = _g(pa VPW) = _g(pa [p7 W]) = g(pagpw) =0

it follows that V,p € W' which means there exists a function f such that
VpD = f p. I

A shearfree vector field also possesses the same property. Hence, a shear-
free congruence is in fact a foliation of M into null-geodesics, which can be

interpreted as light rays.

Proposition 1.4.3 Any shearfree vector field p of a Lorentzian manifold

(M, g) is geodesic.

Proof It follows from Proposition that for any null vector field p, L;p =
0 is satisfied. Substituting V' =Y = p into (0.6),

(1.14) (ZL9)(X,p) = ~g(Lpp+ Lyp, X) = g(V,p, X)
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is satisfied. On the other hand, since p is shearfree, there exists a function p
and 1-form v such that

(1.15) (Z,9)(X,p) = (pg + 0 v ) (X,p) = pg(X,p) + %g(p, X)¥(p)

=g ([,0 + %w(p)]p, X) = g(Bp, X),

where 8 = p + 31(p). Comparing the right hand sides of (1.14) and (1.17)

and also taking into account that ¢ is non-degenerate, we see
Vop=5p. i

Notice that shearfreeness of p depends only on the conformal class of g
and is preserved under scaling of p. Such rescalings can be used to simplify

the structure in the sense of the following definitions.

Definition 1.4.4 A shearfree congruence is called diverging if the function
p in (i) of the definition does not vanish; it is called distinguished in
the opposite case, i.e. if p=0.

A shearfree vector field p is said to be standard if

Vpp = 0.
We summarize some properties of the shearfree vector fields below.

Proposition 1.4.5 For a shearfree vector field p, the following properties
hold

1. Any rescaling of p is also a shearfree vector field.
2. The vector field p can be rescaled, so that V,p =0, i.e. p is standard.

3. Being standard is equivalent to p 2df =0, which, in turn, is equivalent
to

Z,0=d(pa0)+padf=0.
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Proof For any nonzero function ¢, notice that
Lipg =159+ g(p,-) vdt =tpg+tg(p,.) v+ g(p,-) vdt
= pg+yg(tp,) v,

where p = tp and & = + dlog f, that is, tp is a shearfree vector field. To
prove that p can be made standard, notice that there exists a function S such
that

Vpp = Bp,
since p is geodesic. Furthermore,
Vipfp=0
is equivalent to
B =-p(log f),

since

Vo= o)+ [Vsp = fo(f)p+ 2V = (f0(f) + [2B) p.

To prove the third property, we first notice that for any vector field X

B0(p, X) = 5 {p(X 36) - X(p 26) - [p, X] 26}
= % {pg(p, X) = g(p.[p, X])} = %{g(vpp, X) +9(p, vpX)
- 9(p,VpX) +9(p, Vxp)} = % {9(Vpp, X) +9(p, Vxp)}
= %g(vpp,X),

since it follows from the Koszul formula (0.2)), that g(Vxp,p) = 0. Therefore,
Vpp =0 is equivalent to p 1df =0. |}

1.4.2 Shearfree congruences in Lorentzian manifolds

Some of the material provided in this subsection are well-known, and since

we are unaware of a precise reference to the literature we provide the details.
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Let M be a 4-dimensional manifold equipped with the Lorentzian metric
g of signature (3,1), and p be a nowhere vanishing null vector field over
M. We then consider the complexified tangent bundle of the manifold M,
C®TM, and extend the metric g by complex linearity, denoted also by g,

in the following form
g(X +IV U +1V) = g(X,U) - g(Y, V) +i(g(X, V) + g(Y, U)),

for all X, Y, U,V eT'(TM).
Then, there exists a complex frame (ey, ez, ¢, p) for the complexified tan-

gent bundle satisfying e; = €5 and

gler,e2) =g(6p) =1, g(£,0) = g(l,ex) = g(£, e2) = 0.

Indeed, because of the non-degeneracy of the metric g, there exists a null
vector field ¢ such that g(¢,p) = 1. One can complement ¢,p by two real
orthonormal vectors €, €5 such that (e, €5, ¢, p) forms a frame for the tangent

bundle. Now we set

1( i) 1( i)
e1 = ——=(€1—1€62), e9=—=(€1 +1€3).
1 NG 1 2 2 NG 1 2

Also assume that (6%,602,63,60%) is the dual coframe to (eq, ez, ¢, p) satisfying
(1.16) o' =0% 63=g(p,-).

Hence, the metric g takes the following form

(1.17) g=2(0"0*+6°6"),

and the Gram matrix for both ¢ and its inverse g~! with respect to the frame
(e1,€e9,¢,p) and coframe ((1.16)) is of the following form

(1.18)

o O = O
o O O
_ o O O
o = O O
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The 1-forms defined by ([1.16)) are not unique and are defined up to the
subgroup of the Lorentz group preserving the null direction p. We consider
the null vector field

p' = Ap,
where A is a nowhere vanishing real function defined on M. We also consider

the frame (e}, eb,¢',p") defined by the following transformations

el el

€3 €2 4 4 4 4
(119) gl =T E ; Tl :T2 :T3 :0’ T4 :A

P %

such that the Gram matrix of the metric with respect to the transformations
(1.19), takes the form (1.18)). After some straightforward computations, the

matrix 7" takes the form

elv 0 0 B

(1.20) 0 e 0 BQ
ee e o)

0 0 0 A

where B is a complex-valued function. Therefore, the corresponding matrix

for the coframe (6",62,0"3,0") is of the form

0" e i 0 B 0\
(121) 072 _ 0 elv B 0]]#?
073 0 0 A 01|86
04 - % e iy —% el® —% % 04

We now consider the complex functions o and x defined by
(1.22a) dO* AOY NG =0 01 A O* NG A0
(1.22b) dOP AO' AP = kO AO* A O NG

The next proposition relates the complex quantities o and « to the null vector

field p. One can see that vanishing or not, of both x and o, is independent
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of the choice of the coframe. The proof can be found in [25], and for the
convenience of the readers and in the sake of having the thesis self-contained,

we give the proof.

Proposition 1.4.6 (Hill et al. [25]) Vanishing or not of both functions o

and k simultaneously, is an invariant property of the congruence.

Proof Let (6,02,6%,0"%) be the coframe given by (1.21). By straightfor-

ward computations, it follows that

dOP AT AOP = kAP OL A OP A GP A O,
dO" A AGR = AP dO AT A O3+ ABe Y dOP A 01 A 0P
=(cAe??+kABe ™)' A2 A 0P A 0. |}

The functions o and k are related to the frame and the metric as follows.

Proposition 1.4.7 (M, g) be a Lorentzian manifold and V the correspond-

ing Levi-Civita connection. For the null vector field p, the relations
0 =g(e2,Ve,p), and k=g(Vyea,p)
are satisfied.
Proof From (1.224), it follows that
dO* A OV A0 (eq, e, 0,p) = }La.
On the other hand,

pI(dO* AOP AOP) = (padd)AO ADP + (p20Y)dO* A O3~ (p26)dO A O
= (p2d@*) Aot A6,

because p 160! =p 163 = 0. Therefore,

1
do* A9V A O3 (eq,eq,0,p) = —§d61(62,p).
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Moreover, since

(ez(p 160") = p(eg 16") - 91([62719])) = —%9(627 [e2,p])

DN | —

del(esz) =

is satisfied thus,
0= 9(627 [627p])’

Now the property (0.1b]) of the Levi-Civita connection for X =p, Y =W = ey

gives

g(Vpe2, 62) =0.

Therefore,

o =g(ez, Ve,p) — g(e2, Vpea) = g(ea, Ve,p).

A similar argument can be applied for . |

We now show that vanishing of x is equivalent to p being geodesic.

Proposition 1.4.8 The null vector field p is geodesic if and only if k = 0.
Proof First we see that for the vector fields X,Y

de*(X,Y) = X(*(Y)) - Y(6*(X)) - 0*([X,Y])
= Xg(p.Y)-Yg(p,X) - g(p. VxY - Vy X)
=9(Vxp,Y) +9(p,VxY) - g(Vyp, X) - g(p, Vv X)
- g(p, VxY) +g(p, Vv X) = g(Vxp,Y) - g(Vyp, X).

Moreover, the 2-form df® can be expressed as a combination of the basis,

that is,

d03 = 01291 A 92 + 01391 AN 03 + 61491 AN 04 + 62392 AN 63

+ 02492 A 94 + 03493 A 6)4.
Now, let x =0, which implies

d> AL A6 = 0.
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Wedging d#? by 0 A 62 gives us that coy = 0. Moreover, i =0 yields that
9> A9* A 63 = 0.
Wedging d#? by 6% A 62 implies that ¢;4 =0. We see then that
p1d? = 363,
where [ = —%034. Furthermore,
Xg(p,p) = 9(Vxp,p) + 9(p, Vxp) = 29(p, Vxp) = 0
implies that for any vector field X
d6°(p, X) = g(V,p, X) = 80°(X) = g(8p, X).
Hence, g(V,p, X) = g(fp, X) and non-degeneracy of the metric implies
Vyp = Bp.
To see the converse statement, we assume that V,p = 8p. Because of

, it follows that

pg(ea,p) = g(Vyez,p) + g(ea, Vyp)

= 9(Vpea,p) + By(e2,p) = g(Vpea,p) = =0. |

Vanishing of x and o simultaneously, is equivalent to shearfreeness of the

vector field p. In order to clarify that we state the following lemma first.

Lemma 1.4.9 (Hill et al. [25]) Let o0 = k =0 everywhere for the null vec-
tor field p. Then the following statements are satisfied:

(1.23a) (Z0P)n0%=0
(1.23b) (Z,0M) AO' A 63 =0.
Proof The 2-form df3 can be written as

d@g = 01291 A 92 + 01391 A 03 + 61491 N 04 + 02302 N 93

+ 02462 AN 94 + 03493 A 94,
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where ¢;;’s are functions on M. Vanishing of x implies that ¢4 = co4 = 0,
that is,

d@g = 01201 A (92 + 61301 A 03 + 023€2 A 93 + 03403 N 04,

since

AP AGP A% =0, AP A @2 A6 =0.

Moreover, Cartan’s formula yields
L,0°=p1d0® +d(p26*)=pdd® =303

where [ = —%034. Wedging both sides of the last equality with 62 gives us
(1.23a)). To show the second identity we note that the 2-form df' is also

expressed as

d@l = a1291 A\ (92 + a1391 A 93 + CL1461 AN (94 + a2392 A 93

+ a900% A OY + a3,0° A O,
where a;; is a function on M. The condition o = 0 implies
dO" = a190" A 0% + a130" A O3 + ag30® A O3 + az40® A O
Therefore, Cartan’s magic formula yields
L0 = 567,
where 3 = —3azs. Wedging the last equation with 6' A 6% gives (1.23D). 1
Theorem 1.4.10 o = k=0 if and only if the null vector field p is shearfree.
Proof First we assume that the vector field p is shearfree, that is,
29=pg+9(p,’) Vv,

where p is a function and v is a real 1-form. Therefore,

(Zhg)(ea,€2) = pg(ea, e2) + g(p,-) v v(ez, ea) = 0.
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On the other hand,

("%g)(e% 62) = g(V(iQp? 62) + 9(62> V€2p) = 29(627 vezp) = 20

is satisfied. Comparing the above expressions, if follows that o = 0. Moreover,
from Proposition [I.4.3] the vector field p is geodesic and due to Lemma[1.4.8
Kk =0.

For the converse statement, we notice that from Lemma [1.4.9] the condi-
tions o = k = 0 imply that

(1.24) Z,0° = ab?, Z,0" = 0" + b,
where b, c are complex functions and a is real. We then have
(1.25) Lg=2,0"®0%+0'® £,0°+ £,0° 0" + 0% ® £,0"
+ L0000 +0°® £,0"+ £,0°00° + 0 ® Z,0°.
Substituting into , we get
Zp9=pg+0° Vv,

where p=b+band ¢ = (c0' + 0% - (b+b-a)0* + £,0). |

1.5 A Lift of a CR manifold

Three-dimensional CR manifolds are very closely related to the shearfree
congruences in 4-dimensional Lorentzian manifolds. They are well-known to
physicists for constructing nontrivial solutions for the Einstein equations in

the 4-dimensional Lorentzian space[55, [56, [57].

1.5.1 Shearfree metrics

Given a 3-dimensional CR manifold M, it is known [25] that, one can con-
struct a class of CR invariant metrics on the line bundle M = M xR equipped

with a shearfree congruence.
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For a given pair of the forms (i, A) on the CR manifold M, satisfying
(1.5) we introduce the conformal class of Lorentzian metrics defined on the
line bundle M = M xR by

(1.26) g=2P%(ppi+ A(dr+ Wp+ Wi+ H)))

where r is the coordinate in the direction of R. Here, P is nowhere zero
(real), H (real) and W (complex) are some functions defined on M.

Here the symmetric tensor product up is defined by
1 o
pi= 5 (p@p+p®p)

The function r can also be another trivialising function. Precisely, let r’ =
r'(x,y,z,7) when (z,y,2) is the coordinate system at a point p € M. If
%—7;' # 0, then r can be replaced by r’.

We also note that the 4-dimensional Lorentzian manifold M projects to

M by the natural projection
T M— M,

and by abuse of notation, we denote the pullback of the forms on M by the

same notation. For instance, we denote by u the pullback 1-form 7*(u).
Lemma 1.5.1 The metric defined by (1.26]), possesses the following proper-
ties

1. The wvector field p = 0, is a shearfree vector field, that is, (g,p) is a

sherafree metric.

2. The family of shearfree metrics is CR invariant. That s, the metric g’
corresponding to the alternative choice (', '), given by (1.4), belongs

to the class of metrics.

Proof To show that the vector field p is shearfree, we just need to look at
the Lie derivative of the shearfree metric defined by ([1.26]) along the vector



1.5. A LIFT OF A CR MANIFOLD 29

field p.
2,9 = pg + 2P2(°%)\)(d7“ +Wp+ Wi+ H)\)
+ 2PN L (dr + W+ Wi+ H))
= pg + P\ = pg + g(p,) V1),
where ¢ = 2.%,(dr + W+ Wi+ HX). We note that
LA A=padr+d(pa)X)=0,

and also

g(p.,p) =0, g(p,0)=0, g(p,d)=0, g(p,\)=P.

Let (u/, \") be another representative relating to (u, A) with the transforma-
tion given by (|1.7). We then have

g =2P? (i + MNdr + W'/ + Wi/ + H'X'))
=2P% (pp+ Ndr + Wp+ Wi+ HN)),

where
P=P|fl, W=h+W'f, H=|h>+W'fh+W'fh+|f*PH. |}

Having chosen a representative (u, A) from the CR structure and a Lorentzian

metric g € [g], will give the following definition.

Definition 1.5.2 Let (M, [(u,A)]) be a 3-dimensional CR manifold satisfy-

ing (1.5). The pair (g,0,), where g € [g] defined by (1.26) on the trivial line
bundle M xR is called a lift of the CR manifold to a spacetime.

Now the following theorem holds.

Theorem 1.5.3 (Hill et al.[25]) Let (M, g) be a 4-dimensional Lorentzian
manifold. Suppose that M is foliated by a 3-parameter family of curves which

are shearfree geodesics. Then M s locally a cartesian product M = M xR
with M being a 3-dimensional CR manifold. The CR structure (M, [(u, \)])
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on M is uniquely determined by (M, g) and the shearfree congruence on M.
Ifr is a real coordinate such that k = 0, is tangent to the congruence, then the
Lorentzian metric g on M can be locally represented by with some spe-
cific functions P,{W, H depending on the choice of the representatives (i, \)

of the corresponding CR structure.

Refer to, e.g. [25] and references therein for a detailed proof.
In chapter 4, we generalise Theorem for the subconformal and almost
CR manifolds.



Chapter 2

Shearfree geometry and the
embedding of CR manifolds

In this chapter, we first explain the embedding problem in more details and
give some examples of embeddable CR manifolds. We also explain the ap-
proach used in [25] to show that the embeddability of a 3-dimensional CR
manifold is related to the existence of a solution of Maxwell’s equations in ad-
dition to vanishing of some components of the Ricci curvature of the shearfree
Lorentzian metric corresponding to the CR structure.

The most famous approach relating a CR manifold to a conformal Lorentzian

manifold is the Fefferman metric, which will be explained in this chapter.

2.1 Embedding of 3-dimensional CR mani-
folds

We recall from ((1.2)), that any smooth real hypersurface in C? has a CR
structure inherited from C2. Now let (M3, D, J) be any CR manifold. The
(local) embeddability (or realisability) problem, asks if there exists a (local)

embedding
L: M - C?

61
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such that the CR structures on (M induced by ¢ and by C2, coincide. In
other words,

9, 0
1.0 = a(z, 22)8_,21 +0(21, 22)(9_22

at each point of tM, where (21, z2) are holomorphic coordinates on C? and
0=X+iJX, and 0=X-iJX

for some non-vanishing section X of D. This problem is equivalent to finding
two non-constant functionally independent CR functions, that is, solutions

to the complex linear PDE
(2.1) d¢p =0,

where two CR functions ¢; and ¢, are called functionally independent pro-
vided
doy A doy # 0.

Indeed, if there exist two non-constant functionally independent CR functions
1 = d1(x,y,u) and ¢y = Po(x,y,u), where (x,y,u) are coordinates on M,
then we are able to define the embedding ¢ : M — C? as follows

L(:p,y,u) = (ngl(w,y,u),qﬁg(x,y,u)) € C27

since for any vector field X in M

) 9 9 9
L (X) = X(¢1)8751 +X(¢1)6731 +X(¢2)8752 +X(¢2)0732

is satisfied. Hence, X = 0 implies

0 0
0 =001 — + 0pg—,
L ¢18¢1 ¢28¢2

since O¢; = Opo = 0. For the converse statement assume that 0 is the CR
operator on M and that (z1, z2) are the holomorphic coordinates on C2. At
any point, 0 is a linear combination of 86—21 and 3%2. The restriction of (21, 23)
to M implies that

Ay = Dy = 0
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with dgy A dgy # 0 where ¢; = 21 and ¢ = 25.

It is also worthwhile to mention that any holomorphic function of a CR
function is also a CR function. Indeed, let ¢ : M — C be a CR function,
i.e. 0 =0. Take (x,y,u) to be a coordinate system at a point p € M, and
f :C - C a holomorphic function, i.e g—g =0, where w € C. Therefore, the

CR operator 0 can be expressed as
9- 2.
718 1 728 738 D) 73822

where ~; is a complex function and z! = z + iy and u = Rel 22, where (2!, 2?)

is the coordinate system of C2. Then the chain rule implies

of 96 0f 96 _0f 96

(f ¢)= Ow 0z (910 0z~ Qw oz’
and of 9¢ 8f 8q§ _0f 99
(f ¢) = Ow 027 8w 027 Qwdzi’
where j =1, 2. Therefore
0 0 0 0 0
0(f00) = g (g + 12 + s + 1 ) = 06 =0

Not all 3-dimensional CR manifolds are embeddable. The first counterex-
amples appeared in the context of linear partial differential equations by H.
Lewy in [39, 38]. L. Nirenberg proved in the works [44], 45] that the PDE
has no solution but constant functions where the operator 0 is defined
by

0= alg + aQQ +a3—

Ox oy 0

for complex functions a; = a;(x,y,u), where (z,y,u) is a coordinate system at

= 81 +i82
u

a point in a neighborhood of R3, with 0y, and [0;, 05] linearly independent
(44, [45)].

There are also some CR structures, which admit a non-constant CR func-
tion ¢ and every other CR function is a holomorphic function of ¢ [59]. Refer
to [27, 51 15], T4] for more examples of non-embeddable CR manifolds.

We now consider a 3-dimensional CR manifold (M, [(p, A)]) satisfying
and also assume a CR function ( exists. Let ( = x +iy and p = d(. One
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can choose a real coordinate u such that (z,y,u) is a coordinate system at
a point p € M. The operator 0 can be written as a linear combination of

Oc, 0, 0y By rescaling 0, we get
(22) 8 = (94 - L@u, 80 = 1(5[1 - 01_1)81“

where L(z,z,u) is a complex-valued function subject to

OL - 0L #0.
The 1-form X takes the form
(2.3) _ du. +_Ldz +?d2
i(OL -0L)

In addition, the complex function ¢ defined by (|1.5a)) is of the following form
c=-0log(OL-0L) - 0,L.

Refer also to [23].

The following lemma plays a crucial role in finding a CR function.

Lemma 2.1.1 [25] Let ¢ be a smooth complex-valued 1-form defined locally
i R™, n >3, such that o A @ #0. Then,

dpAp=0

if and only if there exists a smooth complex function ¢ and a smooth non-

vanishing complex function h such that
@ = hd(, d¢ AdC #0.
The proof provided here is slightly different from the one given in [25].

Proof Let ¢ be a complex 1-form defined in a neighborhood U € R™ such
that o A @ # 0 and dp A ¢ = 0. We define the real 1-forms ¢; = Rey and
w9 =Imp. The condition ¢ A @ # 0 implies p1 A g # 0, since

O AP = (1 +ipa) A (1 —ipa) = —2ip1 A @y
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On the other hand, from dp A ¢ = 0, the following identity

dpr A1 = dpy A +i(dps Ay +dpr Aps) =0,
is satisfied. We now consider the real and imaginary parts of the above
expression.
dp1 A1 = dipa A pr = 0,
dQOQ/\Q01+dg01/\()02 =0.

For dimensions n > 4, wedging the above equations with ¢y gives

dp1 A1 Ay =0, dpa N1 A g = 0.

In dimension n = 3, the above expressions are automatically satisfied. We
can now apply the Frobenius theorem for the real 1-forms @1, 5. Therefore,

there exists a coordinate system (x,y,u’),f=3,...,n in U such that

¢1 = fide+ fydy, o= fidx+ fidy,

where fF are some real functions such that f{ f3 — fJ f2 # 0. Thus the 1-form
@ can be expressed as

Y = crdr + cody,

where ¢; = f{ +1f? and ¢p = f} +1f2, satisfying

16— Ciep = =2i(f1 f3 - f2 1) # 0.

We also see that neither ¢; nor ¢y can be zero. Using the complex coordinate

z = x + iy and taking into account that
dz = dx +idy, dz = dx —idy

the complex 1-form ¢ takes the following form

c1 + iCQ
dz.

C1 — iCQ

= dz +
¥ 9 Z

We first consider the cases that either ¢; = icy or ¢; = —icy. In any of these

cases, the 1-form ¢ can be written as ¢ = hd( where h # 0. Suppose neither
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c1 = icg nor ¢; = —icy are satisfied. Therefore, If ¢; —icy = 0, then ¢ = hd(

where h = 2icy and ¢ = z. for the functions h(z,z) and ((z,z), we set
o= 20 2 05 e (de + S245). ¢ £0.
2 1 —iey G
We now consider the equation

c1 +1icy

(24) CZ = MCZ? Cz * Oa H

C1 — iCQ ’
The rest of the proof splits into two cases:
L If fif2- f1f2>0, then
| pl< 1.

In fact, it follows that

|C1+102|2 _ |01 |2 +|C2 |2 _1(0152—5162) _ |01 |2 + | Ca |2 ‘2(f11f22‘f21f12)

C1 — iCQ

JaPrlaPri(as-ae) al+]elP+2(fi2- A1)

The Beltrami equation given by ([2.4]) has a smooth solution ( since the

function p is smooth. Then it follows that

C1 — 102
= hd h =
@ = hdc, e
2. If flf2— f}f%<0, we then consider the conjugate of . We have that
_ G +1Cp 0 — 0 a5 _
= dz+dz| = h(:(=dz +dz).
i Earaad G(Fd=+d2)
A straightforward computation shows that
1
— < 1.
g
Therefore, the Beltrami equation
1
G==C
it
has a solution. Thus,
C1 — iCQ
= hd h =
¢ = hdg, T

is satisfied. |

< 1.
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2.1.1 The Embedding problem

We now recall some well-known results regarding the embaddability of strictly
pseudoconvex CR manifolds. The first one is a global result by Boutet de
Monvel, who proved that

Theorem [Boutet de Monvel, [6] | Let M be a (2n+1)-dimensional com-
pact strictly pseudoconvex CR manifold with n > 2. Then M is embeddable
in Cn*1,

For the case n = 1, the counterexamples were provided by H. Grauert [22],
H. Rossi [60] and D. Burns [9]. See also [41] for more details.

In 1982, M. Kuranishi proved that CR manifolds of dimension 2n + 1,
with n > 4, are embeddable. After that, T. Akahori showed that it is also
true for n = 3. Thus, the following theorem holds.

Theorem [Kuranishi [32] and Akahori, [1] | Any strictly pseudoconvex

(2n + 1)-dimensional CR manifold with n > 3, is embeddable in C"+!,

2.1.2 Some examples of embeddable CR manifolds

The next theorem guarantees that any real analytic CR manifold of dimen-
sion 2n + 1 is locally embeddable. For the convenience of the readers we

provide the following proof [29].

Theorem 2.1.2 [29] Any real analytic CR manifold is locally embeddable.

Proof Let (M,V) be a CR manifold of dimension 2n + 1. Also assume

(x1,...,%ans1) is the coordinate system at a point x € U ¢ M. The vectors
2n+1 a
Lj: Z ajk(x17"'7x2n+1)_, ]=1,...,7’L7
k=1 oxy,

form a basis for V' with each component «;, a real analytic function at z € U.

Because of the integrability condition we have

[LjaLE]:ZBjkr(xla"'ax2n+l)Lra jagzlw"?n?
r=1



2.1. EMBEDDING OF 3-DIMENSIONAL CR MANIFOLDS 68

where each component 3, is a real analytic complex-valued function. Since
dim¢V = n it implies that there is an element of the basis which does not

belong to the set of generators of V' and without loss of generality we may
0

Oxap+1

function a; by real analyticity and set

assume ¢ V. We now complexify the coordinate xs,,1 and extend the

2n+1

Mj: Z ajk(zla"'ax2n7x2n+l+it)_, 7=1,...,n,
k=1 oxy,

and also define the operator

My = 50— 12

Oopi1 O

with the real coordinate . We now consider the subbundle of the complexified

tangent bundle defined by
Vo = linear span{Mi, ..., M,1}.

We show that the almost complex structure Vj is integrable. For the indices
J,0 # n+ 1, the commutators [M;, M,] are sections of Vj because of the

integrability condition on V. It just remains to check that the commutator

of M,,1 and M; for j =1,...,nis also a section of V4. To do that, we notice
a 2n+1 a
M, —|= (X1, ..., oy, Topyq + 1) —,
[ J 8t] Z;@%k( 1 2n; L2n+1 )8xk

which is a section of V5. Thus, the subbundle V; is a real analytic inte-
grable almost complex structure and by Newlander-Nirenberg theorem [1.2.4
is complex. Now, M is given as the hypersurface {¢t = 0} in this complex

structure. |}

It is interesting that the theorem above is also true globally [4].
Other interesting class of examples of embeddable CR manifolds are
Sasakian manifolds. Indeed, any Sasakian manifold S is embedded into its

cone

C(S)=R* xS,
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and thus, is locally embedded into C?2.

There are lots of surveys around embeddability of 3-dimensional CR man-
ifolds. For instance, we conclude this part by recalling two remarkable theo-
rems by H. Jacobowitz in [28], which we use later.

The first theorem is the following

Theorem 2.1.3 (Jacobowitz) [28] The following statements are equiva-

lent

1. A CR manifold (M?"*1 D, J) is embeddable in a neighborhood of the
point pe M.

2. There exists a complex vector field Y with £y T'(D%') c T'(D%') and
Y ¢ D(DM0 @ DOY).

Here the Lie bracket of a complex vector field X = X;+iX5 along the complex

vector field Y =Y; +1Y5, means
[V, X]=[Y +iYs, X3 +1X5] = [V7, X4 ] - [Y2, Xo] +1([ Y1, Xo] + [Y2, X4]).
In our setting , the complex vector field Y is expressed as
Y =70+ 725 + 730,
where 71,7, and 3 # 0 are complex functions satisfying the following PDE’s

i1 — ey3 +0(73) = 0,
(71) =38 =0.

Another theorem by H. Jacobowitz [28] provides a criterion for embed-
dability of CR manifolds in terms of the canonical bundle of the CR structure.

We first introduce the notion of the canonical bundle of a CR manifold.

2.1.3 The canonical bundle of a CR manifold

Definition 2.1.4 Let (M, D, J) be a CR manifold of dimension 2n+ 1 and

D€ = D0 g DO the eigenspace decomposition of J. The canonical bundle is

K={QeA"™(M)®C:VLe D" LiQ=0},
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where A" (M) is the space of smooth (n + 1)-forms on M.

The canonical bundle K is a complex line bundle over M. Indeed, let
D' =Tlinear spanc{Li,..., L,},

and (f1, ..., 1, ) be the dual coframe of (Lq,...,L,). One can complement
(f1y -y fhns 115 - - - i) With a real 1-form A such that

(,ulv"'a:ump“lw'-apdm)‘)

is a coframe of the space of 1-forms on the complexified tangent bundle over
M. Then any (n + 1)-form 2 can be written as a linear combination of

(n +1)-forms generated by (g1, ..., fbn, fi1, - - - 5 i, A). The conditions

simply imply that €2 is a multiple of
1A A i AN

which means K is a complex bundle of rank one.
In dimension 3, in our setting, the canonical bundle corresponding to the
CR manifold (M, [(u, A)]) is the bundle spanned by the complex 2-form pA\.
Among the non-vanishing sections of the canonical bundle, the d-closed
ones play an important role in the embedding of CR manifolds. The following
proposition relates the existence of a non-vanishing d-closed section of the

canonical bundle to a O-problem.

Proposition 2.1.5 A CR manifold (M, [(u,\)]) admits locally a nowhere

zero d-closed section of the canonical bundle if and only if the O-problem
(2.5) dlogt) = —¢

has a solution. Here c is the structure function from (|1.5al).
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Proof Taking into account ([1.5al),

AW AN) =00 AUAN=COATAN= (DY +Cp) LA AN
vanishes if and only if (2.5)) is satisfied with non-vanishing . |

We also recall the notion of strongly independent functions. The complex-

valued functions ¢y, ..., ¢, are strongly independent at a point if
Ay A Addy Addy A= Adgy, %0

is satisfied. In dimension 3, the above condition simply reduces to the exis-
tence of a CR function ¢ with dpAdg + 0. Moreover, the condition dpAde # 0

is equivalent to d¢ # 0, since
d 1 dG = [00[24 A i+ D$Dodyi n X - IGOfi A,
which implies d¢ # 0. The converse is also true.

Theorem 2.1.6 (Jacobowitz) [28] Let (M, D, J) be a CR manifold of di-
mension 2n+ 1. Suppose that near some point p € M, the CR manifold has n
strongly independent CR functions. If the canonical bundle associated with
the CR manifold has a non-vanishing d-closed section, then the CR manifold

1s embeddable near p.

The converse of the above theorem is also true. Let ¢q,...,¢,,1 be n+1

functionally independent CR functions, i.e
dpy A+ Adpni 0, Li(ox) =0, j,=1,...,n, k=1,....n+1,

where

D' =Tlinear spanc{Li,..., L,}.
The non-vanishing (n + 1)-form Q defined by
O =dby A Addn

is a d-closed section of the canonical bundle.

As a consequence of Theorem [2.1.6] we have the following theorem.
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Theorem 2.1.7 Let (M,[(p,\)]) be a CR manifold satisfying (1.5). The
CR manifold M s embeddable if and only if there exists a representative
(p, A) with B =0 and o nowhere zero.

Proof Assume for the representative (u,A) of 1-forms, f = 0 and « # 0.

From (|1.5b)) it follows that
dp = ap AN

The right hand side of the above expression is a non-zero section of the
canonical bundle, since o # 0 and the left hand side guarantees that it is

d-closed. Moreover, wedging both sides with y implies that
dunpw=0, with pAp#o0.

Therefore, Lemma guarantees that there exists complex functions v, (
such that p = vd( satisfying d¢ Ad{ # 0. The CR function ¢ and the nonzero
d-closed section of the canonical bundle fulfil the conditions of Theorem 2.1.6]
and hence, the CR manifold M is embeddable.

For the converse statement we first note that for the representative (u/, \'),
because of Proposition the condition 3’ = 0 is equivalent to saying that
—ih is a solution of the PDE

ou+u(c—u) =ip,
and also non-vanishing of o' is equivalent to
a + 0plog f +hd(log f) + Oh + he,

where (3, v are corresponding functions to the choice (i, A). Now let the CR
manifold be embeddable, i.e. there are CR functions z = z + iy and ( such
that

dznd¢ #0.

One can choose the real coordinate u in such a way that (z,y,u) forms a

coordinate system on M. We define the forms (u/, \') as follows

N =ICPA, W =Cp,
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where 1 = dz and A given by (2.3)). It is now obvious that the functions
B = a =0. By definition the function h = 0, introduced in (|1.7)), is a solution
of

ou+u(u-c)=0.

Therefore, for the new representative we have g’ = 0. It just remains to show

that
1

P

which is automatically satisfied from

o = JoC #0
dz Ad( = (0zdz + Doz A) A (OCdz + OgCA) = 0pCdz A A,
because 0z = 0,z =1 and 0yz = A0,z =0, where A is defined by . |

We note that the case a = 0,5 = 0 gives one CR function and the CR
manifold M, may or may not be embeddable.
The following lemma which can be also found in [25], Lemma 3.23, is a

consequence of Theorem [2.1.6 Here we give a shorter proof.

Lemma 2.1.8 Let M be a CR manifold satisfying (1.5) with p = d¢ and
dCadC £ 0. If in addition, the CR manifold admits a solution to the equation

000n =0, with 0Oyn +0.
Then, M s embeddable.
Proof We first notice from that
[0, 90]n = 0don — 0sOn = Do = —co,

which is also equivalent to
0log 1) = —¢,

where 1) = 9yn. Therefore, the non-zero 2-form

YA

is a d-closed section of the canonical bundle and hence, the CR manifold is

embeddable. |
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The next lemma which can also be found in [70] is another consequence of
Theorem [2.1.6] The proof in [70] is completed by finding two functionally
independent CR functions directly while showing that the existence of one
CR function also admits a d-closed section of the canonical bundle.

We first note from that taking exterior derivative of dA implies

(2.6) oc-0c=i(a+a).

In the case where a CR function ( exists, one can choose the 1-form pu to be

i =d(, and, therefore, o = 0. Hence,

Oc = Oc.

Lemma 2.1.9 Suppose a given CR manifold M admits a CR function (.
Also assume the complex function ¢ defined by does not depend on u,
where (x,y,u) is the coordinate system at a point p € M and p = d{ with
( =x+1iy. Then the CR manifold is locally embeddable.

Proof We consider the system of complex PDEs
Ocp=-c
8595 =—C
and we claim that the system has at least one real-valued solution. Since
duc = 0, it follows from O¢ = Oc that
8(5 = 850
Substituting ¢ = a +1ib and 9 = 1(9, —19,) into the above equation gives us

where a = a(z,y) and b = b(z,y). On the other hand, for a real function ¢,
the system is equivalent to
Yz = —2a

(2.8)
oy = 2b.
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Therefore, the condition (2.7)) implies the existence of a real-valued function

© which does not depend on u. In addition, we take into account that
0 =0cp — LOyp = Ocp = —c,

admits a non-vanishing d-closed section of the canonical bundle and thus, by

Theorem [2.1.6, the CR manifold is embeddable. |}

2.2 Embedding problem and shearfree metric

Lewandowski et al. in [37] and also Hill et al. in [25] prove a series of embed-
dability results in terms of shearfree congruences of Lorentzian manifolds.
In order to present the main result of [25] we first need to recall the notion
of distribution of a-planes and a null Maxwell field aligned with the null

congruence of shearfree geodesics.

2.2.1 Lorentzian geometry and a-planes

Let (M, g) be a 4-dimensional Lorentzian manifold equipped with a folia-
tion into integral curves of a non-vanishing null vector field p. We have the

following canonical objects
(i) the 1-form 0 = g(p,-)
(ii) the distribution p* = {X e I'(TM):g(X,p) = 0}
(iii) the distribution of screen spaces S := p*/p.

Proposition 2.2.1 On each screen space S, there are two canonical almost

complex structures J, and —J,.

Proof Because the metric ¢g is nondegenerate, at each point X € M, there
exists a null vector ¢ and orthonormal vectors e, f so that (p, £, e, f) forms

an admissible frame for the tangent space at the point z, i.e.

9(p, ) =g(e,e) =g(f, f) =1, g(p,e)=g(le)=g(p, f)=9(p,e)=0.
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On the screen space S, the bilinear form
h:5, xS, —R

defined by
h([e],-)zg(e,-), h([f]7):g(fa)

is a positive definite metric where [e],[f] are generators of S,. We notice
that

h(lel,[e]) = A([f],1FD) = 1.

On S, the endomorphisms J; and J, defined by

JleD) =[], AlfD =-[e],

and
Jo(le]) ==[f],  Ja([f]) = [e]

are almost complex structures. It is now clear that J; = -Js. |}

Choose one of the two almost complex structures on .S. Now we consider
the complexification of the screen space, C® S. We also denote by J, the

complex linear extension of J on C® S, that is,
J(X +iY) = JX +iJY, X,Y eT(S).
Therefore, C ® S splits into its eigenspaces S0 @ SO where
SW_IXeD(CoS):JX =iX}, and S*' ={X eD(C®S):JX = -iX}.

Let
mCeopt —Co S

be the canonical projection map. The subspaces P10 and P%! of C ® p*
defined by

(2.9) PO =715, and PO =750
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are called a-planes and (-planes, respectively. Notice that changing the
orientation used in the definition of J results in interchanging the a-planes

and the [-planes. Clearly,
PO A PO =linear spanc{p}, and P +P"=Cwop.

Definition 2.2.2 We say that the complexified Ricci tensor of g vanishes on
the a-planes P20, if Ric|pio =0, i.e.

Ric(X1,X3) =0 forall X, X,eD(P).

Notice that vanishing of the complexified Ricci tensor on a-planes is
equivalent to its vanishing on [-planes. Hence the definition above does

not depend on the choice of J.

Definition 2.2.3 Let M be a 4-dimensional manifold equipped with a Lorentzian
metric g and a non-vanishing null vector field p. A complex frame (eq,es,¢,p)
is called adapted to (g,p), if e1 is a section of a-planes, es = € (and, hence,

is a section of B-planes), and
9(61762):17 g(é,ﬁ):O, g(f,p)zl, g(gael):g(&eQ):O'

Proposition 2.2.4 A J-dimensional Lorentzian manifold (M, g) with a non-

vanishing null vector field p, possesses (locally) a complex adapted frame.

Proof Let ¢ be a null vector field such that g(¢,p) = 1. Choose a unit vector
field e; € pt n¢t. Choose g5 € pt such that mey = Jmw(e1) and g(ez,¢) = 0.

Now, set
1 ) 1 .
61:—(81—162), 62:—(61+1€2). I

V2 V2

It follows that the a-planes are spanned by (e;,p) and the S-planes are
spanned by (ea,p).

Now, vanishing of the Ricci curvature on a-planes is equivalent to

(i) Ry1 = Ric(ey,eq) = Ric(ea,e2) =0
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(ii) Rq4 = Ric(eq,p) = Ric(eq,p) =0
(iii) R4 = Ric(p,p) =0.

Let the vector field p be shearfree for the metric g and (6%,62,63,6%)
be the dual coframe to (e, ez, ¢,p) achieved in Proposition [2.2.4 Then the

Lorentzian metric g takes the form
g=2(0"0* + 6°0*).

Below we cite a version of the celebrated Goldberg-Sachs theorem [21, 25| 20],
which is a useful tool for computing certain components of the Weyl tensor

of the Lorentzian metric g:

1 1
Cijkl = Rijm +6 R (gikglj - gilgkj) + 5 (gil Rij —girx Rij +9x Rii =951 R ),

where R;ji; is the Riemann curvature, Ry; is the Ricci curvature and R is the

scalar curvature. The following quantities are called Weyl scalars:

v, = C(k7€1> kyel) = Cyia1, U, = C(k;,ﬁ, /ﬁ@l) = Cuyza1 -

2.2.2 Goldberg-Sachs Theorem

We now quote below a version of the Goldberg-Sachs theorem proved in [21]

in terms of vanishing of certain components of the Ricci curvature.

Theorem 2.2.5 ( Gover et al. [21, 25] ) Let (M, g) be a 4-dimensional
Lorentzian manifold and p be a shearfree vector field. Also assume that the

complexified Ricci curvature of g vanishes on the a-planes, i.e. Ri1 = Ry =
Ry4 =0 with respect to an adapted coframe (01,60% 63,04). Then

\1’0:\111:0.

As the first application of the Goldberg-Sachs theorem, we are now able to
compute the function W defined in the shearfree metric (|1.26)).
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We introduce the coframe (61,62 603,6*) with

(2.10a) o' = Py, 0? = P,
(2.10b) 0°=PX,  0*=P(dr+Wp+Wp+HN\).

Then, the metric (|1.26)) becomes
(2.11) g=2(0"0*+6°0").
The dual frame (eq, ez, e3,e4) to (01,62%,03,6*) takes the form
(2.12a) e = L(-WD,),  er-~(0-T70,)
. 1-= P ) 2 = P T)s
1 1
(212b) €3 = F(ao - HE)T), €4 = F(()r

Therefore, the commutators of the frame fields (2.12]) evaluate to

)P —P, P P, i 1H —
[61,62] = (a— —W—T)el + (—a— +W—r)€2 - ieg + (—1? + W2 - W1

P2 P2 P2 P2 P
P P. « 6 oP P. ¢
[61,63]2(F—Hﬁ—ﬁ)el—F€2+(—E+Wﬁ—ﬁ)€3
+(—F+W3—H1—¥—6?W)647
P. oP P W,
[61,64] ﬁ@l + (—ﬁ + Wﬁ + P )64,
[es, €3] B, P ﬁ_g)e _op &_E)e
pElm o ptt iy pr Ve p/2 N e m T p2 s ple
cH — aw  BwW
P P P
P, o°P —PpP. W,
[62,64] = ﬁeg-i-(—ﬁ-i-Wﬁ-l- P )64,
b Oy P HPT H,
[es,€4] = et~y tHp e

79

)647

where the subscripts 1, 2, 3 in the above expressions denote derivation with
respect to the corresponding frame field (2.12)). For example, H; means

1
5(0H ~WH,).
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Now by using these commutator relations and Cartan’s structure equation
do' + T A 0% =0,

for the metric (2.11)) we find the connection forms listed below:

(2.13a) Ii= (# +c1g)0t + %(0%3 +54)0°,

(213b) [} = —cip0" - c1p0% + %(0223 —ch3 = c1p)0% + %94

(2.13c) [ = 4,0 + 3,00 - 30%362 - %cﬁgel + %c‘iﬁl + %c‘§492
(2130)  TP= (o5 - A8 - (e + ch)f

(2.13¢) Ty = 130" - %(0412 + oy + C13)0° — c136° — %(0414 +ci3)0
(2.13f) I'3= %(_0412 +Clg + C33)0" + sl + 36 + %(0%4 +C53)0"

where ¢®  are the structure constants defined by

[em,en] = & e

We also notice that (0.5]) implies '} =T';; =0 and T'§ = T'33 = 0.

Remark 2.2.6 Note that, because of the choice of the coframe (2.10a)), com-
plex conjugation of the connection forms interchanges the indices 1 and 2 and

keeps the indices 3, 4 unchanged, for example, F_}l =12,

In the following lemma we are able to compute the complex function W

introduced in the shearfree metric.

Lemma 2.2.7 Assume that the complezified Ricci tensor of the shearfree

metric (1.26]), vanishes on the a-planes, i.e
Ri1 =Ry =Ry =0,

with respect to the frame field (2.12)). Then, the complex-valued function W
takes the following form

(2.14) W =ize ™ +y,

where x,y are complex, r-independent functions.
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Proof Since the conditions R;; = Ryy = Ryy = 0 are satisfied and the null
vector field 0, is a shearfree vector field, the Goldberg-Sachs theorem [2.2.5
implies that

Cra14 = Cra34 = 0.

Moreover, since the Weyl tensor is conformally invariant we may assume, for
simplicity, the conformal factor P =1. We also note that

1
Ciags = Ri34 +§ Rig.

To compute the component RZM of the Riemann curvature, we look at the

coefficient of the 2-form 63 A 64 of the I'} as follows
dT2+T2 ATk =R3,0F 10", k<,
which simplifies to
dT2 +T2AT2+T2AT4=R2,,05 00", k<L

Substituting I'4,I'2, '} into the above equation and taking the exterior deriva-
tive we see that
1 ic 1
R42134 =W

Sy
5 171

Moreover,

_pl 2 3
Ris =Ry + Riog + Risy -

To compute Ri,, we look at the coefficient of the 2-from 6 A4 of the Cartan’s

structure equation for I'}
AT+ TAATS + TL AT =Ry, 08 A 6, k< (.
After taking the exterior derivative, we get
3., i

1 : 3

Ry =—=iciy - —c
114 14 13-
4 4"

The component R3,, = 0, since the coefficient of the 2-form 62 A 64 of the

Cartan’s structure equation for I'? is 0.
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In order to compute the component R?,, we look at the coefficient of the

2-form 603 A 6% of the structure equation
T3+ T3 AT+ TS ATS =R3,, 08 A0, k<,

which reads

1 1 1 1
Riy, = 5( 3)a + 5(0%4)4 - 10213 - 10414-

Thus, after substituting cijk’s to Ry4 and simplifying we get

ic W,
Riyy=+=—+
14 7 5

—iW,.

Therefore, the condition Cyy34 = 0 is equivalent to the function W satisfying
the following equation
W, —iW,, = 0.

Thus, the general solution of the second order differential equation with
constant coefficients is

W =ize ™ +y

where z, =y, =0. |}

2.2.3 Maxwell field aligned with a congruence

In order to present the main theorem in [25] we also need to introduce the
notion of what is called by physicists “Maxwell field aligned with the con-

gruence”.

Definition 2.2.8 Let (M, [(u,\)]) be a strictly pseudoconvex 3-dimensional
CR manifold and (p',\') be a pair from the class [(p, )] with the transfor-
mations (1.7)). The 2-form

F=mt (N Ap'),
is called a null Mazwell field aligned with the congruence if it is closed, i.e.

dF = 0.
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Here m: M xR — M, is the natural projection.

Remark 2.2.9 We note that the 2-form N Ap' is a complex multiple of AA
due to the transformations (1.7)).

The main result about embedding of strictly pseudoconvex 3-dimensional

manifolds among other results in [25], is the following

Theorem 2.2.10 (Hill, Lewandowski, Nurowski) [25/ Let M be a suffi-
ciently smooth strictly pseudoconvex 3-dimensional CR manifold. It is locally

CR embeddable as a hypersurface in C? if and only if:

1. it admits a lift to a spacetime whose complexified Ricci tensor vanishes

on the corresponding distribution of a-planes, and

2. it admits a non-trivial null Mazwell field aligned with the null congru-

ence of shearfree geodesics corresponding to the CR structure on M.

The proof of the theorem above consists of two parts. The first condition
actually gives a CR function ¢ such that dpade # 0. The procedure of finding
a CR function, which we also use in the next chapter, has been known and
used by physicists since 1969 in the context of finding a solution of Maxwell
equations [12, 58].

A second CR function which is functionally independent from the first
one, arises from imposing the second condition of the theorem above on the
Lorentzian manifold.

In the next chapter we develop another approach based on a different
family of metrics which allows us to prove that vanishing of the complexified
Ricci tensor on the distribution of a-planes implies the embeddability of the
underlying CR manifold without the additional assumption on the existence
of the aligned Maxwell field.

In fact, we will show that vanishing of the complexified Ricci tensor on
the distribution of a-planes not only gives a CR function but also implies

the existence of a non-vanishing d-closed section of the canonical bundle
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which together with the CR function, by Theorem [2.1.6] implies that the CR
manifold is embeddable.

We also note that the Definition [2.1.4] shows that having a non-trivial
null Maxwell field aligned with the null congruence of shearfree geodesics is
equivalent to having a d-closed section of the canonical bundle of the CR

structure. Indeed, if
d(punX) =0,

that is, ¥yu A X is a nonzero d-closed section of the canonical bundle, then
F=m"(unX)

is a Maxwell field aligned with the congruence and vise versa.

In order to define a class of metrics which we call the FRT metrics we
first need to recall the construction of the Fefferman metric for 3-dimensional
CR manifolds following [36] and [47].

2.3 Fefferman metric

The most famous approach to relate a given CR manifold to a Lorentzian
space is the Fefferman metric which was introduced by C. Fefferman in [17] for
real hypersurfaces in C" on a circle bundle over M. Moreover, the Fefferman
construction was generalised for any CR structure in [§].

The construction in [§] is based on the canonical Cartan connection as-
sociated with the CR structure while in the constructions in [34] and also in
[16], one does not need to use a connection associated with the CR structure.

We also compute the Fefferman metric explicitly for general 3-dimensional
CR manifolds following the approach [29, 47], but without assuming that a
non-constant CR function exists. In order to do that, we present the following

important theorem.
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Theorem 2.3.1 (Cartan) [10, [29] Every strictly pseudoconver CR mani-
fold (M, [(u, \)]) satisfying (L1.5)) uniquely defines an eight dimensional prin-
cipal bundle P over M, the following I1-forms on P

Qo =e*" )\,

Oy = e (u+ h),

Qo =dr +idp+ Ap+ B+ C,
Q3 =e " (dh+ Du+ Efi+ F)),

Q=e (dp+ %(hdﬁ ~hdh)+ Hyu+ Hp+ GA),
where Q4 is a real 1-form and w: P - M 1is the natural projection and
Qo=e"m*\, Qp=eP(n*u+hr*)).

Moreover, p is an arbitrary real function, the functions A, ..., H, which are
given by (2.16]), (2.15)), (2.20)),(2.21), (2.17), (2.22)), (2.24)) and (2.23)) respec-
tively. The forms satisfy the following equations:

dQo =10 A Qy + (Qa + Q) A Qy,

dQy = Qo A+ Q3 AQ,

dQy = 210 A Q3 +10Q5 A Qs+ Qy A Qo,

dQs = QA Q + Q3 A Qs + RO A Qo

dQy =105 A Qg+ QA (Qo+ Q) + S A QY+ S A Qg

where R given by (2.25) and S has the property that if R =0, then S = 0.

Proof To obtain the functions A, ..., H we follow the computations in [29]
according to our setting (|1.5). We note that the computations in [29] are
based on the assumption du = 0 but, here we consider the general case, where

the CR manifold is not necessarily embeddable in C2.
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We first look at the structure equation

dQo =i A Q= (o + Q) A Qo =¥ (2dT AN +dN) =1 (A fi+ hjt AN+ hji A N)
~Q2dr+ (A+B)pu+ (B+ A+ (C+C)N) re®™ A
=2eTdr AN+ pAli+ T e A+ e e AN
—ie(uAf+huAXN+hiAN)
—eT(2dr + (A+ B+ (B+A)i+ (C+C)N) A X
=e(c—ih-A-B)urX+e®(c+ih—-A-B)iA\
It follows
A=-B+c-ih.

Furthermore,

d - QA - Q3 A Qp=e™(dT +idp) A (u+ hA) +e™ P (au A X+ B A N)
+e™C(dh AN +ihp A i+ hep A X+ hefi A X)
—e™P[dr +idp + Ap+ Bji+ OX] A [+ hA]
—e™(dh+ Du+ Efi+ FA) A\
=™ (ih+B)uapi+e?(a+hc+C—hA-D)uA
+e™(B+he—hB - E)jiA\.

It follows

(2.15) B =-ih
and hence,

(2.16) A=c-2ih
and

C-D=hA-hc-a==2ihf-a

and therefore,

(2.17) E=p+hé-hB=[+he+ih®
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Moreover, the structure equation for 25 is
dQy +iQ5 A Qy + 2105 A0 - QA Qy =0,
where ()4 and €y are real. This yields
d(Qs — Q) + 3103 A Q +3iQ5 A O = 0.
We then have
d(Qy =) = (dA-dB) A+ (dB - dA) A fi+ (dC - dC) A X

+(A-B)(aurX+BaaX)+(B-A)(Bua
+api AN) +(C=C)AuAfi+cpu AN+CIAN).
After expressing the exterior derivatives with respect to u, i, A we get
d(QQ —ﬁz) = (ANM + Aﬂﬂ + A)\)\ - BM/"L - Bﬁﬂ - B)\)\) N IU,
+ (Bup+ Bajfi+ B\ - Ay — Agji— AN A i
+(Cupp+ Cafi+ C\N = Cop— Cpji— ChX) A X
+(A-B)(ap A +BaaX)+(B-A)(Bur
+ap AN) +(C=C)ApAjfi+cpuAN+ELAN),

and also

3i05 A Qy +3iQ3 A Qy = 3i(dh+ Dp+ Efi + FA) A (fi + b))
+3i(dh + Dpi + Ep+ FA) A (u+ hA)
= 3i(hup + haji + oA+ D+ Ejfi + FA) A (i + hA)
+3i(hup + hafi + bl + Dji+ Epp+ FA) A (1 + h2).

We will examine the p A i and A A p components of
d(QQ —52) + 3193 /\ﬁl + 3153 N Ql =0.
We then get

(2.18) ~Au+ B+ B, - A, +i1(C - C) +3ih, + 3iD - 3ih; - 3iD = 0,
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and also

(2.19) Ay-By-C,+C,-a(A-B)-B(B-A)-c(C-C)
— 3ihh,, — hD - 3ihh,, + 3ihy - 3ihE + 3iF = 0.
Substituting the functions A, B, F into (2.18)) gives
—cp—¢, +i(C-C) +3iD - 3iD = 0.
Using C' - D = -2i|h|? — «, after simplifications we get
4i(C' - C) = ¢z + ¢, + 12|k - 3i(a - @).
and consequently,
3

3
—Zilpr ==

C*+CN

(2.20) C=p-it

where p is an arbitrary real function. Hence, the function D is of the form

.Cp+Cy

1
(2.21) D=C+2hf+a=p-i - §i|h|2 + —a.

4
By straightforward computations from (2.19)) we have

Cuy +C D, 3

% 1§(hh)u - 7
Capt Cup S o 3 .7

—py— i - 1—(hh)u t %t a(c—3ih)

8
+ B(=3ih - ¢) —ic Zc — 3ci|h|* - §c(a+a)

_ 1
F=3i(—c,\+21h,\+1hk+p“—1

+3ihp + 3hH—L ‘& 2 1h|h|2 §iha +3i(hh), - 3ihy

+ 3ih3 + 3i|h[?c + 3h|h[?).

After simplification we get the following expression for F'

. e s g L
(2.22) F=%(—EA+1W—Z—lézﬁ+1aﬁ+&5+3i@h—cﬂ+iécﬂ “u
+C:U‘

- —c(a +@) — 3ihp + 3h—+ ‘r 5 gh|h|2 - ziha),
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which is consistent with [29] when a = 5 =0 and ¢z = ¢,. Notice that in our
case ¢, —¢; = i(a+ @), i.e. it does not vanish in general.

To determine the function H appearing in {24 we first notice that
d(Qy + Q) =10, Q3 — 101 Q5 + 20,0
Therefore,
d(Q +Qy) =denp—idh A+ (c—1ih) (ap AN+ Bl A N) + defi + idh A fi
+(c+ih) (@i AN+ BuaN) +2dp/\>\—§da/\)\—2dd/\/\

+1(2p - Za— Za)u/\,unLc(Qp— Za— Za),u/\)\
+c(2p - za - za),u AN
On the other hand,
10 A Qs =1 AQy+ 20 A Qy =ipAdh +iDp A i +iFp AN +1hDAA L
+ihEAAu—iiAdh—iDjiApu—iFi AN
—ihDAA p—ihEXA L +2dp AN+ 2H i A X
+2H AN
Looking at the coefficient of the term pAX of the d(Q5+85) gives the following

expression for H

(2.23) H- %( ~ eyt alc—ih)+ B(E+ih) - %a# - 25‘“
+e(2 —§a—§d)—iF+ihE—i7zD)
Pmy®™y '

It only remains to determine G. To do that we look at the coefficient of

the term A A p of dQ23. Indeed, on one hand,
@2 = d( e %(dh+ Dy + Efi + F)))
=e T (~dr +idp) A (dh+ Dy + Efi + F))
+e‘”i9”(dDAu+DauA)\+D6ﬂ/\)\+dE/\ﬁ
+ BaiAN+ EBuAN+dF AXN+iFunAfL
+cFu/\)\+EFﬂ/\)\).
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On the other hand,
dQs = QU A + Q3 A Qs+ RO AQ
= TP (dp + %(hdh —hdh)+ Hu+ Hji+ G)\) A (p+h)\)
+e T (~dr +idp) A (dh+ Dp+ Efi + F))
+e(dh+ Du+ Ejp+ FA\) A (Ajfi + B+ C))
+Re™ (i + hA\)e¥ .

Comparing the two above expressions for df23 and considering the coefficient

of A A u determines G, as follows
(2.24) G-= —%h% + %h% + %EhA - %|h|2hu + Hh+h,C - hyB+DC
~-FB+Dy-Da-EB-F,-CF.

To obtain R we look at the coefficient of the 2-form i A A of d23. We

then have
(2.25) R =75 (Dj - By + B+ Fy +F - %h%ﬂ ¥ %\h?hﬂ

~Hh-Chy+ Ahy - EC + FA). |
A straightforward computation shows

Qg — Qy =2idp + (c - 3ih)p — (¢ + 3ih) i
+ (M — 3i[R|? - M) \
41 4

Now we are in the position to define the Fefferman metric as follows

Definition 2.3.2 The bilinear symmetric tensor

—_ 1 _
(226) gr = QlQl + 590(92 - QQ)
_ 2 i i__ (0c+dc i(a-a)
—uu+)\(§dgo—§cu+§c,u—( T 1 ))\)

defined on the circle bundle M = DYOJ/R* where (u,\) is a distinguished
coframe and M > ml, = e ™% 9|, » (p,p) is a local trivialisation and ¢ €

[0,27) is called Fefferman metric.
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We again note that we kept the notations pu, i1, A for their pull-backs under
the circle bundle projection.

It is well-known that the Fefferman metric is CR invariant which precisely
means that a change of the distinguished coframe (y,fi, \) causes only a

conformal change of gr by the factor e*7.

Lemma 2.3.3 For the choice of (i/,\') defined by (1.8), where f := e7+¥,

the following statement for new c is satisfied

%/\/ - % —edlog - 4dlog fI? - (8log F)(log F) + e

+2001og f —2i0ylog f + 00log f —i0ylog f — cOlog f

~(0log f)(Olog f) + Oc + 28810gf+8810gf])\,

Proof The transformations (1.7) and Proposition |1.2.11|imply that

oc+oc , 11 (1, ... - 1./1 . /
—12 )\ —El?a(?—(c+21h+8logf))+?—6(?(0—21h+810gf))]/\
- %l‘éabgf—zihalogf—(mogf)(ébgf)+5c+218h+8510gf

—cOlog f +2ihdlog f — (Olog f)(dlog f) + Oc — 2i0h + Gﬁlogf])\

- 11—2l—0310gf—2|510gf|2—(8logf)(5logf)+5C+23510gf
+0dlog f - cOlog f - 2|0log fI” - (0log f)(0log f) + dc + 200 log f

+8810gf])\

- %[ ~cdlog f — 4|0 1og f[? - (9log f)(Dlog f) + e +2001og f
- 2i0ylog f + 00log f — 10y log f — cOlog f — (5logf)(8logf)

+0C+ 25810gf+5810gf])\.

Moreover,
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Lemma 2.3.4 The following statement holds.

i(o ;a )/\/ - i(a—28010gf—i(510gf)(010gf) —i00log f —icOlog f — &

+ 0o log f —1(dlog f)(Olog f) —i9d1log f - icdlog f)A.
Proof The transformations ((1.7)) and Proposition |1.2.11]imply that

i(a/ - a’)

X = (a-alog [ + hdlog f + Ol + he G+ Oylog | - hlog [ - Th - he) X

i

4(04—Gologf—i(glogf)(alogf) —i001log f —icOlog f —a + Oylog f

~i(0log f)(Olog f) - ié@logf—ié@logf))\
(a— 20y log f —i(0log f)(Olog f) —iddlog f —icdlog f — & + dylog f
~i(0log f)(Olog f) - ié&logf—ié@logf))\. |

Proposition 2.3.5 The Fefferman metric is CR invariant.

i

4

Proof Let g}, be the Fefferman metric corresponding to the choice (u/, '),
that is,

- 2 i i__ (ocd+0c (o -a)
! - I, )\l _d AR A Al _ AI .
gr =1 [ + (3 14 3C/,L +3C,LL ( 12 4 ) )

Using (|1.8) and Lemmata and we get
g = [fP(ui+ hpX + hAp+ [hPAN)

p i 9. 9 i i
2M Zdp - Zep— 2ehh - Zhy - ZIRPA - = (01 ~ Zh(dlog £)A
+1f] (3 D 3cu 30 5 W 3|| 3( og f)u 3 (Olog f)
i %E/?L T %ai‘m - ghg - §|h|2/\ n %(510g P + %B(élog f)/\)

(U B o
+[Ecﬁlogf+§|8logf| +§(810gf)(8logf)

~Loe- L0010 1+ Laylog f - L00log f + —dplog [ + —clog f
129¢7 607708 T g8 ] T 0UI08 S T o l08 ] T 5 c0 o8
1 - 1 1. - 1. i
+E(@logf)(@logf)—ﬁac—Eaalogf—ﬁaalogf+104—58010gf
1 - 1= 1 - i i -
+Z(@logf)(@logf)JrZaﬁlogf+Zc@logf—zéwrzaologf

+ }l(alogf)(élogf) + ié@logf_+ iéalogf])\).
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We notice that |h|? = [0log f|? and then by collecting the like terms we achieve

9% = |fIP9r = €* gr,

where

85+5c_iux—@))A)

2 1 1
=pip+ AN =dp— —cu+ =cpi—
gF = il + ( p— =ClL+ =Cli ( D 1

3 3 3

and, moreover,

p=p+p. |

The Fefferman metric possesses some interesting properties. The Fefferman
metric in never globally Einstein. For computational reasons we will give the

proof in the next chapter (see [69, [34]).



Chapter 3

FRT metrics and the
embedding of CR manifolds

In this chapter which is inspired by [37] and [25], we introduce a CR invariant
class of Lorentzian metrics on a circle bundle over a 3-dimensional CR man-
ifold, which we call FRT metrics where FRT stands for Fefferman Robinson
Trautman.

These metrics generalise the Fefferman metric but allow for more control
of the Ricci curvature. Our main result is a criterion for the local embed-
dability of 3-dimensional CR manifolds in terms of the Ricci curvature of the
FRT metrics.

This chapter is a joint work which has been already published online. See

the reference [61] for more details.

3.1 Fefferman Robinson Trautman metrics

We recall from the Definition [2.26] for a given CR manifold (M, D, J) the
Fefferman metric is defined on the circle bundle M = D0/R*. Denote by
M the natural lift of M to a line bundle. It will be convenient in the

computations below to rescale the coordinate p on M to r = %p. Then, the

94
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change of the coframe (A, ) induces the change

3.1 r—p_Z2
(3.1 Per-ty

of the trivialisation of M where ¢ € [0, 27).

Denote the quotient bundle of the (rescaled) line bundle M mod 27 by
M:3. Since the Fefferman metric is invariant with respect to the principle
R-bundle action it projects to any S'-bundle with arbitrary period. In par-

ticular, it is well-defined on M:.

Definition 3.1.1 Let (M, D,J) be a CR structure and M2 as above. For
any choice of a distinguished coframe (p, A) and the induced trivialisation of
Mz we define the family of FRT metrics on Mz by

(3.2) g=2P?[ppi+ A(dr+ Wp+Wp+HN)]

where

|
W =izxe IT_§C’

Here P # 0, H are real-valued functions on M2 and z is a complex-valued

function on M.

We note that the complex function W defined as above is consistent with
(2.2.7)), and the vector field 0, is a shearfree vector field.
The family of FRT metrics has the following important property

Theorem 3.1.2 The family of FRT metrics is CR invariant.

Proof Under the frame change ([1.8]) and the induced change of the triviali-
sation (3.1)) the FRT metric changes as follows. Let ¢’

g =2P" [u’ﬂ’ + N (dr' + (i’ e —%c’)u’ + (—iz' e +§c_’)ﬁ’ + H’)\’)]

be the representative of FRT metrics corresponding to the choice (u/,\’).
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Therefore, substituting the transformations (1.8]) into ¢’ implies that
g = 2|f|2P’2[u[L + hp + A\ + |h* 22
2 2 gy 1 7
+ )\(dr - gdgp +f (m e'sPe " —ﬁ(c— 2ih + alogf)) 1
+ f(—ix’ e i5e ol +$(E +2ih + 0log f)) i
+ (fh(ix' el3¥ eI —%c’) + Fh(—iz! e15%2 el 4= c’) |f|2H’) )\)]
=2P?| pji+ M dr + (iwe™™ —lc),u + (lﬁ - l8logf - —890),u
3 3 3 3
oo i1 = - 25 _
+ (—ize” +§C)M + (gh +0log f - gago),u + H)\)]

= 2P2[,uu + )\(dr + (iwe™ —%c)u + (—iz e +%E)ﬂ + H)\)],

where
(3.3a) f=e™? P=e P x=cti3ey
(3.3) H = '+ W+ 7 hia' e -2)

+ e h(—iz e = c’)——(%gp |

In the proposition below we compute the Ricci components of the FRT

metric.

Proposition 3.1.3 Let g be an FRT metric (3.2) on M2 associated with a
CR-manifold M that admits a non-constant CR function (. Let (= d(,\) be
a coframe for M and Ry, the components of the Ricci curvature with respect

to an adapted frame. Then

(i) Rya =0 is equivalent to

(3.4) P = COS(HS)

where a, s are arbitrary r-independent real functions.
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(i1) Ry = Riy = 0 is equivalent to

. 2
(3.5) dloga® +ids — 2xe'® = _gc.

(11i) Rag =0 if and only if the equation
(3.6) Ot+t(c—1t)=0
is satisfied, where

(3.7) t=c+0loga®-xe'.

For an alternate coframe (u', \'") the function t changes to
(3.8) t'=e(t - 1h).

Proof To verify that the condition Ry = 0 is equivalent to the function P
having the form ([3.4)), we first notice that Ry = 2Rj,,. We now consider the

Cartan’s structure equation for the 1-form I'}
AT +TEATE =Ry, 05 A 0°, K<,
which simplifies to

(3.9) AU+ AT, +TIATY =Ry, 08 A 0°, K</

since I'} = '3 = 0. Substituting the 1-forms I'}, 't I} given by (2.134)),(2.13b)),(2.13d)
into (3.9), we have

i i . .
dl'} = d(ﬁ +ct ) A0 - (ﬁ + ) c0t A Y7

1 1 o
+ §d(c?§3 +Ch) AP - 5(023 + )0 AT, i<
The coefficient of the 2-form ' A 6* in dT'} and T} AT, + T ATY is

ip, iP. P, 2P P2

ops 2ps ps pt pi
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and

1 ipP iP, P2

4Pz 2ps aps Pl
respectively. Therefore, R}, = 0 implies
(3.10) —4PP,, +8P%+ P? = 0.
We solve the ODE ([3.10)) using the substitution

p=of v

It follows that

P.=ue/wr p. = (u' + u2)e/“dr
so that substituting P, and P,, into the ODE , it takes the form
—A4(u +u?) 2 4 8y2 2 udr p 2 udr — (g 4 4y? + 1) 2 = 0.
It also follows that

_@_1+4u2
Cdr 47

ul

which implies

4
f du=2arctan2u=r+s
1+ 4u?

or equivalently,

1 r+s
u = —tan
2 2

By integrating both sides of the last equality, we see that

fudr:lftanr+sd7“=—1ncosr+8+0
2 2 2

is satisfied and consequently,

a

r+s’?
COS 2

P:efudr:

where a = e©.
To show that R4 = 0 is equivalent to (3.5]), we first note that

_pl 2 3
Ris =Ry + Riog + Risy -
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To compute Rj;, we look at the coefficient of the 2-form 6 A#* of the Cartan’s

structure equation for I'}
AT+ TAATS + DY AT = Ry 08 A 6f, k< (.

After taking the exterior derivative, we get
1 i,1 3i i 1 1
Riyg = (¢h3)a + clacly + 5(1—9)1 - @0414 - @0313 - 501140414 - 501140313-
The component R3,, = 0, since the coefficient of the 2-form 62 A 6 of the
Cartan’s structure equation for I'? is 0. Indeed, the left hand side of the

following equation vanishes
AT2 + T2 AT+ T2AT2 4+ T2 AT + T2 AT =R3,, 08 A 0°, k<!,
due to I'? =0 and also
If =gl = glkrli =ly=-Ty= —941<;F’f = —gasl'} = -T7%

and I'¥ = -T'2. In order to compute the component R;, we study the coeffi-

cient of the 2-form 63 A §* of the structure equation
T3+ T3 AT+ TS ATS = RS, 08 A 0F, k<,

which reads

1 1 i i
R:1334 = 5(0313)4 + 5(0414)4 - @0313 - Eci.

Thus,
1,1 1 1
Rig = (Aa)a + oy + 5(5)1 - 56%4 - ﬁc?ig,
1 1

1 1
- 50114(3414 - 50114(3313 + 5((3313)4 + 5(6414)4

After substituting cijk to Ri4 and simplifying, we get

Wrr
2P

1 1 1 1 ic 1
R14 = 5(2&8(1—3) - WT&(F) - 2W8TT(F) + ﬁ - Car(ﬁ) +

. 1, W,
_18(15)+1W8r(ﬁ)_1 2 )
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Taking the derivatives with respect to the variable r» and using the following

identities

(3.11) Cos

we see that , after lengthy but straightforward computations and simplifica-
tions, vanishing of Ry4 is equivalent to (3.5]).

To show that Ry = 0 is equivalent to (3.6]), we initially note that
Ri1 =2Ri413=2 Ril?) :

In order to compute the Ricci component Roy, we examine the coefficient of

the 2-form 62 A 62 of the following structure equation
dT2 +T2AT2+T2ATY=R3,, 05 A 0", k<,

since I'? = I'f = 0. After taking the exterior derivative of '3, the coefficient of

the 01 A 63 in dT'? is as follows

i 1 1 1
ﬁc%?) — s+ 5(0313)1 - 5(0313)2 + 5(0414)1 - 504140313-
Also the coefficient of the 81 A3 in T2 AT2+ T2 AT is in the following form
1 1 1 1
‘5022102:)13 - 5022104:114 + 1(0313)2 - 1(0%4)2-

Therefore,
R _12 —262 2 +(3) _1(3)2_}_(4) 4 .3
11 = P013 24C13 T (C13)1 5 C13 C14)1 = C14C13
1
2 3 2 4 4 \2
"'012013"‘012014_5(014) .

Substituting ¢, in Ry, it gives

1 B a1 1y 1y 1
R“‘Ta( i 260,(55) + 200(5) ~ AW 3,0(5) - 2(0W)0, ()
@ OW,  WW,
2P P P

N QWWT&(%) + 2W26T8T(%) _ % _

LA
P 2P )
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By taking the derivatives and using (3.11]), we see vanishing of Rj; implies
that

(3.12) ~if+0t+t(c—t)=0

is satisfied where ¢ is given by (3.8). Since a CR function exists one can
choose p = d¢, where ( is a CR function. Then it follows that § = 0 and

consequently,
ot +t(c—t)=0.

To verify (3.8]), we first notice that

ae’” a
P =e"P= =
cos(53)  cos(5E

/

for all » and " =7r - %gp. It follows a’ =e™"a and s’ = %gp + 5. Therefore,
t'=¢ + 9 loga” -2’ ¥
=e7 % (c-2ih+0(7 +ip)) + e ¥ (Dloga® - 207)
_ e—T—%gp xeis+%gp
=e7 % (c-2ih + (7 +ip) + Ologa® - (1 +ip) +1ih - xe*)
=e T (t - iﬁ) |
Now, we are in the position to show that there is no representative in the

family of Fefferman metric, which is Einstein.

Proposition 3.1.4 Let (M, [(u, \)]) be a strictly pseudoconvex CR manifold
satisfying (1.5)). For the choice of pairs (uu,\), the Fefferman metric defined

by ~
gF:PQ(u,u+)\(gdp—lcu+lcp—(aﬁac—l(a_a)))\))

3 3 3 12 4

1s never globally Finstein.
Proof Set

0L = Pu, 0*=Pp, 6°=P),

4 i i 86+5c_i(04—a)
0 —(dr 3cu+30,u ( 13 1 Al
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where r = %p. From ({3.4)), it follows that R4y = 0 implies that the conformal

factor P, takes the following form

a
P = r+s)’
cos(5*

where a and s are real-valued functions and and s, = 0. We notice that the

function P has global singularities. [

3.2 FRT metrics and embedding of the CR

manifold

We are now ready to prove the main theorem of this chapter.

Theorem 3.2.1 A strictly pseudoconvex 3-dimensional CR manifold (M, D, J)
is (locally) embeddable if and only if there exists an associated circle bundle
Mz with an FRT metric g whose complezified Ricci tensor vanishes on the

distribution of a-planes.

Proof Let (M, [(,A)]) be a CR manifold with the representative (i, \) and
let ¢ be an FRT metric defined by on M2 for which Ry = Roy = Ry =0,
where the Ricci components are computed with respect to the frame field
(e1, €9, e3,¢e4) defined by . We then consider the connection 1-form

(313) F24 = Féll = 591 + ’793
from ([2.13a)) where

i P opP WP. ¢ W,

§= L i __ 9 _c ,
op ' p2 VT2 pz 3p P

Clearly, 0 # 0 and therefore, the form I'yy # 0. Moreover,
F24 A f24 * 0,

since

F24 A F24 = |0_|2 91 AN 92 mod{93}
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On the other hand, the conditions of the Goldberg-Sachs theorem [2.2.5| with
respect to the shearfree vector field 0, are satisfied and therefore,

1
\IJO = C'4141 = R1414 = 07 \Ill = C4341 = §(R4341 + R1421) = 0.

It follows
Ca2a2 = Cy141 = 0,  Clzaz = Cyzaq = 0,

and furthermore, using the symmetries of the Riemann curvature
Rijre = Ryaigs Rijke = —Rjike = — Rijox

it yields

(3.14) Ra424 =0, Ra434 + Raq12 = 0.

Since
Ryy = 2Rog14, Ro2 = 2Ros93, Ry = Ras12 — Roysa,

where R;; = Rfkj and Rjjr, = gimRﬂg, this shows that the conditions
Ry = Ryo = Roy =0

are equivalent to

(3.15) Ro1a = Roags = Roar2 — Roaza = 0.
Combining (3.14) and (3.15)) yields
(3.16) Rosi2 = Rospa = Roqia = Roang = Rouza = 0.

Therefore, Cartan’s structure equation (3.9) for the connection 1-form I'yy =

'l becomes
dF24 — (Flg + F34) AN F24 = R24k59k N 96 = R241391 N (93.

Wedging the equation above with I'y4 and taking into account that I'y4 is a
linear combination of 6! and 03, given by (3.13), we conclude that

dF24 N F24 =0.
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Now, we can apply Lemma for the 1-form I'y4 and deduce that locally

there exists complex functions h # 0 and ¢ such that
[y =hd( with d(AadC#0.
Wedging the equation
hdC =Tay = P(op+ pA)
by A A p shows that
ACAAAp=0.

Restricting the function ¢ to the CR manifold M, considered as a section
{r =0} of M3, gives a CR function there.

Now we may assume that pu = d(. Since vanishing of the Ricci tensor
on the a-planes does not depend on the choice of an adapted frame, the
conditions Ru4 = Ro4 = Ros = 0 are still satisfied.

We consider the two cases t =0 and ¢ # 0, where ¢ is defined by . In
the first case it follows, from the equation , that

4

3¢= -0loga® +i0s,
and hence,

dlog(a? e i) = —¢.

Therefore, equation has a solution ¥ = as el and, by Proposition
the canonical bundle has a nowhere vanishing d-closed section. Now,
by Theorem [2.1.6] there exists a second CR function that is functionally
independent from ¢ and therefore the CR manifold is embeddable.

In the second case, if t is not identically 0, we replace the complex coframe

1-form p by another exact form p’ as follows. Consider
(3.17) W=+ itA,
and since Ry = 0 we have

donw=i(0t+t(E—t))pApAX=0.
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Also w A @ # 0 holds because
WAQ=AG—Ttu AXN=1tE AN

Thus, the 1-form w satisfies the conditions of Lemma Consequently,

there exists complex-valued functions b # 0 and 7 such that
(3.18) w=p+itA = bdn.

Clearly,

1
dnAdﬁzWWAa)#O.

It follows from the definition of  and w that dn is a linear combination of u
and A, and hence,

AnAXA =0,

meaning that , 7 is a CR function. Now we switch to the coframe (u/ = dn, \')
for which, because of , t" = 0 everywhere. This reduces the second case
to the first case and proves the embeddability of M.

For the proof of the converse statement we assume that the CR structure
M with adapted coframe (u = d(, A) is embeddable. Then, the canonical bun-
dle contains a nonzero d-closed section, i.e. there exists a nonzero complex
function ¢ such that

dlog 1) = —c.

We define real functions a and s, and a complex function x as follows
loga® = %Re(log@), s= —%Im(log@), r=e"%(c+dloga?).
The metric defined by
g =2P[pi+ N(dr+Wp+Wp+ HN)],
where
p._ 0

~ cos(2)’

Lo
W=ixe ™ —=c,
5 3

and H is any real function defined on /\/l%, is an FRT metric for (M, pu, \)
and, due to Proposition m, R4y = Roy = Rop = 0 is satisfied. |



Chapter 4

Subconformal geometry and

shearfree geometry

In this chapter we study higher dimensional versions of shearfree null con-
gruences in conformal Lorentzian manifolds. We show that such structures
induce a subconformal structure and a partially integrable almost CR struc-
ture on the leaf space. Furthermore, we classify the Lorentzian metrics that
induce the same subconformal structure [3].

The results of this chapter is a joint work, which has been already pub-
lished in [3].

4.1 Subconformal geometry

We start with the definition of the subconformal manifold and its relation

with the partially integrable almost CR manifolds.

Definition 4.1.1 A subconformal manifold is a contact manifold M with
contact distribution D, which is endowed with a conformal class of Rieman-

nian metrics [gp].

For dim M = 3, subconformal manifolds are essentially the same as CR man-
ifolds. More precisely, the conformal metric on the contact distribution in-

duces two mutually conjugate complex structures that rotate vectors by an

106
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angle 7. Vice versa, the conformal structure can be recovered from either
of these complex structures by making multiplication by complex numbers
conformal mappings on the distribution.

In higher dimensions the relation between subconformal and CR mani-

folds is less obvious.

Theorem 4.1.2 Let (M,D,[gp]) be an orientable subconformal manifold.
Then, M inherits two mutually conjugated partially integrable almost CR

structures J and —J.

Proof There exists a global contact 1-form A such that D = ker A, since M
is orientable. Let A = g7ld\|p, i.e. dAp = g(A-,-)|p. The endomorphism
A is then nondegenerate and skew-symmetric, hence A? is symmetric and

negative definite. Define

J=vV-A2A.

It follows that J depends smoothly on the coordinates of M. A different
choice of the contact form A affects only the sign of J. We now show that J,
and hence —J, define the partially integrable almost CR structures.

For any point x € M denote the eigenvalues of A2 by —ozj2. (with a; > 0)
and the corresponding eigenspaces by D;. Then D, is invariant for A, and

the restrictions J,|p, are equal to O%Ax| p,- It follows
J

1 1 1 '
J£|DJ' - ;A$|Dﬂ' JAI|D]' = ?Agzbj = —id.

The partial integrability condition can also be checked pointwise. For any
X,Y in D,

[\

1 1 -4
dN(J. X, J,Y) = Ed)\(AxX, AY) = ?g(AiX, AY) = a_;g(X7 AY)
J

J J

= —g(AY, X) = —d\(Y, X) = d\(X,Y).

For X,Y from different eigenspaces dA(X,Y") = 0. This proves partial inte-
grability. |
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The theorem above indicates that CR structures in higher dimensions are
weaker structures than subconformal ones. Indeed, in order to reconstruct a
subconformal structure from a CR structure (M, D, J) we need to prescribe

a dX-orthogonal decomposition of
D= @Dj

and positive numbers a; as above. Then let Alp, = a; /|y, and g =dXo AL
The extremal choices of the decomposition of D are, on the one hand, the
trivial decomposition D = D and, on the other hand, the decomposition
into complex one-dimensional D;. The former choice is equivalent to the CR

structure while the latter one induces a much more rigid geometric structure.

4.2 Shearfree congruences and their orbit

spaces

We start with a global conformal version of shearfree congruences.

Definition 4.2.1 Let (M, [g]) be a (2n+2)-dimensional conformal Lorentzian
manifold with a shearfree vector field p and assume that the flow of p gener-
ates a free action of G =R or G =S so that the orbit space by M = M|G is
a manifold and the canonical projection w: M — M is a principal G-bundle.
We call the (M, [g],p, M) a Robinson-Trautman space (RT-space) of type G.
We also say that the RT-space is twisting if (d0)™ A0 + 0, where 6 = g(p,-).

Notice that the notion of twist is invariant under scaling of p and g and hence
it is well-defined. Since the notion of the shearfreeness of p is invariant with
respect to rescaling of p, we can replace p in the definition of the twisting
RT-space by its equivalenc class [p].

We will show that the orbit space M of a twisting RT-space carries a

canonical subconformal structure and hence, a CR structure.

Definition 4.2.2 An RT-space (M, [g],[p]) and a subconformal structure

(D, [gp]) with contact distribution D and subconformal metric [gp] on the
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orbit space M are called compatible, if for any contact form X on M with the
Reeb vector field Z

(i) kerm* A =pt ={X e TM:g(X,p) =0}, and

(ii) T gplpe is conformally equivalent to gl,, . Here g7, is the extension of

gp to the degenerate metric on M with Z =ker g3,. That is,
g=Prgp +9(p,") V)
for some positive function P? and some 1-form ).

Theorem 4.2.3 Let (M, [g],[p]) be a twisting RT-space. Then, there ezists

a unique compatible subconformal structure on the orbit space M.

Proof Let U € ToM. Then we call u € T,M a lift of U if 7(q) = @ and
mwu = U. A compatible contact distribution Dy ¢ ToM must satisfy the
condition #(u) = g(p,u) = 0 for any lift u, of any U € Dg. This proves the
uniqueness of the contact structure. We show that this condition does not
depend on the choice of the lift. Let ug and u; be two lifts at gy and ¢y,
respectively, connected by a path u(t), where ¢ is the time parameter of the

flow of the vector field p. Then, with respect to some local trivialisation,
u(t) =U + a(t)p,
and

%9@(75)) = Zpg(u(t),p) = pg(u(t),p) + 0 (u(t))d(p)
= (p+9(p)0(u(t))

it follows that
O(u(t)) = Cef Pt

and therefore, either equals zero for all £ or nowhere.
We show that D is a contact distribution. Let A\ be a form that annihilates

D. Then 7*\ = af, where « is a non-vanishing function. Since

TN AN = o™ 0" A0 £ 0
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it follows dA™ A’ A # 0. In particular, twisting RT-spaces must be even-
dimensional.

The conformal metric gp on Dg is uniquely determined by

gp(U, V) = g(u,v)

for U,V € Dg and any lifts u,v € p* at the same base point g. We show that
this definition does not depend on the choice of the lifts. Let

u(t)=U+a(t)p, and v(t)=V+p(t)p

be two paths connecting two pairs of lifts (ug,vo) and uy,v; with respect to

some trivialisation. Then,

S0(), 0(0)) = Zyg(ul0) o(1)) = po(u(), o(1).

where p depends on t but not on u(t) and v(t). It follows that g(u(t),v(t))
scales along the path by a multiplier that does not depend on the path.

Hence gp(U, V') is well-defined as a conformal metric. |

The theorem below describes the RT-structures that are compatible with
(M ) D ) [gM ] )

Theorem 4.2.4 Let m: M — M be a line bundle over a subconformal man-
ifold (M, D,[gp]) and p any non-vanishing vertical vector field. Then, the
triple (M, [g],[p]) is a twisting RT-structure compatible with (M, D, [gp])
if and only if

(4.1) g:P2(7r*gj:\)+7r*)\vw),

where X is a contact form on M, P? is a positive function on M and 1 is a
1-form on M.

Proof Assume g has the form (4.1). Then,

(i) g is Lorentzian, and g|,. is conformally equivalent m*g|,..
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(i) p is null, and

(iii) The following is satisfied
oP . 9, 4
‘Zpg:2P§(gD+ﬂ AV )+ P AV L))
= 2P8—Pg + AV ).
ov
That is, the vector field p is shearfree for g.

Therefore, (M, [g],[p]) is a RT-space compatible with (M, D,[gn]).

[t remains to show that any conformal Lorentzian metric that satisfies (i)-
(iii) has the form . Since gp is compatible with g there exists a positive
function P? on M such that

Glpr = PQW*QHPL
Consider the symmetric 2-form
T=g-Pngp

for some choice of the contact form A on M. Then, T(u,v) = 0 for any
u,v € T, M such that g(v,p) = 0. Let z be a lift of the Reeb vector field Z.
We can choose z such that g(z,z) = 0.

Consider the 1-forms
‘9=9(p7')=77*)\7 @Z’,:g(zf)-

We have 0(z) = g(z,p) =yw(Z) = 1.
If u=1u"+ az is the decomposition of a vector field v on M such that
u' € p*, then
0(u) = ag(p, z) = aym*(Z) = ay
hence,
o= %Q(U) =7 Au).
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For two vector fields u,v on M with v = v/ + az, v = v' + fz, where
u',v" € pt we have
]' ! /
T(u,v) = ag(z,v) + Bg(u, 2) = ;(O(U)@/) (v) +0(v)y' (u))
= AV Y (u,v).
It follows
g=P2mrgh+T = PX(r*g), + T A v ),

where 1) = 339" |

4.3 Applications of shearfree congruences

In this section we survey some applications of shearfree congruences in di-
mension 4.

The correspondence between 4-dimensional shearfree congruences and 3-
dimensional CR manifolds has been known by physicists and has been ex-
ploited in both directions (see, e.g. [56], 25] and references therein).

Consider the Lorentzian metrics

g=Pup+\dr+Wpu+ Wi+ HN),

where w=dz,
\ = du—2Tm ((a+b)|z]2+b)dz
2(1+]z2)2 7
2 72 . (b—a)+ (b+a)|z|?
(L ]2)? (T+]zP)*
2iaz
W=—2""~
(1+]2)*
e 2(mr +b2)(1 + |2]2)% = 2ab(1 - |z|*) iy

r2(1+|z[2)2+ (b—a+ (b+a)|z?)?
Here z = x +iy, u, r are coordinates in R* and a, b, m are real parameters. The
metric g is singular for z =0 if b # 0, and for r = 0 and |z[?> = =2 if |b] < |a].

The corresponding RT-space (M, [g],[0,]) is twisting, unless a = b = 0,

the metric ¢ is the Kerr rotating black hole with mass m and the angular



4.3. APPLICATIONS OF SHEARFREE CONGRUENCES 113

momentum parameter a; if a = b = 0 the metric g describes the Schwarzschild
black hole with mass m. For m = a = 0 this is the Taub-NUT vacuum metric.
The orbit spaces M can be described with C xR with the coordinates (z,u).
If b+ 0 we have to delete the singular line z = 0. The induced subcon-
formal structures are (M, [A],[pp]) and the CR structures are defined by
(M, [(N,1)]). Notice that the parameter m only appears in the function D
and does not affect the family of CR manifolds.
All resulting CR manifolds can be embedded into C? with the coordinates
(z,w) as )
—2a z
T+ 1P +2blog 7 |+ IZ|2
This is the trivial Levi-flat CR manifold v = 0 for the Schwarzschild solution,
a spherical CR manifold (with singularity at 0) in the Taub-NUT case and

a non-spherical Sasakian manifold for the Kerr solution.

v=Imw=
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