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ABSTRACT 

This study investigated factors that contribute to student understanding of Geometry 

in a bilingual elementary school in Japan. The aim of this study was to investigate 

the effects of using Dynamic Geometry Software (DGS) on student understanding of 

geometry and student motivation for learning geometry in a bilingual context. 

Furthermore, the study aimed to investigate the manner in which a teaching approach 

based on the van Hiele teaching phases assists the equitable integration of subject-

content and language-content in a bilingual context. The design involved a mixed-

methods research approach, incorporating qualitative and quantitative procedures. 

The investigation focused on the manner in which geometrical class inclusion 

concepts develop, in particular, relationships among figures and their properties. 

Empirical evidence is provided to describe the developmental pathway for student 

understanding of geometry in a bilingual context. This evidence has theoretical as 

well as practical implications for teaching and learning. 

The van Hiele Theory, which comprises five levels of development in Geometry, 

provides the theoretical framework for this study. Numerous studies have focused 

upon the van Hiele levels and provided empirical evidence in support of the 

existence and nature of the levels. Pertinent to this study are the levels where 

students develop an understanding of the relationships among figures and their 

properties, which is van Hiele Level 2. Consideration is also given to the 

modification of van Hiele Level 2 – which splits Level 2 into two levels – and to 

Level 3. This study extends research into the van Hiele Theory by providing a 

focused analysis of the development of geometric understanding in elementary 

school students’ learning in a bilingual context. This study utilised the SOLO Model 

to provide detailed characterizations to explain the diversity and individuality in 

learners’ responses and growth, and to provide deeper insights into the van Hiele 

levels. 

Quantitative research instruments included the van Hiele Geometry Test (VHGT), 

and the Course Interest Survey (CIS). Qualitative research instruments included the 

coding of students’ written responses using the SOLO Model, and six case studies 

that considered developmental changes through in-depth student interviews and work 

samples. The research participants for this study comprised 59 students, from two 



 

  ii 

Grade Five elementary school classes at a bilingual school In Japan (aged 10-11 

years). 

A major finding of this study is that a teaching approach based on the van Hiele 

teaching phases, delivered in the second language of English, successfully 

contributes to growth in students’ geometric understanding observed in their first and 

second languages. Evidence from the VHGT also indicates that a teaching approach 

that is embedded with ICT is more effective in terms of delayed or long-term effects 

than a teaching approach based on traditional, paper-based methods. Through this 

research, it has been possible to identify and explore the challenges faced by 

elementary school students when encountering learning outcomes focused on 

geometry and language in a bilingual context. The description of a developmental 

pathway for Geometry, leading to an increased understanding of figures and their 

properties has resulted in the validation, and extension to a bilingual context, of van 

Hiele Transitional Level 1/2, van Hiele Level 2A, van Hiele Level 2B,van Hiele 

Level 3, and van Hiele Transitional Level 3/4. Through this exploration, it has been 

possible to re-conceptualise the SOLO model for a bilingual context resulting in The 

Bilingual Geometry Model (BGM). 
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INTRODUCTION 

Insight is, as it were, the foundation for later thought; success for a great part 

depends on it. 

van Hiele (1986, p. 161) 

This study was concerned with the factors that contribute to student understanding of 

Geometry in a bilingual context. The van Hiele theory (1957, 1986) provides a solid 

foundation describing how students learn geometry. A number of studies have 

provided support for the van Hiele theory and for the sequential nature of geometric 

learning (Carroll, 1998; Clements and Battista, 1992; Fuys, Geddes, & Tishchler, 

1988; Mayberry, 1983). While there have been challenges to the theory (Gutierrez, 

Jaime, & Fortuny, 1991), and alterations (Pegg, 1995), van Hiele’s work has been 

robust enough to withstand the test of time and continues to provide a valuable 

theory for the development of geometric understanding. The main aim of teaching 

mathematics, according to van Hiele (1986), is to provide students with opportunities 

to exhibit and develop insight. An important element in the development of insight is 

learner engagement and motivation; learners require geometrical tasks that allow 

them to control their individual problem-solving environment (Hoffer, 1983 cited in 

Serow, 2007). 

One rationale for this study was to explore the ways that teaching practices that 

integrate DGS and the van Hiele teaching phases, contribute to the development of 

student understanding of, and motivation for, Geometry. Although there is a wealth 

of literature on the use of ICT in education (Attard & Northcote, 2011; Samuelsson, 

2007) there is very little research on the use of ICT in teaching geometry in the 

elementary school classroom (Coffland & Strickland, 2004). The effective use of 

ICT in the classroom requires not just a knowledge of what ICT exists and how to 

use it, but also how to integrate ICT with both content and pedagogy (Grandgenett, 

2008). There is a need for appraising the effective integration of ICT into teaching 

and learning as this will help ensure quality-teaching standards and help formulate 

professional development programs (Handal, Campbell, Cavanagh, Petocz & Kelly, 

2012). 

 



 

  2 

Research shows that many students are not motivated towards mathematics (Samuels, 

2010; Gottfried, Fleming & Gottfried, 2001). Quality of instruction, tasks that 

require the use of high-order thinking skills, authentic tasks, and the use of ICT are 

good predictors of student engagement and motivation. (Attard, 2012; Akey, 2006; 

Fredricks, Blumenfeld, Friedel, & Paris, 2005). Much of the research to-date has 

been conducted in secondary or tertiary settings. Therefore a further rationale for this 

study was to obtain data regarding the influence of ICT on student motivation for 

learning geometry in an elementary school setting.  

Mathematics education is culturally dependent and context-specific, and a further 

rationale for this study was to obtain and analyze data regarding bilingual education 

and mathematics learning from a bilingual Japanese elementary school. This study 

seeks to analyse students’ responses and place them within a suitable cognitive 

framework and thus gain further insights into the developmental pathway for 

understanding Geometry and the van Hiele theory. A framework believed 

appropriate for this study was a post-Piagetian model developed by Biggs and Collis 

(1982) that focuses on the Structure of Observed Learning Outcomes – referred to as 

the SOLO Model. A further rationale of this study was to explore the manner in 

which the van Hiele teaching phases assist the equitable integration of subject-

content and language-content in a bilingual context. As highlighted by Clarkson 

(2009), research needs to explore the linkages and contexts of language usage in the 

mathematics classroom so as to contribute to the quality teaching of mathematics by 

helping teachers to develop teaching strategies that will encourage students to 

explore, debate and think deeply with mathematical ideas.  

Based on the rationales discussed above, a study was designed to investigate the 

following research questions: 

1) In what ways do teaching practices that integrate Dynamic Geometry 

Software (DGS) in a bilingual elementary school in Japan contribute to 

student understanding of geometry? 

2) In what ways do teaching practices that integrate DGS in a bilingual 

elementary school in Japan promote student motivation for learning 

geometry? 
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3) In what manner does the application of the van Hiele teaching phases assist 

the equitable integration of subject-content and language-content in a 

bilingual elementary school in Japan? 

4) Does the SOLO Model offer a framework to explain the contribution of the 

integration of technology in the bilingual context to students understanding of 

geometry? 

In Chapter 1, constructivist theories are considered and, in particular, emphasis is 

given to the van Hiele theory. The discussion then highlights the need to apply a 

theoretical framework to assist in the exploration of students' understandings of class 

inclusion concepts. To meet this need, the SOLO Model (Biggs & Collis, 1982) is 

detailed, identifying established links between the van Hiele theory and the SOLO 

model (Pegg & Davey, 1989). 

In Chapter 2, literature regarding ICT in education is reviewed. A more detailed 

discussion of research directed at the effects of ICT in the mathematics classroom is 

addressed with emphasis placed on the use of DGS. Chapter 3 reviews literature 

regarding bilingualism and mathematics learning, and consideration is given to 

Clarkson’s (2009) Model for language use in mathematics learning for multilingual 

students. 

Chapter 4 outlines the research design and includes issues relating to context, 

methodological considerations, and evaluation of the research methodology.  

Chapter 5 begins with an explanation of the data analysis plan, and then presents the 

quantitative findings of the study. The quantitative results are presented in three 

sections: the results of the van Hiele Geometry Test (VHGT); the results of the 

Course Interest Survey (CIS); and the final section discusses and ties the findings 

together. 

Chapter 6 is the first of two chapters that present and discuss the qualitative findings 

of the study. This chapter presents the findings related to Writing Prompt Tasks in 

three sections: the results of “open coding” where students’ responses to the Writing 

Prompt Task were grouped according to “likeness” elements based upon the task 

analysis; the results of “focused coding” where students’ responses were interpreted 

from the perspective of the SOLO Model; and the final section discusses and ties the 
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findings together. Chapter 7 continues the presentation and discussion of the 

qualitative findings by presenting the research findings of six student case studies. 

This chapter aims to provide a deeper analysis of changes in students’ levels of 

mathematical thinking, language use, and motivation. 

Chapter 8 provides an outline of the possible limitations of the study and a global 

overview of the research findings. In the light of the findings contained in this 

summary, the implications to the van Hide theory, the SOLO Model, and teaching 

are considered. Finally, future research directions are generated as a consequence of 

this study. 
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CHAPTER 1 CONSTRUCTIVIST THEORY IN 
MATHEMATICS EDUCATION 

1.1 Introduction 

Constructivism is an educational theory that emphasizes hands-on, activity-based 

teaching and learning in which learners construct their own reality, based on action 

and reflection, within the realm of their own experience (Keengwe, Onchwari, & 

Agamba, 2014; Steffe & Kieren; 1994). Classroom learning activities based on 

constructivist theory usually have characteristics that include: allowing students to 

form their own representations of knowledge; engaging students in active 

experiences that cause them to uncover inconsistencies between current knowledge 

representation and their own experiences; and, above all, constructivist learning must 

occur within a social context, where interaction between learners, peers and other 

members of the learning community takes place (Cicconi, 2014; Gredler, 2001). 

Constructivism is a broad term used by educators, academics, curriculum designers, 

philosophers, and others to describe a view of learning which places emphasis on 

“the learner’s contribution to meaning and learning through both individual and 

social activity” (Bruning, Schraw, & Ronning, 1999, p. 215). Furthermore, von 

Glaserfeld (1990) explains that constructed knowledge is not viewed as a reflection 

of an external/objective reality but rather as the vehicle through which learners 

interpret their own experiences. Constructivism does not deny the existence of the 

real world but contends that what we know of the world stems from our own 

interpretations of our experiences. Learners create meaning as opposed to acquiring 

it. As there are a variety of meanings that can be gained from any given experience, 

we cannot achieve a predetermined “correct” meaning (Ertmer & Newby, 2013). 

According to Windschitl (2002), constructivism is the basis for progressive 

pedagogy as it encourages teaching for conceptual understanding as opposed to rote 

memorization of factual knowledge. In support of experiential, constructivist 

learning theory, learners experience various activities as they internalize new 

concepts. If learners experience little or no connection to their present curriculum, 

they may have difficulty achieving long-term retention (Danielson, 2007). When 

presented with a variety of interactive opportunities, there is a greater likelihood that 

students will be able to construct meaning and learn (Churchman, 2006). 



 

  6 

There is no one single constructivist theory of learning; constructivist perspectives 

are grounded in the work of cognitive psychologists such as Vygotsky, Piaget and 

Dewey, and, although not universally accepted, cognitive psychologists acknowledge 

that constructivism is “the most powerful framework for understanding how children 

learn” (Danielson, 2007). While there is no one single constructivist theory, most 

constructivist theories agree (Woolfolk & Margetts, 2010) that: 

 Learners are active in constructing their own knowledge; 

 Social interactions are important in the knowledge construction 

process. 

Constructivist approaches in science education, mathematics education, and 

computer-based education embrace these two ideas. Constructivist teachers’ method 

of instruction can be likened to the old Chinese saying: "Tell me and I will forget; 

show me, and I may remember; involve me and I will understand" which focuses on 

student engagement in the learning process. From a historical perspective, 

constructivist approaches in education have endorsed a move from teacher-centered 

to student-centered instruction. Prawat (1992) highlights the fact that: 

[W]hile there are several interpretations of what [constructivist] theory means, 

most agree that it involves a dramatic change in the focus of teaching, putting 

the students’ own efforts to understand at the centre of the educational 

enterprise. (p.357) 

This does not mean, however, that the teacher abandons responsibility for instruction. 

On the contrary, student ownership places emphasis on quality teaching through the 

development of learning experiences that focus on the development of higher order 

thinking skills that build deeper conceptual ideas and generalizations (Erickson, 

2002). Constructivist learning environments are intended to provide multiple paths 

for students to explore, with teachers performing the role of a guide, mentor or 

facilitator (Keengwe et al., 2014). Instructional practices that are commonly 

associated with constructivism include: using problem-oriented learning activities 

relevant to student interests; encouraging active, not passive learning; providing 

learning environments that use a wide variety of learning resources; encouraging 

creativity; encouraging collaborative and cooperative group work; emphasizing the 

process of problem solving, decision making, and evaluation skills; and using 
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authentic assessment methods along with quantitative methods (Brooks & Brooks, 

2001). 

Reforms towards more student-centered instruction in education can be evidenced as 

early as the late 1800s; for example, geography excursions to the country to put 

learning into a context (Windschitl, 2002). More recent examples involve teachers 

using constructivism as a framework for education technology. By using technology 

in a constructivist approach, teachers can involve students in learning activities, they 

can structure the instruction to meet different learning levels and styles, and they can 

broaden the range of resources that are available to the learner. This allows the 

technology to be more than just another way to present information; it becomes the 

system in which information is presented. Technology as part of a learning theory is 

more than a tool, it becomes the framework for the methodology (Gilaknaji, Leong, 

& Ismail, 2013). 

1.2 Piaget’s constructivist theory 

According to Cornish and Garner (2009, p. 23), two commonly held viewpoints prior 

to Piaget theories about learning, were that: 

 development took place through conditioning and imitation 

(behaviourist view) 

 development occurs as an automatic result of maturation (hereditarian 

view) 

Piaget’s contribution was to suggest that: 

[M]ental development requires both experience and maturation but is the result 

of an ever-changing interaction between organism and environment. In that 

interaction the mind adapts to an experience, is then able to interact in a 

different fashion with the environment, and adapts still further, undergoing a 

series of metamorphoses until it reaches the adult state. (Hunt, 1993, p. 357) 

Piaget suggested a series of cognitive stages that individuals pass through, and that 

each individual’s experiences allow them to construct knowledge, which builds on 

and incorporates previous stages (Reedal, 2010). Thinking becomes more adaptive, 

more organized and, as a result, it is less tied to concrete events. Piaget saw empirical 

knowledge and logico-mathematical knowledge as distinct from each other (Carey, 
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Zaitchik & Bascandziev, 2015). However, unlike theorists like Kant, Piaget saw 

cognitive structures as products of development (Carey, Zaitchik & Bascandziev, 

2015). An important focus for Piaget was logic and the construction of universal 

knowledge that cannot be learned directly from the environment; for example, 

knowledge such as conservation or reversibility (Miller, 2002). The construction of 

universal knowledge does not come from mapping external reality, but rather from 

coordinating and reflecting on our own thoughts or cognitions. Piaget postulated that 

young children first constructed topological relations (inside, outside, connectedss, 

and continuity), followed by the construction of projective relations (rectilinearity), 

and finally the construction of Euclidean relations (angularity, parallelism, and 

distance) (Dindyal, 2015). 

While Piaget recognized the importance of the social environment in terms of 

development, he did not believe that it was the main mechanism for changing 

thinking (Carey, Zaitchik & Bascandziev, 2015) . Furthermore, while Chomksy 

believed that the mind’s linguistics structures were innate, Piaget argued that the 

development of certain logical structures both preceded and made possible the 

construction of linguistics structures. Thus, a person’s language development is 

primarily determined by the development of their cognition, language is considered 

to be secondary to thought and thereby serves to express thought (Birjandi & Sabah, 

2015). Chomsky and Piaget would both agree that cognitive structures are the 

products of active and continued construction. Some educational psychologists refer 

to Piaget’s kind of constructivism as “solo” constructivism due to its emphasis on 

individuals constructing meaning (De Corte, Greer, & Verschaffel, 1996; Paris, 

Byrnes & Paris, 2001). 

While Piaget’s theories have influenced education programs for decades, in recent 

times, aspects of his theory have been questioned, particularly the age ranges that 

correspond to his stages (Cornish & Garner, 2009). Despite the latter, the 

constructivist part of his theory remains very influential and Krause, Bochner and 

Duchesne (2003) argue that, “while many studies have been reported that questions 

aspects of Piaget’s ideas, the underlying concept of developmental stages remains 

irrefutable” (p. 57). 
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Research based on Piaget’s theories has shown that mathematical thinking in 

children progresses from the concrete to the abstract (Baroody & Ginsburg, 1990). 

Acording to Piaget, young children do not just see their geometric environment, but 

build their ideas about shapes by actively manipulating them (Sarama & Clemments, 

2014). Children eventually progress to Piaget’s Formal Operations Stage, at roughly 

between the ages of eleven to sixteen years old, where they do not need the concrete 

experiences they once required to understand mathematics in the previous stages 

(Ojose, 2008).  

The latter translates into classroom practices that involve the use of physical 

manipulatives because, children will normally engage in the learning process if their 

natural curiosity is aroused and through actively manipulating shapes student 

develop independent thinking and positive attitudes towards learning and applying 

mathematics (Sarama & Clements, 2014). One difficultly with the use of 

manipulatives, however, is that teachers need to create learning experiences that are 

both meaningful and engaging for students (Noddings, 1990). A fundamental 

principle of Piaget’s constructivism is that learning and the construction of 

knowledge cannot be imposed on the learner; Piaget’s constructivism continues to be 

relevant today, adapting in the light of insights provided by modern cognitive science 

and cognitive neoruscience (Carey et al., 2015).  

Piaget argued that children initially relate to the objects around them in a topological 

fashion whereby the object’s general properties of inside and outside are the 

distinguishing features. As children mature and gain more experience, they relate to 

objects by taking other viewpoints into consideration. Eventually, a child takes on 

the Euclidean perspective and is able to conserve distance, angles and parallel lines 

as well as straight lines. According to Piaget, young children make sense of objects 

by being aware and concerned with their perception through proximity, separation, 

order, and enclosure. Perspective and metric relationships are ignored and children 

thus initially understand shapes topologically. 

Although his research did not address classroom instruction, Piaget did express how 

findings from his studies with children could be used in mathematics education. At 

the Second International Congress on Mathematical Education in 1972, Piaget 

stressed the importance of and difference between physical experience (simple 
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abstraction) and logico-mathematical experience (reflective abstraction). He warned 

that it “would be a great mistake, particularly in mathematical education, to neglect 

the role of actions and always remain on the level of language” (cited in, Gruber & 

Voneche, 1995, p. 727). He went on to say: 

In fact, it is often particularly difficult for the teacher of mathematics, who, 

because of his profession, has a very abstract type of thought, to place himself 

in the concrete perspective that is necessarily that of his young pupils. (cited in, 

Gruber & Voneche, 1995, p. 730) 

Piaget proposed two principles related to the role of teachers: 1) children may give 

the impression that they understand a concept merely by repeating what the teacher 

has said or by applying a concept by duplicating what the teacher has done; 2) 

children may be able to complete tasks, but not be fully “aware” of and not be able to 

articulate what he or she is doing (Gruber & Voneche, 1995, p. 731). From these two 

principles, it is logical that teachers have a major role in helping children adapt to 

new situations, and teachers need to be “organizers” of situations that give 

appropriate guidance and help children make sense of things that puzzle them 

(Marion, 2015).  

1.3 Vygotsky’s social constructivism 

Vygotsky believed that social interaction, cultural tools and activity shape the 

development and learning of individuals (Woolfolk & Margetts, 2010). For 

Vygotsky, an individual’s behaviour must be explained in terms of the historical and 

social contexts in which the behaviour occurs. Vygotsky believed that cognitive 

maturation occurs because of the mediation that occurs within the social context; 

through our social interactions we learn language and then we learn to internalize 

language into thought (Cornish & Garner, 2009). According to Vygotsky, people are 

both products and producers of their societies and cultures (Bandura, 2001). A 

Vygotskyan classroom would, therefore, be full on interaction and noise, however 

the noise: 

[W]ould occur as a result of classmates (or older “buddy” students or parent 

helpers or teachers) prompting children, articulating the experiences through 

language. What many of us would have once called “copying” or “cheating” 

would be highly visible as students help each other, as they learn through social 



 

  11 

interactions, and as they discuss and use specific scaffold. (Cornish & Garner, 

2009) 

Because his theory relies heavily on social interactions and the cultural context to 

explain learning, many psychologists classify Vygotsky as a social constructivist 

(Palincsar, 1998; Prawat, 1996). However, some theorists categorise him as a 

psychological constructivist because he was primarily interested in development 

within an individual (Moshman, 1997; Phillips, 1997). One advantage of Vygotsky’s 

theory of learning is that it takes into account both the psychological and the social 

(Woolfolk & Margetts, 2010). An example of the latter is Vygotsky’s (1978) idea of 

the zone of proximal development, which he explained as:  

[T]he distance between the actual development level as determined by 

independent problem solving and the level of potential development as 

determined through problem solving under adult guidance or in collaboration 

with more capable peers. (p. 86). 

Cole (1985) refers to the zone of proximal development (ZPD) as a place where 

culture and cognition create each other. The notion of the zone of proximal 

development has many implications for learning; Baroody and Ginsburg (1990) 

explain that a common cause of learning difficulties in mathematics is the gap that 

exists between children’s existing knowledge (informal and concrete) and the level 

of instruction (formal and abstract). When there is little to no connection between 

formal instruction and children’s existing knowledge, children will lose interest 

because the content is outside their ZPD and it will make little to no sense for them 

(Baroody & Ginsburg, 1990). 

Vygotsky’s ZPD relies upon the more knowledgeable other as an essential 

component of the learning process (Cicconi, 2014). Vygotsky (1978) defines the 

more knowledgeable other as someone with more knowledge or a greater 

understanding of a particular task or process than the learner. Education research still 

supports Vygotsky’s theoretical stance: socialization and collaboration play a vital 

role in learning (Fawcett & Garton, 2005; Gooch & Saine, 2011). Educators often 

identify the more knowledgeable other as an advanced peer or an adult, and the 

advent of the Internet (Web 1.0) and early educational software did not alter this 

limited perception. This stagnant view of the more knowledgeable other remained 
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limited due to the limitations of early versions of the Internet (Web 1.0) and early 

educational software as they offered only passive, non-collaborative activities 

(Cicconi, 2014). Technology now transcends its previous isolative barriers and acts 

as a conduit for collaborative learning; allowing today’s more knowledgeable other 

to also include a computer adaptive math program that creates an individualized 

tutoring series for students based on which incorrect answer they select. 

Antonacci et al. (2008) identify three major benefits of using technology and virtual 

worlds as collaborative learning environments that correspond to the more 

knowledgeable other. First, they found that the virtual world allows students to 

complete tasks that would otherwise be improbable due to constraints such as time 

and money. The newest and rarest version of a technological more knowledgeable 

other is a computer adaptive program, which allows individualized instruction 

without the financial constraints of hiring additional teachers (Cicconi, 2014). 

Secondly, the virtual world’s persistence and constant accessibility provide more 

opportunities for collaborative learning, and the anonymity can transform shy, quiet 

students into a more knowledgeable other (Chung & Walsh, 2006). Thirdly, 

Antonacci et al. (2008) highlight the adaptive and emergent nature of virtual worlds, 

which allow students who are often labeled as low-achieving to have the opportunity 

to erase these stigmas and participate as a more knowledgeable other. Moss and 

Beatty (2010) identified that lower-achieving students who rarely participated in 

math discussions posted more notes on a virtual learning blog than other students. 

While Vygotsky’s role of more knowledgeable other is traditionally portrayed as a 

teacher, sibling, or advanced classmate, technology now allows for a new definition 

to be written, one that celebrates students driving their own instruction with the 

guidance of teachers (Cicconi, 2014). 

Harland (2003) suggests that some implications for successful teaching that come 

from Vygotsky’s theory include: 

 Teachers need to develop diagnostic activities that allow them to 

assess students and make decisions about students’ future learning 

capabilities (i.e., their ZPD). 

 Teachers need to develop authentic activities to engage students such 

as problem solving activities. 
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 Teachers need to reshape/rethink their roles in the classroom, and the 

roles of students and peers. 

Further to the above, Harland (2003) suggests that critical reflection of learning is 

one important way to successfully diagnose a student’s current level of 

understanding and to help them progress through the ZPD. 

1.4 Van Hiele theory of geometric thought 

The most prominent feature of the van Hiele Theory of Geometric Thought is that 

there are five hierarchical levels of thinking. Each level describes the thinking 

processes used in geometric contexts. Specifically, the levels describe what types of 

geometric ideas we think about (called objects of thought) and how we think about 

those ideas. A student’s progress through these levels is dependent on the 

instructional experiences that they receive and not on age (as argued by Piaget). Van 

Hiele (1986) argues that student progress through the levels is organized into five 

phases of learning, which are: Information, Bound Orientation, Explicitation, Free 

Orientation, and Integration.  

Van Hiele (1986) places great importance on the role of language and argues that 

because each level of thinking has its own language, student learning is inhibited by 

teaching/language that is at a level higher than that of the student. In addition, a 

teacher may use instruction and language at a lower level than is required due to the 

fact that the teacher does not understand the levels of thinking or that they lack 

knowledge in the subject area. Van Hiele (1986) termed the latter “level reduction” 

and explained that it causes students “to lose sight of the real relation between levels” 

(p. 53). Level reduction, according to van Hiele (1986), is one of the main reasons 

why geometry and mathematics is not taught well. 

1.4.1 Level 1 Visual Level (Visualization) 

During this level, children rely on their perception to make decisions about shapes, 

symbols or figures. Children at Level 1 recognize and name figures based on the 

global visual characteristics of the figure. For example, a square is defined by a level 

1 student as a square “because it looks like a square”. Children are able to recognize 

shapes, symbols or figures as complete units or entities (e.g., rectangles, triangles, 

circles), but they are unable to recognize the properties of these shapes, symbols or 
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figures (e.g., the angles of a triangle add up to 180°, or all the angles in a square are 

right angles). 

Using an isosceles triangle as an example, van Hiele (1986) explains that, at this 

level, “[a]n isosceles triangle originally presents itself to the children as a figure 

recognized by its clear shape. The properties of the triangle do not play a 

demonstrable part – at any rate they are not explicitly recognized by the children” (p. 

94). 

Appearance is dominant at Level 1 and can, therefore, overpower student’s thinking 

about the properties of a shape. A Level 1 thinker, for example, may see a square 

with sides that are not horizontal or vertical (it appears tilted) and believe it is a 

diamond and no longer a square. 

The emphasis at level 1 is on shapes that students can observe, feel, build, take apart, 

or work with in some manner. The general goal is to explore how shapes are alike 

and different and to use these ideas to create classes of shapes (both physically and 

mentally). Some of these classes of shapes have names – rectangles, triangles, 

rhombi, and so on. Properties of shapes, such as parallel sides, perpendicular lines, 

symmetry, right angles, and so on, are included at this level but only in an informal, 

observational manner. 

In a classroom this level would involve: 

 Identifying, describing, and sorting shapes, symbols or figures. 

 Hands-on activities with real models. 

 Find-a-rule activities to elicit a wide variety of ideas about how 

students examine shapes. 

 Making, drawing, building, and taking apart shapes, symbols or 

figures. 

1.4.2 Level 2 Descriptive Level (Analysis) 

The aim of this level is the ordering of properties of geometric figures. Level 2 is 

where the greatest proportion of most upper primary curriculum content falls (Van de 

Walle, Karp, Lovin, & Bay-Williams, 2014). The objects of thought at level 2 are 

classes of shapes rather than individual shapes. Children investigate and consider the 

common properties of shapes, symbols or figures (e.g., all three angles of an 
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equilateral triangle are always 60°), however the interrelationships between shapes, 

symbols or figures and their properties cannot be rationalized. Children at Level 2 

are able to consider all shapes within a class rather than just the single shape in front 

of them. Instead of talking about this particular rectangle, they can talk about 

properties of all rectangles. By focusing on a class of shapes, students are able to 

think about what makes a rectangle a rectangle (four sides, opposite sides parallel, 

opposite sides same length, four right angles, congruent diagonals, etc.) 

Using an isosceles triangle as an example, van Hiele (1986) explains that at this level, 

“the visual form has already fallen into the background. Now the isosceles triangle is 

just recognized by its properties: two equal sides or two equal angles” (p. 94). 

The irrelevant features (e.g., size, colour, or orientation) fade into the background 

and students begin to understand that if a shape belongs to a particular class, such as 

cubes, it has the corresponding properties of that class. These properties were 

unspoken at level 1. Children operating at Level 2 may be able to list all the 

properties of squares, rectangles and parallelograms but may not see that these are 

subclasses of one another (e.g., that all squares are rectangles, and all rectangles are 

parallelograms). Their understanding of the properties of shapes, such as symmetry, 

perpendicular and parallel lines etc., continues to be refined. This identification of 

geometric properties is an important cognitive activity (Yu, Barrett, & Presmeg, 

2009). 

In a classroom this level would involve: 

 Learning experiences involving the use of concrete or virtual models 

to observe, measure, and change properties of shapes, symbols or 

figures. 

 Learning experiences involving the classification of shapes, symbols 

or figures based on their properties. For example, students prepare 

property lists under the headings of Sides, Angles, Diagonals and 

Symmetries for shapes such as squares, parallelograms, rhombi and 

rectangles. 

 Problem solving tasks that focus on the properties of shapes, symbols 

or figures. 
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1.4.3 Level 3 Theoretical Level (Informal Deduction) 

At this level, according to van Hiele’s (1986) original theory, children can recognize 

the relationship between shapes, symbols or figures, and their properties. As children 

begin to think about properties of geometric objects without focusing on one 

particular object (shape), they are able to develop relationships between these 

properties. For example, “[i]f all four angles are right angles, the shape must be a 

rectangle. If it is a square, all angles are right angles. If it is a square, it must be a 

rectangle”. 

Once children have a greater ability to engage in “if-then” reasoning, they can 

classify shapes using only a minimum set of defining characteristics. For example, 

four congruent sides and at least one right angle are sufficient to define a square. 

Rectangles are parallelograms with a right angle. Observations go beyond properties 

themselves and begin to focus on logical arguments about the properties. 

Children at Level 3 will be able to follow and comprehend informal deductive 

arguments about shapes and their properties. They are able to follow informal proofs, 

and proofs may be more intuitive than deductive. However, an understanding of a 

formal deductive system remains under the surface, children at this level can’t see 

how the order of the proof could possibly change or how to create a proof from 

beginning to end. 

Using an isosceles triangle as an example, van Hiele (1986) explains that at this level, 

“these properties are no longer the object of study: Now the connection between 

properties is involved. The equality of the sides of a triangle now implies the equality 

of two of the angles, and the converse of this theorem holds as well” (p. 95). 

In a classroom this level would involve: 

 Using models and drawings as tools to look for generalizations and 

counter-examples. 

 Learning experiences using concrete models and property lists to 

group shapes, symbols or figures based on necessary and sufficient 

conditions of specific shapes. 

 Learning experiences that include informal logical reasoning, where 

conjecture such as “Why?” and “What if?” is encouraged. 
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 Using properties to define a shape or determine if a particular shape is 

included in a given set. 

 Making and testing hypotheses. 

1.4.4 Level 4 Formal Logic (Deduction) 

At this level students are able to form proofs, and they understand the importance 

and role of language and definitions. They also understand the importance and role 

of deduction as a means of verifying geometric theory within an axiom system. The 

student at this level is usually in high school and is able to work with abstract 

statements about geometric properties and make conclusions based on logic. 

Using an isosceles triangle as an example, van Hiele (1986) explains that at this level, 

“the nature of the relations between certain theorems has become the object of study. 

What, for example, is meant by ‘The equality of two sides of a triangle implies the 

equality of two of the angles?’” (p.94). 

1.4.5 Level 5 Nature of Logical Laws (Rigor) 

At this level students can understand high level, complex ideas and be able to use the 

formal aspects of deduction. They are able to contrast different axiom systems (non-

Euclidean geometry can be studied). Students understand abstract geometric ideas 

with a high degree of insight, and do not need to rely on concrete examples or 

models. This is generally the level of a college mathematics major who is studying 

geometry as a branch of mathematical science. 

Above is a brief description of all five levels to illustrate the scope of the original van 

Hiele theory (1986). Extensive international research has been conducted into the 

characterisation and the usefulness of the van Hiele levels, and Serow (2002) 

concludes that four areas of research stand out: a more detailed characterisation of 

the development of Level 2 understanding; an exploration of thinking leading to, and 

at, Level 4; the transition from Level 1 to Level 2 thinking; and, a broadened 

characterisation of the van Hiele framework.   

Serow (2002) provides a good description of the recharacterisation of the five van 

Hiele levels, including a significant extension of the theory which involves the 

splitting of van Hiele’s Level 2 resulting in the levels known as 2A and 2B. 
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Level 1: Figures are judged by their appearance, and are recognised by their form or 

shape. The properties of a figure play no explicit role in the identification of the 

figure (Pegg & Davey, 1998 cited in Serow, 2002). 

Level 2A: Figures are identified in terms of a single property, which is usually their 

sides (Serow, 2002). 

Level 2B: “Figures are identified in terms of properties, which are seen as 

independent of one another” (Pegg, 1997b, p. 391). 

Level 3: The properties of figures are no longer seen as independent, as there is an 

ordering of the properties, with one property preceding or following from other 

properties.For example, a square is a rectangle because the set of all properties of a 

rectangle is included in the set of properties of a square.Relationships between 

different figures are also understood (Serow, 2002). 

Level 4: The place of deduction is understood, and necessary and sufficient 

conditions can be employed. Proofs are not simply rote learnt, but can be developed, 

and definitions can be devised (Pegg & Davey, 1998 cited in Serow, 2002). 

Level 5: Comparison of various deductive systems can be undertaken, and different 

geometries can be explored based upon various systems of postulates (Pegg & Davey, 

1998 cited in Serow, 2002). 

1.4.6 Characteristics of the van Hiele levels 

Van Hiele (1986) argues that students pass through levels of thinking as the result of 

instruction that is organized into five phases of learning. Students pass through the 

levels when aided by appropriate learning experiences, and van Hiele (1986) 

contends that the levels are sequential and that students cannot achieve a new level of 

thinking without having passed successfully through the previous level. van Hiele 

(1986) explains that a potential obstacle to student progression through levels is an 

occurrence that he refers to as “level reduction”. An example of level reduction is 

when a teacher attempts to teach a student at a level that is higher than the student’s 

level of understanding; the student does not understand the teacher and most likely 

reverts to simple memorization or rote learning (van Hiele, 1986). Alternatively, a 

teacher might teach new information at a level that is lower than needed in an 

attempt to help students that are not achieving at the level they should be. A further 
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example is when a teacher, as a result of a lack of knowledge, attempts to teach new 

information at a level lower than is required. According to van Hiele (1986), level 

reduction causes a student “to lose sight of the real relation between levels” (p. 53). 

Level reduction has serious implications for teachers of mathematics because, 

according to van Hiele (1986), it is a significant factor in the poor teaching of 

geometry. In support of van Hiele’s contention, Wright, Horn, and Sanders (1997) 

argue that the single most domonatn fact that affects students’ academic achievement 

is the effectivess of their teachers. Furthre to this, Jones, Mooney, and Harries (2002) 

report that of all mathematics topics, geometry was the one that prospective teachers 

claimed to have learned the least and believed they were the least prepared to teach. 

According to Clements and Sarama (2011), low levels of geometry knowledge 

amongst elementary teachers is a problem for the USA’s education system because 

educator content knowledge is just as important to improving student achievement as 

is knowledge of instructional techniques. Similarly, throughout the pre-K to grade 12, 

teachers in many countries are not always provided with adequate preparation in 

geometry and the teaching and learning of geometry (Clements & Sarama, 2011), 

including the U.K. (Jones, 2000) and South Africa (van der Sandt, 2007).  

Van Hiele’s (1986) Theory of learning contends that there will be very little learning 

or teaching of geometry in the classroom if a teacher is unaware of the (van Hiele) 

levels of thinking and is unable to recognise the levels at which their students are 

currently operating. A simplification of van Hiele’s model would be as follows: 

Perceiving a structure  Insight  Understanding 

Although recognizing age as being important to understanding by stating: “The age 

of the children is important, in so far as they must have had sufficient time to go 

through the necessary learning processes” (van Hiele, 1986, p. 65). Van Hiele 

contends that a student’s age does not determine their level of understanding in 

geometry. He stated that it would be “a deplorable error to suppose that a level is 

attained as the result of a biological maturation” (van Hiele, 1986, p. 65). 

Based on the latter, it can be seen that the aim of teaching should be the promotion of 

insight. Van Hiele (1986) believed that insight can be observed and a 
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satisfactory/sufficient action in a new situation equates to insight as long as the 

satisfactory/sufficient action is the result of intention. 

While the van Hiele Theory received a lot of attention in the 1970s and 1980s, there 

have been many refinements, criticisms and alternatives to the van Hiele levels over 

the past few decades (Sinclair & Bruce, 2015). Some researchers have suggested that 

the van Hiele levels are not as discrete as originaly envisaged by van Hiele 

(Gutierrez, Jaime & Fortuny, 1991; Lehrer, Jenkins & Osana, 1998), and that there is 

a precognitive level before van Hiele Level 1 which requires Level 1 to be 

reconceptualised as syncretic (a synthesis of verbal declarative and imagistic 

knowledge, each interacting with the other) (Clements, Swaminathan, Hannibal & 

Sarama, 1999). Other researchers have found that a single van Hiele level 

encompasses a range of complexity in terms of reasoning, and also differences in 

discourse (Wang & Kinzel, 2014). Furthermore, researchers such as Papademetri-

Kachrimani (2012) have argued against the contention that, “geometrical thinking 

can be described through a hierarchical model formed by levels” (p. 2), and contend 

that researchers propose alternate models that move “away from the idea of levels” 

(p. 7). While other researchers have criticized the “snapshot” approach in which 

students are described at being at a particular level (Clements & Battista, 1992), or 

criticized the fact that the van Hiele levels, “seem to neglect the known complexities 

and malleability of spatial reasoning” (Sinclair & Bruce, 2015, p. 323). 

Despite the latter, the van Hiele Theory has had a lasting influence on mathematics 

education research at all levels, including the primary years (Sinclair & Bruce, 2015). 

Most recently, the van Hiele levels have been used as a means of judging the general 

progression evident in textbooks and other curriculum materials (Sinclair et al. 2016). 

For example Newton (2010), in a review of State Standards for grades K to 8 in 42 

states of the USA, reported that the distribution of grade-level learning expectations 

was “consistent with the general thrust of the van Hiele theory, particularly the claim 

that the levels of geometric thinking are sequential” (p. 91). 
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1.5 Van Hiele teaching phases 

According to the van Hiele Theory, the learning process contains five phases and 

these phases facilitate a student’s progress from one level to the next. van Hiele 

argues states:  

If we call the learning process leading from one level to the next a “period,” 

then we find in one period the following phases: 

 information 

 bound orientation 

 explicitation 

 free orientation 

 integration (1986, p. 176) 

Some researchers, such as Watson, Jones, and Pratt (2013, p. 98), have claimed that 

there is a, “lack of research on the five-phase (van Hiele) approach to teaching”. 

While others, Atebe and Schafer (2011), have developed and utlised the van Hiele 

phase descriptors into checklists that they have used to evaluate a series of 

videotaped geometry lessons in Nigeria and South Africa. Atebe and Schafer (2011) 

argue that, “learners whose instructional experiences are aligned most closely with 

the van Hiele phases of learning show a better understanding of geometric concepts 

than those whose experiences are not” (p. 202).  Further testing of approaches 

utilizing the van Hiele teaching phases would be valuable to the teaching of 

geometry (Sinclair et al. 2016).  

The van Hiele teaching phases of learning are sequential, and a teacher has a number 

of responsibilities such as: lesson planning, scaffolding learning so that children 

focus on the geometric qualities of shapes, introduce new language and engage 

children in discussions where they use new terminology, and promote thinking and 

problem-solving using geometric shapes. 

1.5.1 Phase 1. Information 

In this phase students are “acquainted with the context of the field of study involved” 

(van Hiele, 1986, p. 177). Learning experiences in this phase should involve children 

exploring and discovering structures through interaction with materials. It is 

important that children are able to discuss their observations and ask questions that 
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they come-up with. Teachers guide children in this phase by “placing at the 

children’s disposal material clarifying the context” (van Hiele, 1986, p. 177). 

Through discussion, teachers identify students’ pre-existing knowledge (Mason, 

1998) and according to Pegg (1995), it is important, at this stage, that students be 

allowed to use informal language with minimal interference from the teacher. 

1.5.2 Phase 2. Bound Orientation 

In this phase students come “in contact with the principal connections of the network 

of relations to be formed” (van Hiele, 1986, p. 177). Teachers should introduce 

learning experiences in a way that exposes students gradually to new structures, for 

example, through puzzles that reveal symmetry of pieces. A teacher can guide 

children in this phase by “supplying the material by which the pupils learn the 

principal connections in the field of thinking” (van Hiele, 1986, p. 177). According 

to Pegg (1995), in this phase teachers should slowly begin to inject the correct 

terminology into the observations of students yet still allow them the freedom to use 

informal language. 

1.5.3 Phase 3. Explicitation 

In this phase students are encouraged to use new language and terms in their 

discussions and explorations in geometry. van Hiele (1986) explains that “the 

relations that have been found are discussed … and in this way he learns to speak a 

technical language” (p. 177). A teacher can guide children in this phase by “leading 

class discussions that will end in a correct use of language” (van Hiele, 1986, p. 177). 

1.5.4 Phase 4. Free Orientation 

In this phase the teacher’s goal is to introduce learning experiences that are open-

ended and can be solved in multiple ways and that allow students to become more 

adept with their knowledge about geometry, for example, making different shapes 

with various pieces. “The child learns to find his way in the network of relations with 

the help of the connections he has at his disposal” (van Hiele, 1986, p. 177). A 

teacher can guide children in this phase by “supplying materials with various 

possibilities of use and giving instructions to permit various performances” (van 

Hiele, 1986, p. 177). 
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1.5.5 Phase 5. Integration 

In this phase children are given opportunities to pull together what they have learned; 

“the child will procure a survey of the various thinking paths” (van Hiele, 1986, p. 

177). A teacher can guide children in this phase by “inviting the pupils to reflect on 

their actions, by having rules composed and memorized, and so on” (van Hiele, 1986, 

p. 177). Students should have attained the next level at this phase and van Hiele 

suggests that: “problems set to check integration must be simple” (p. 202). 

1.6 Piaget, Vygotsky and van Hiele 

Piaget argued for a series of cognitive stages that children pass through; he believed 

that progression through these stages was innate and due to biological changes. 

Piaget (1970) suggested that the whole structure underlying cognitive development 

was based on and defined by mathematical structure. For example, Piaget established 

ages when most children grasp the conservation of length, area and volume (Chapin 

& Johnson, 2006). Piaget’s four cognitive stages are: Sensorimotor (0-2 years); 

Preoperational (2-7 years); Concrete operational (7-11 years) and Formal operational 

(11-adult). 

Vygotsky, being a contemporary of Piaget, had the benefit of Piaget’s work. Over his 

short lifetime, he wrote about language and thought learning and development, and 

educating students with special needs. Vygotsky studied the process of human 

development in an effort to understand the formation of intellect. He claimed that 

children’s cognitive development is best identified by the manner in which they think, 

rather than by what they know (Woolfolk & Margetts, 2010). Vygotsky believed that 

cognitive development could not be understood without reference to social and 

cultural contexts. One of his important ideas was that our specific mental structures 

and processes can be traced to our intentions with others. These social interactions 

are more than simple influences on cognitive development – they actually create our 

cognitive structures and thinking processes (Palinscar, 1998). He placed less 

emphasis than Piaget on the child’s role in shaping their own thinking, and more on 

the role of others in the process. He placed particular importance on the tool of 

language (Driscoll, 2005). 
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Piaget defined development as the active construction of knowledge and learning as 

the passive formation of associations (Siegler, 2000). He believed that cognitive 

development has to come before learning and that a child has to be cognitively ready 

to learn as highlighted by: “learning is subordinated to development and not vice-

versa” (Piaget, 1964, p. 17). For Piaget, true understanding will happen only when a 

child has developed the operation of class inclusion; the understanding that one 

category can be included in another. In contrast, Vygotsky believed that learning was 

an active process that does not have to wait for readiness. In fact, “properly 

organized learning results in mental development and sets in motion a variety of 

developmental processes that would be impossible apart from learning” (Vygtosky, 

1978, p. 90). He saw learning as a tool in development; learning pulls development 

up to higher levels and social interaction is a key in learning (Wink & Putney, 2002). 

Cole and Wertsch (1996) highlight that “in principle, Piaget did not deny the co-

equal role of the social world in the construction of knowledge” (p. 1) and that 

“Vygotsky, contrary to another stereotype, insisted on the centrality of the active 

construction of knowledge” (p. 2). They argue that the main difference between 

Vygotsky and Piaget is related to the importance that Vygotsky places on cultural 

tools and not the sociogenesis of the mind. Higher order cognitive processes, such as 

reasoning, remembering and problem-solving are mediated by cultural tools and, 

according to Cole and Wertsch (1996), Piaget’s theories contained no corresponding 

concepts. 

Piaget and Vygotsky also explored the relationship between language and cognition. 

Vygotsky’s sociocultural view asserts that cognitive development hinges on social 

interaction and the development of language. As an example, Vygotsky described the 

role of children’s self-directed talk in guiding and monitoring thinking and problem-

solving (Ehrich, 2006; Vygotsky, 1986), while Piaget suggested that private speech 

was an indication of the child’s egocentrism. Through his research into the early 

verbalization of children, Piaget suggests “although language is an important factor 

in building logical structures, it is not the essential factor, even for children with 

normal hearing” (Inhelder & Piaget, 1964, p. 4). For Piaget “language (is) a 

reflection of thought and not the shaper of thoughts” (Lyon, 1996, p. 13). Vygotsky 

(1978), in contrast to Piaget, argues that language makes thoughts possible: 
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[T]he specifically human capacity for language enables children to provide for 

auxiliary tools in the solution of difficult tasks, to overcome impulsive action, to 

plan a solution to a problem prior to its execution, and to master their own 

behaviour. (p. 28) 

While there has been a lot of commentary and research on the similarities and 

differences between Piaget and Vygotsky (Cole & Wertsch, 1996; Nicholl, 2002), 

there has been limited commentary and research on the similarities and differences 

between Piaget and van Hiele (Clements & Battista, 1992), and virtually no research 

on the similarities and differences between van Hiele and Vygotsky.  

According to Nickson (2000), the van Hiele theory comes from constructivism and 

Piaget’s studies in geometry, and is content-specific to mathematics. Van Hiele 

(1986) even stated that “an important part of the roots of my work can be found in 

the theories of Piaget” (p. 5). 

According to Clements and Battista (1992) some of the comparisons between Piaget 

and van Hiele include that they both emphasized the importance of students having 

ownership over their learning. Furthermore, Piaget and van Hiele “believe that a 

critical instructional dilemma is teaching about objects that are not yet objects of 

reflection for students” (Clements & Battista, 1992, p. 437), this refers to the idea 

that students will have difficulty understanding concepts that are being taught if they 

have not reached the required level. Clements and Battista (1992) argue that both 

Piaget and van Hiele subscribe to the idea that true learning requires a conflict to 

arise; van Hiele refereed to this as a "crisis of thinking" (van Hiele, 1986, p. 43), and 

Piaget referred to the notion of disequilibrium. 

However, van Hiele disagreed with a number of Piaget’s ideas and believed that his 

theory was based on development and not learning. He also suggested that Piaget did 

not understand the idea that lower levels were not inferior to higher levels and that 

structures of higher levels were the result of study of the lower levels. Van Hiele 

suggested that Piaget’s results “would have been more intelligible if he had 

distinguished more than two levels”(van Hiele, 1986, p. 5). Clements and Battista 

(1992) suggest that van Hiele and Piaget also differ in terms of how children develop 

their thinking about reasoning and proof. According to van Hiele, thinking about 

reasoning and proof is dependent on increasing understanding of geometric 
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knowledge and relationships (Clements & Battista, 1992). According to Piaget, 

“certain logical operations develop in students independent of the content to which 

they are applied” (Clements & Battista, 1992, p. 441). Based on the latter, van Hiele 

sees teaching as a controllable factor that can assist students with reasoning and 

proof, whereas Piaget does not. Pusey (2003) highlights the latter as an important 

difference between the two theories, because van Hiele tried, through his description 

of levels, to assist teachers to improve instruction whereas Piaget simply described 

the progression and maturation of thinking. 

Another area of difference is that Piaget did not acknowledge the importance of 

language to the same extent that van Hiele did. Pandiscio and Orton (1998) state that 

Piaget believed movement between stages was dependent on activity, while van 

Hiele believed movement between levels was dependent on language. 

Similar to van Hiele, Vygotsky believed in the importance of language for the 

construction of knowledge. He stated “the child begins to perceive the world not only 

through its eyes but also through its speech. And later it is not just seeing but acting 

that becomes informed by words” (Vygotsky, 1978, p. 32). Furthermore, Vygotsky, 

like van Hiele, believed in the need for teaching to improve intellect. Vygotsky saw 

teachers, parents, and other adults as central to a child’s learning and development 

(Puntambekar & Hubscher, 2005); and Van Hiele (1986) stated: “The transition from 

one level to the following is not a natural process; it takes place under influence of a 

teaching-learning program” (p. 50). 

According to Byrnes (2001), the van Hiele theory was greatly influenced by 

Vygotsky, particularly the concept of ZPD when teaching is the most advantageous 

because students are open to exploring new ideas. This idea of a "crisis of thinking" 

(van Hiele, 1986, p. 43) plays a key role in the Van Hiele theory; it is the process by 

which instruction in geometry may help students advance from a given level to the 

next higher level. 

1.7 SOLO Model 

The Structure of Observed Learning Outcomes (SOLO) describes levels of 

understanding, through five stages that are intended to be relevant to all subjects in 

all disciplines. The SOLO Model was developed by analysing student responses to 
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assessment tasks (Biggs & Collis, 1982; Collis & Biggs, 1986) and has been 

validated for use in a wide range of disciplines (Hattie & Brown, 2004). The SOLO 

Model, like van Hiele’s Theory of Geometric Thought developed because of 

identified inadequacies and anomalies with some of the assumptions underpinning 

Piaget’s ideas (Pegg & Davey, 1989). Like van Hiele’s theory, it was developed 

through considering students’ understandings in terms of identifiable “levels”. The 

van Hiele levels represent cognitive growth reached through a teaching/learning 

process as opposed to some biological maturation (Pegg, 1997a). The SOLO Model, 

however, is useful for determining the quality of instructional dependent tasks as it is 

concerned with evaluating the quality of students' responses to various stimulus 

items. 

There are two basic elements to the SOLO Model. The first is a series of five modes 

of intellectual functioning and the second is a series of levels of attainment, which 

are repeated within each mode (Levins & Pegg, 1993). The five modes of 

functioning in the SOLO Model are closely related to Piaget’s stages of cognitive 

development. However, one important difference between the two is the belief that 

individuals can function in more than one mode, and that there are many 

opportunities for an individual to use learning across modes to support their 

development.  

The five modes of SOLO, as described in Levins and Pegg (1993), are: 

1. Sensori Motor: Where an individual interacts with and reacts to their 

physical environment. For example, in the case of a young child, this is the 

mode in which fine motor skills are developed. Fine motor skills aid in the 

growth of intelligence and develop continuously throughout the stages of 

human development. 

2. Ikonic: Where an individual develops language and symbols to represent 

objects and events. For example, in the case of a young child, this is the mode 

where they develop a vocabulary of words. For an adult, this mode assists in 

the appreciation of art and music, and leads to a form of knowledge referred 

to as intuitive. 

3. Concrete Symbolic: Where an individual uses a symbol system, such as a 

written language or a number system, to express ideas or thoughts. This is the 
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most common mode addressed in school (both upper primary and secondary 

school). 

4. Formal: Where an individual considers abstract concepts. For example, an 

individual can work in terms of “theories” and “principles” and is no longer 

restricted to concrete referents. In its most advanced form, this mode involves 

the development of disciplines. 

5. Post Formal: Where an individual is able to question or challenge the 

fundamental structure of theories and disciplines. 

Associated with each mode is a series of five levels: Pre-Structural, Unistructural, 

Multistructural, Relational, and Extended Abstract. However, most researchers, 

including the developers, Biggs and Collis, see the first and last levels as existing 

outside of the learning cycle per se. The first level, Pre-Structural, is a state of 

ignorance that exists outside the model where an individual is not able to respond to 

a question in a meaningful way. The last level, Extended Abstract, can also be 

equated with the Unistructural response in the next, higher mode so, for simplicity, is 

usually omitted.  

One of the main strengths of the SOLO Model is the linking of the hierarchical 

nature of cognitive development through the modes and the cyclical nature of 

learning through the levels (Pegg, 2010). The learning cycle in the SOLO Model 

works as follows. At the Pre-Structural level the student exists outside the cycle and 

has not yet entered it. The learning cycle is the sequence of progressions from the 

Unistructural level to the Relational level, in which understanding grows and 

deepens. A student may need to go through various levels on multiple occasions as 

new ideas are introduced. However, the goal is to leave the learning cycle by 

eventually reaching the Extended Abstract level (or the Unistructural level of the 

next, higher mode) (Levins & Pegg, 1993; Panizzon, 2003; Pegg, 1992, 2003). 

A description of the levels is as follows (Biggs, 2003, p. 34–53; Biggs & Collis, 

1982, p. 17–31; Biggs & Tang, 2007, p. 76–80; Brabrand & Dahl, 2009; p. 4–11). 

1. Pre-Structural: At this level students do not understand the knowledge that 

they are supposed to learn. The student uses irrelevant information and/or 

misunderstands the aims of the learning. The student may have acquired 

scattered pieces of information, but they are unorganized, unstructured and 
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basically void of content or relation to a topic. If students at this level believe 

that they are expected to use ideas but don't know how then their responses 

will be guesses. 

2. Unistructural: At this level students can deal with one single relevant aspect 

of the whole. They may be able to make simple, obvious connections but the 

meaning and significance of the whole idea may still be unclear to them. To 

move from the Pre-Structural level to the Unistructural level, students’ 

misconceptions need to surface and be dealt with, and they need to learn the 

“ground rules” of the discipline. Students at the Unistructural level need 

scaffolding and structure if they are to learn because the mass of new 

information is often chaotic for them (Entwistle & Entwistle, 1992). 

Prototypical competencies for Unistructural learning outcomes include: 

paraphrase, define, identify, count, name, recite, follow simple instructions, 

calculate, reproduce, arrange, recognize, find, note, seek, sketch, pick. 

3. Multistructural: At this level students can deal with several aspects of the 

whole, however, these are either considered independently or the 

relationships are not understood very well. The quantity of the ideas 

understood by the student has increased in some way, but they struggle to see 

the “big picture”. To move from the Unistructural level to the Multistructural 

level, individual ideas needs to be “overlearned” so that their retrieval 

becomes automatic; this, in turn, frees up memory and attention span so that 

the student can focus on multiple ideas and seek connections. Prototypical 

competencies for Multistructural learning outcomes include: combine, 

classify, structure, describe, enumerate, list, do algorithm, apply method, 

account for, execute, formulate, solve, conduct, prove, complete, illustrate, 

express, characterize. 

4. Relational: At this level students can combine ideas into a whole by 

recognizing relationships and connecting ideas. The shift here is qualitative 

because students have moved from the concrete to the abstract. As students’ 

knowledge improves, their motivation increases and they are less likely to 

take a superficial approach to learning; they begin to seek deeper meanings in 

their learning on a more frequent basis (Boulton-Lewis, 1994). To move from 

the Multistructural level to the Relational level, students need to investigate 

connections between ideas, the reasons for the connection and the ways these 
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connections can be explained and organized. Prototypical competencies for 

Relational learning outcomes include: analyze, compare, contrast, integrate, 

relate, explain causes, apply theory (to its domain), argue, implement, plan, 

summarize, construct, design, interpret, structure, conclude, substantiate, 

exemplify, derive, adapt. 

5. Extended Abstract: At this level students can generalize the whole of their 

learning beyond what has been learned. They can make multiple connections 

and perceive ideas from many different perspectives. Students at this level 

exceed expectations, they “think beyond the given and bring in related, prior 

knowledge, ideas, or information in order to create an answer, prediction, or 

hypothesis that extends the given to a wider range of situations” (Hattie & 

Brown, 2004, p. 6). Prototypical competencies for Extended Abstract 

learning outcomes include: theorize, generalize, hypothesize, predict, judge, 

reflect, transfer theory (to new domain). 

The levels of the SOLO Model have several properties as the focus shifts from the 

Unistructural level to the Relational level, and these include: a growing complexity 

in understanding; an increased ability to consider more information; an increased 

ability to accept complexity; and an increased ability to delay the timing of an 

answer (Levins & Pegg, 1993). 

It is not uncommon for many students to remain at the Pre-Structural level or the 

Unistructural level because their prior misunderstandings and preconceptions are not 

surfaced and changed during the learning cycle. Hattie and Brown (2004) highlight 

that “Student often come to lessons with already constructed realities … which if we 

as teachers do not understand and assess before we start to teach, can become the 

stumbling block for future learning” (p. 2). Students do not necessarily move though 

all stages or start at the same place, and it is not always appropriate or possible to 

move students through all five levels and modes in every course of study. The levels 

are sequential and students cannot jump or skip levels; the language used by students 

changes as they proceed through levels and modes; student can choose to work at a 

lower level for a variety of reasons, for example, lack of motivation (Levins & Pegg, 

1993). 
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The hierarchy in the SOLO Model is that higher-order skills and understandings 

within a discipline (e.g., mathematics) are built upon the acquisition of lower-order 

skills and understandings (Pegg, 2010). This implies that higher-order skills and 

lower-order skills  

[H]ave a symbiotic association in which: (i) the relational level represents the 

start of higher-order functioning; and (ii) the unistructural level represents 

higher-order functioning for an earlier growth cycle and at the same time the 

beginning of lower-order functioning in the current cycle” (Pegg, 2010, p. 38). 

1.8 Conclusion 

A number of studies have provided support for the van Hiele theory and for the 

sequential nature of geometric learning (Carroll, 1998; Clements, & Battista, 1992; 

Fuys et al., 1998; Mayberry, 1983). There have, however, been challenges to the 

theory, such as the discontinuous nature of the levels (Gutiérrez, Jaime, & Fortuny, 

1991) and the simplistic one-dimensional nature of the levels. Some (Pegg, 1995) 

have even suggested alterations to the levels, such as splitting Level 2. 

The van Hiele levels pertinent to this study are the levels where students develop an 

understanding of the relationships among figures and their properties, which is van 

Hiele Level 2. Consideration is also given to the modification of van Hiele Level 2, 

which splits it into two levels, and consideration is also given to Level 3. According 

to Pegg (1997a; 1997b), Level 2 can be divided into Level 2A and Level 2B, and 

these can be described as: 

Level 2A Figures are identified in terms of a single property (usually sides or 

some aspect associated with the length of sides). 

Level 2B Figures are identified in terms of properties which are seen as 

independent of one another. The important feature of this list is the 

isolated nature of the properties to one another. 

In developing his extended form of the van Hiele levels, Pegg (1997a; 1997b) 

incorporated ideas drawn from the SOLO Model. Serow (2006) explains that the 

SOLO Model grew from Biggs and Collis’s (1982, cited in Serow, 2006) desire to 

explore and describe students' understandings in the light of the criticisms of the 
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work of Piaget. The emphasis in the SOLO Model is on the structure of students' 

responses, and the framework for the model comprises two main components: the 

modes of functioning and the cycles of levels. 

Of relevance to this study and Pegg’s study (1997b) is the mode referred to as 

concrete symbolic, and, within that mode, two of the three levels which are referred 

to as Unistructural and Multistructural. In the concrete symbolic mode a student is 

capable of using, or learning to use, a symbol system, such as written language and 

number notation (Pegg, 1997a). In defining his extended form of the van Hiele levels, 

Pegg (1997a) summarized the link between the van Hiele Theory and the level 

descriptors of SOLO Model as: 

 Unistructural responses (concrete symbolic mode) are consistent with 

Level 2A thinking 

 Multistructural responses (concrete symbolic mode) are consistent 

with Level 2B thinking 

Van Hiele’s theory argues that successful, sequential progression through levels of 

thinking is based on the instructional experiences that students receive. The main aim 

of teaching mathematics, according to van Hiele (1986), is to provide students with 

opportunities to exhibit and develop insight. An important element in the 

development of insight is learner engagement; learners require geometrical tasks that 

allow them to control their individual problem-solving environment (Hoffer, 1983 

cited in Serow, 2007). Two tools that have lent themselves to student centred 

problem-solving tasks in geometry are DGS and tangrams (a seven piece, dissection 

puzzle originating from China). 

In terms of the theoretical basis for mathematics education, van Hiele’s theory argues 

that teaching and appropriate educational experiences are critical to students’ 

achievement of levels of thinking in geometry (van Hiele, 1986). A unique aspect of 

the van Hiele theory is that it offers both a theory of learning and a theory of 

instruction; it is both descriptive and prescriptive. It describes the process of 

intellectual development as well as containing principles for the most effective ways 

of teaching geometric concepts. 

Many researchers have recognised the van Hiele theory’s levels of geometric 

thinking and they have significantly influenced geometry curricula worldwide 
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(Abdullah & Zakaria, 2013; Battista, 2002; Van de Walle et al., 2014). In terms of 

the teaching phases in van Hiele’s theory, Serow (2008) argues that geometric 

learning will be more structured within a van Hiele phase framework and this is 

supported by research (Abdul & Effandi, 2013; Chew & Lim, 2010). 

Much of the research into the van Hiele theory’s levels and phases has been 

conducted at the secondary and tertiary levels. There is a need for more research at 

the primary school level that explores the effectiveness of the van Hiele theory, both 

its descriptive (levels) and prescriptive (phases) aspects. Furthermore, research 

should consider ways to embed ICT into existing pedagogical frameworks, such as 

the van Hiele phase framework. 
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CHAPTER 2 ICT IN MATHEMATICS EDUCATION 

2.1 Introduction 

A constructivist approach to learning has been widely suggested as a way to explain 

how people acquire new information. This approach has been widely embraced by 

the mathematics community despite the fact that constructivism is a loosely 

construed concept (Cicconi, 2014; Cobb, 1994, Woolfolk & Margetts, 2010). From a 

sociocultural perspective, the learning of mathematics results from active 

participation in a culturally accepted mathematics practice. Knowledge is co-

constructed by active interactions between the learner and their culture. The 

sociocultural approach to mind suggests that humans come into contact with the 

learning environment through the action in which they engage (Cicconi, 2014; 

Wertsch, 1991). In turn, the action employs different tools and signs called 

meditational means. Constructivist ideas and the sociocultural approach informed 

early educational theories related to ICT such as Papert’s (1980a, 1980b) ideas for 

microworlds and the instrumental theory of technology as related by James Carey 

(1992) in Communication as culture and Andrew Feenberg (1991) in Critical theory 

of technolog. 

ICT provides new ways for students to co-construct knowledge by solving problems 

through action grounded in trial and error. The sociocultural perspective argues that 

the construction of knowledge is closely tied to the nature and orientation of 

discourse (Voloshinov, cited in Wertsch, 1991). When ICT is added to the discourse, 

it is important that students are provided with an environment capable of engaging 

them in a purposeful dialogic encounter (Abramovich & Connell, 2014). Being able 

to engage purposefully with ICT will enable students to internalize the environment 

as a thinking tool and then move towards structural reorganization of the mind that 

makes it possible to think without such tools. 

The effective use of ICT in the classroom requires more than just a knowledge of 

available technology and how to use it, but also a knowledge of how to integrate 

technology with pedagogy (Grandgenett, 2008; Handal, Campbell, Cavangagh, 

Petocz, & Kelly, 2012). Despite the fact that many researchers agree that ICT is an 

effective cognitive tool for teaching and learning (Bransford, Brown, & Cocking, 
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2000; Cheung & Slaving, 2011; Bruce & Levin, 2001; Li & Ma, 2010), some 

researchers have found that it is rarely used for teaching mathematics despite its 

availability (Marcinkiewicz, 1994; Vrasidas & Glass, 2005). Teachers' attitudes and 

beliefs towards ICT have been identified as some of the barriers for why technology 

isn’t readily used in the classroom (Albion, 2001; Hew & Brush, 2007; Teo, 2008). 

In mathematics education, DGS provides a purposeful microworld that is Euclidean 

in nature and that allows cognitive dynamism to be given a visual manifestation. 

DGS allows students to easily construct geometric objects. Of significance is the fact 

that when a geometric object is created with a particular relationship to another, that 

relationship is maintained no matter how either object is moved or changed. The 

process of moving or changing an object in DGS is referred to as dragging, and this 

mode is a key feature of this software. The drag mode is a cognitive tool that has the 

potential to become a semiotic system that construes mathematical meaning (Leung, 

2008). In terms of the instrumental approach, the drag function becomes an artifact 

that assists with the user to make conjectures, and the use of drag function develops 

through the process of instrumental genesis (Rabardel, 2002). Dragging modalities, 

semiotic mediation and instrumentation should be intrinsically related to each other. 

The use of DGS in terms of constructing proof has been a theme of debate for quite 

some time (Mariotti, 2012). There are two main arguments: one is that because DGS 

allows students to visually see whether a conjecture holds true or not, they lose the 

motivation to construct a proof. The other, opposite argument is that DGS actually 

motivates students to go further and helps them to appreciate the need of proof. 

Regardless, DGS offers powerful resources for designing activities that enhance 

students’ learning of proof, and for supporting conjecture and the testing of ideas. 

Research has shown that ICT: has a positive effect on mathematical achievement 

(Bate, Day, & Macnish, 2013; Dikovic, 2009; Leikin & Grossman, 2013; Ross & 

Bruce, 2009); improves motivation towards mathematics (Aktumen & Kaçar, 2008; 

Lopez-Morteo & Lo’pez, 2007; Samuels, 2010); and helps to develop higher order 

thinking and problem solving skills (Lo, 2004; Tay, Lim, Lim, & Koh, 2012). The 

importance of ICT in mathematics education is illustrated by the fact that ICT is now 

a curriculum requirement in many counties (Crisan, Lerman & Winbourme, 2007); 

ICT is currently a part of proposed curricular reforms or long-term curriculum 
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development projects in many countries (Miyazaki et.al., 2012); and ICT is a 

required element of teacher education programs in many countries (Abramovich & 

Connell, 2014). 

Although there is a wealth of literature on the use of ICT in education (Attard & 

Northcote, 2011; Lai, 2008; Samuelsson, 2007) there is very little research on the use 

of ICT in teaching geometry in the primary school classroom (Coffland & Strickland, 

2004). Further to this, Cartwright and Hammond (2007) highlight the fact that in 

many primary schools the implementation of ICT still has a long way to go "the 

notion that all schools are somewhere along a path of ICT adoption that will 

ultimately lead to a transformation in teaching and learning is unrealistic" (p. 405).  

The effective use of ICT in the classroom requires not just a knowledge of what ICT 

exists and how to use it, but also how to integrate ICT with both content and 

pedagogy (Grandgenett, 2008). There is a need for appraising the effective 

integration of ICT into teaching and learning as this will help ensure quality teaching 

standards and help formulate professional development programs (Handal et al., 

2012). 

In light of the above, one purpose of this research is to gain evidence that ICT in the 

primary school mathematics classroom, specifically DGS, will both facilitate growth 

in students’ understanding of geometrical concepts, and engage and motivate 

students to study mathematics. 

2.2 Microworlds 

In 1980, Papert’s idea of microworld became popular as a vision of education. 

Papert’s ideas were influenced by the constructivist’s idea of knowing as an adaptive 

function (von Glasersfeld, 1991) and were developed using a computer language 

called Logo. At the heart of a microworld is a knowledge domain, which the 

software user explores (Hoyles, 1993). Papert (1980b) defined a microworld as a: 

[S]ubset of reality of reality or a constructed reality whose structure matches 

that of a given cognitive mechanism so as to provide an environment where the 

latter can operate effectively. The concept leads to the project of inventing 

microworlds so structured as to allow a human to exercise particular powerful 

ideas or intellectual skills. (p. 204) 
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Papert (1980a) and Turkle (1984) believed that children use prior knowledge and 

experience to construct reality and, therefore, develop conceptual frameworks to 

explain their interactions with software and microworlds. A microworld allows 

students to “play” within a real or artificial environment and, through these 

experiences, they can build and refine their knowledge. DiSessa (2000) suggests that 

the best examples of microworlds: 

[H]ave an easy-to-understand set of operations that students can use to engage 

tasks of value to them, and in doing so, they come to understand powerful 

underlying principles. You might come to understand ecology, for example, by 

building your own little creatures that compete and are dependent on each other.” 

(p. 47) 

While Papert (1980b) clearly understood a student’s need for guidance, both within a 

microworld and in terms of a teacher assisting with the use of hardware/software, he 

perhaps underestimated some of the difficulties that could arise as a result of the 

traditional teacher to leaner relationship. Papert (1980b) explained: 

The construction of a network of microworlds provides a vision of education 

planning that is in important respects ‘opposite’ to the concept of ‘curriculum’. 

This does not mean that no teaching is necessary or that there are no 

‘behavioural objectives’. But the relationship of the teacher to leaner is very 

different; the teacher introduces the leaner to the microworld in which 

discoveries will be made, rather than to the discovery itself. (p. 209) 

Supplying students with a microworld without any direction or any pedagogical 

underpinnings will, in all likelihood, lead to very limited learning. Teachers play a 

key role in facilitating their students’ ability to inquire, test and explain their 

knowledge. Perkins and Unger (1994) highlight that, “students need to be actively 

engaged in the construction and assessment of their understandings by working 

thoughtfully in challenging and reflective problem contexts” (p. 27). Some problems 

have been highlighted in regards to how mathematical ideas have been used in 

microworlds. Hoyles (1993) suggests that many of the understandings that students 

reach by interacting within a microworld may be microworld specific and as a result 

be situated abstractions. Yerushalmy (1997) suggests that experiences and 

knowledge constructed with “touch and see” microworlds may have an internal logic 
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and, therefore, necessitate an interpretation of the observed phenomena within the 

context of the microworld. 

Nevertheless, a number of recent researchers subscribe to the value of microworlds 

and the fact that they provide stimulating environments for students to solve 

mathematical problems in engaging, meaningful ways (Dede, 2009; Hoyles, 1993). 

Mariotti (2002) suggests: 

[A] microworld offers a great learning potential; its nature, characterized by the 

availability of computational objects and the interactive processes occurring 

within it, plays a basic role in the users’ construction of meanings. (p. 700). 

The interaction between students and computers involves complex processes that 

often do not result in the desired outcomes or meanings. Pea (1987) put forward the 

notion that computers can be amplifiers and reorganisers in an attempt to help 

interpret the processes involved. Technology is usually see as a tool that can help 

improve human cognitive capacities, or in other words as being a cultural amplifier 

of intellect. However, Pea (1987) argued that the latter was a narrow metaphor for 

the various potentialities that technology offers. Pea (1987) argued that the nature of 

different tools used for work, changes the functional organization of the human 

relationship to work. According to this notion, technology can be viewed not only as 

amplifiers but also as reorganizers. A two-directional interpretation of the 

relationship between computers and humans implies that not only do computers 

affect people but that people also affect computers (Pea, 1987). 

If ICT is viewed as being reorganisers then the process of reorganisation needs to be 

considered. The literature contains a number of comments like: “students’ reactions 

and reflections did not have the meaning that the teacher expected” (Lagrange, 1999, 

p. 194). A useful perspective on the relationship between people and tools, and the 

affects this has on learning with computers or microworlds is provided by the 

instrumental approach elaborated by Verillion and Rabardel (1995). 

2.3 The instrumental theory of technology 

In Communication as culture, James Carey  (1992) wrote: "Electronics is neither the 

arrival of apocalypse nor the dispensation of grace. Technology is technology; it is a 

means for communication and transportation over space, and nothing more" (p. 139). 
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Andrew Feenberg (1991), in Critical theory of technology, argued that theories of 

technology fall into one of two major categories: the instrumental theory, and the 

substantive theory. According to Feenberg (1991) the instrumental theory: 

[O]ffers the most widely accepted view of technology. It is based on the 

common sense idea that technologies are 'tools' standing ready to serve the 

purposes of their users. Technology is deemed 'neutral,' without valuative 

content of its own (p. 5). 

According to the approach, technology is not inherently good or bad, and can be used 

to whatever political or social ends desired by the person or institution in control. 

Technology is a "rational entity" and universally applicable, thus allowing similar 

standards of measure to be applied in diverse situations. Technological tools have 

two possible interpretations: one is the interpretation of the creator of the tool who 

constructed it according to specific knowledge and with specific desired goals in 

mind; the other is the interpretation that the user of the device creates. Verillon and 

Rabardel (1995) explain the latter by making the distinction between artefact and 

instrument. An artefact is a given object and an instrument is a psychological 

construct. Verillon and Rabardel explain that an instrument does not exist in and of 

its self but comes into existence through a subject appropriating it and integrating it 

into his or her activity. An instrument is the artefact and the modalities of its use as 

demonstrated by a subject (Marriotti, 2002). This idea of artefact is related to 

Gibson’s (1979) idea of affordance, which refers to both the perceived and actual 

properties of a thing, primarily the functional properties that determine how a thing 

could be used. The latter is referred to as personal schemes of use in the instrumental 

approach. Artigue (2001) explains: 

For a given individual, the artefact at the outset does not have an instrumental 

value. It becomes an instrument through a process, or genesis, by the 

construction of personal schemes (p. 4). 

The creation of an instrument occurs through a process referred to as instrumental 

genesis, which is a complex process that requires time, and is linked to the 

characteristics of the artefact and to the subject’s activity, knowledge and method of 

working (Trouche, 2004). 
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Instrumental genesis involves two processes. The first process is towards the tool 

itself, and this is called instrumentalisation (for example, various potentialities of the 

artefact are progressively discovered, or possibly transformed in personal ways). The 

second process is towards the subject, and this is called instrumentation (for example, 

using a graphic calculator to represent a function may play on pupils 

conceptualizations of the notion of limit). Instrumental genesis is a two-way process 

where the subject acts on the instrument and the instrument acts on the subject’s 

thinking. 

In the process of instrumental genesis students construct meaning, however, there is 

no guarantee that the meanings constructed are useful ones, directed towards the 

solution of a given problem. 

Meanings are rooted in the phenomenological experience (actions of the user 

and feedback of the environment, of which the artefact is a component) but their 

evolution is achieved by means of social construction in the classroom, under 

the guidance of the teacher. (Mariotti, 2002, p. 708) 

Similar to the above, Rabardel (2000, quoted in Trouche, 2004, p. 304) describes the 

necessity of didactic management of these instrument systems: 

The introduction of a new artifact must, at the didactic level, be equally 

managed in its impact on previously built instrument systems. This issue 

appears particularly crucial to us in the present context of technological 

abundance. Which artifacts should we propose to learners and how can we 

guide them through instrumental genesis and along the evolution and balancing 

of their instrument systems? For which learning activities and which 

components of mathematical knowledge? 

The social dimension of learning also needs to be taken into account when 

considering the instrumental approach. As explained earlier, the teacher plays a 

critical role in students being able to construct appropriate instruments from the same 

artefacts. Marriotti (2002) attempts to explain the latter by drawing connection 

between Vygotsky’s idea of semiotic mediation and the process of 

instrumentalisation.  Vygotsky subscribed to the idea of cultural tools, which 

included physical tools (e.g., computers, the Internet), symbolic tools (e.g. 

mathematical symbols, language, signs and codes), and conceptual tools (e.g. 
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scientific models, theories). Each type of tool orients human behavior in different 

ways. As new conceptual understandings and theories are developed, the possibilities 

for thinking about and adapting these tools is enhanced. These tools when used 

appropriately become psychological tools or tools of the mind (Woolfolk & Margetts, 

2010). Based on this idea, a tool may function as a semiotic mediator (Mariotti, 

2002). The process of instrumental genesis only accounts for part of this 

internalisation process and therefore the analysis of the functioning of artefacts must 

be researched further (Mariotti, 2002). Nevertheless, an artefact can act as a semiotic 

mediator: learners can use an artefact to accomplish a task while teachers can use it 

as a semiotic mediator towards the construction of meaning. 

2.4 ICT in the mathematics classroom 

Research has shown that ICT in the mathematics classroom: has a positive effect on 

achievement (Bate et al., 2013; Dikovic 2009; Leikin & Grossman, 2013; Ross & 

Bruce, 2009); improves motivation towards mathematics (Aktumen & Kacar, 2008; 

Liu, 2013; Samuels, 2010; Lopez-Morteo & Lo’pez, 2007); helps to develop higher 

order thinking and problem solving skills (Boulton-Lewis & English, 1998; Raines & 

Clark, 2011; Tamim, Bernard, Borokhovski, Abrami, & Schmid, 2011); has a 

positive impact on classroom interactions and the co-construction of knowledge 

(Abramovich & Connell, 2014; Wilson, 2010); and helps to increase student 

achievement and learning for students with disabilities (Bannister, 2010; Tamim et 

al., 2011; Wells & Sheehey, 2013). 

Traditional mathematics teaching in primary schools emphasized memorising 

algorithms, using procedures, and doing exactly what the teacher wanted in order to 

find the “one correct answer”. In primary schools, mathematics was not a subject 

open for discussion, debate or creative thinking, and, not surprisingly, a product of 

this tradition were students with “limited computational expertise … (and) little else” 

(Abramovich & Connell, 2014, p. 2). 

The use of ICT in mathematics is a curriculum requirement in many countries 

(Crisan et al., 2007) or is currently a part of proposed curricular reforms. For 

example, in the US, Common Core State Standards proposes six instructional shifts 

including “dual intensity” (Abramovich & Connell, 2014). The shift in math teaching 
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implied by dual intensity is towards teaching both computational procedures and 

mathematical concepts that make computations possible (National Council of 

Teachers of Mathematics, 2000). A key strategy for achieving dual intensity is the 

use of visual representations or mathematical procedures and concepts, based on the 

Vygotskian “assumption that mental activity is mediated by culturally derived sign 

systems” (Fernyhough, 2008, p. 11). ICT is viewed as one of the main classroom 

resources for achieving this goal because technology facilitates open-ended 

intellectual discussions and can be viewed as cultural tools that not only reorganize 

cognitive process but also transform classroom social practices (Goos, 2005). 

2.4.1 Motivation in mathematics and the ARCS Motivation Model 

For my money, they could engrave (this) on the doorway of every school in 

America: Nobody works harder at learning than a curious kid. Some kids are 

just born that way, but for many who are not, the best way to make kids love 

learning is either to instill in them a sense of curiosity, by great teaching, or 

stimulate their own innate curiosity by making available to them all the 

technologies of the flat-world platform so they can educate themselves in an 

enormously rich way. (Freidman, 2006, p. 304) 

Motivation is a good predictor of student achievement in mathematics (Finn, 1993; 

Middleton & Spanis, 1999; Stipek, 2002). Many studies have shown that good 

predictors of student motivation include: quality of instruction, tasks that require the 

use of high-order thinking skills, authentic tasks, and the use of ICT (Attard, 2012; 

Akey, 2006; Fredricks, Blumenfeld, Friedel, & Paris, 2003; Shernoff, 

Csikszentmihalyi, Schneider, & Shernoff, 2003; Stipek, 2002). 

Despite the research showing that ICT has a positive effect on mathematical 

achievement and that it improves motivation towards mathematics (Aktumen & 

Kaçar, 2008; Bate et al., 2013; Dikovic, 2009; Leikin & Grossman, 2013; Lopez-

Morteo & Lo’pez, 2007; Ross & Bruce, 2009), ICT is not widely used in 

mathematics classrooms in many countries around the world, for example: Australia 

(D’Souza & Wood, 2003; Vincent & Jones, 2008; Yanick & Porter, 2009); the US 

(Leggett & Persichitte, 1998; Manouchehri, 1999; Rogers, 2000); Canada (Li, 2007); 

New Zealand (Ward, 2003); and Malaysia (Keong, Horani & Daniel, 2005). 
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There is a positive correlation between students’ performance and motivation in 

mathematics (Dev, 1998; Ryan & Pintrich, 1997). There is also a positive correlation 

between students’ performance, and emotional and behavioral engagement in 

mathematics (Akey, 2006; Finn, 1993). In a study with over 6,000 Grade 8 students 

in the US, Finn (1992) concluded that high levels of engagement resulted in 

academic achievement. Similarly, in a longitudinal study with 449 high school 

students, Akey (2006) concluded that engagement in school was a “critical predictor 

of mathematics achievement” (p. 31). 

However, a number of researchers have highlighted the fact that many students are 

not engaged by or motivated towards school (Sedlak, Wheeler, Pullin, & Cusick, 

1986; Sjoberg & Schreiner, 2005; Steinberg, Brown, & Dornbusch, 1996). 

Furthermore, research shows that many students are not motivated towards 

mathematics (Gottfried, Fleming, & Gottfried, 2001; Samuels, 2010). For example, a 

longitudinal study in the US of 20,000 students by Steinberg, Brown and Dornbusch 

(1996) over a period of 10 years showed that many students were not engaged or 

interested in school. 

The literature documents that sustained motivation in mathematics classes is 

influenced by affective, behavioural and cognitive dimensions as they relate to the 

student, peers, teachers, parents, the learning environment, the school and the 

curriculum (e.g., Alderman, 1999; Fredricks, Blumenfeld & Paris, 2004; Halat, 2006; 

Middleton, 1999; Stipek, 2002). The terms, motivation, engagement, and self-

efficacy, are connected and, as such, are often used together; however, they are 

different.  

In 1983, John M. Keller proposed the ARCS Motivation Model; based on the four 

concepts (attention, relevance, confidence and satisfaction), practical strategies and 

methods were developed for teaching material designers to effectively arrange 

resources and processes related to teaching (Lee & Hao, 2015). Keller built on the 

earlier work of Tolman’s (1932) and Lewin’s (1938) expectancy value theory. The 

ARCS Motivation Model, with its four categories of, attention, relevance, confidence, 

and satisfaction, attempts to synthesize behavioral, cognitive, and affective learning 

theories and demonstrate that learner motivation can be influenced through external 

conditions (Moller, 1993).  
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The attention, relevance, confidence, and satisfaction categories serve as a 

framework for developing instructional strategies for capturing and maintaining 

learner attention, establishing relevance of the material being taught, improving and 

sustaining learner confidence, and providing a sense of learner satisfaction through 

intrinsic and extrinsic rewards. According to Keller (1987a), each of the categories 

can be applied to a variety of instructional contexts, and motivational interventions 

can be focused within a general category, or specific subcategory of the model. 

However, there is some debate regarding claims that learner motivation can be 

isolated or compartmentalized into separate categories. The ARCS Motivation Model 

seeks to help teaching material designers and teachers to design curricula, or to 

improve teaching and make learning activities more attractive. In the end, it is a 

process to initiate changes in learning motivation (Naime-Diefenbach, 1991; Shellnut, 

Knowlton & Savage, 1999; Weiler, 2005).  

From the ARCS Motivation Model, the Course Interest Survey (CIS) was designed 

to measure student’ reactions to instructor-led instruction (Keller, 1999). The CIS 

was designed to be in correspondence with the theoretical foundation represented by 

the motivational concepts and theories comprising the ARCS Motivational Model 

(Keller, 1987a, 1987b). The CIS can be scored for each of the four subscales or the 

total scale score as a measure of overall motivation. In this research study only the 

total scale score was used, the investigation of the four subscales of attention, 

relevance, confidence, and satisfaction remain as future directions for research in this 

area. The CIS will be discussed in more detail in Chapter 5. 

2.4.2 Self-efficacy in contrast to motivation 

Self-efficacy relates to our beliefs about our personal competence or effectiveness in 

a given area. Bandura (1997) defines self-efficacy as “beliefs in one’s capabilities to 

organize and execute the courses of action required to produce given attainments” (p. 

3). Self-efficacy is often confused with self-concept. However, Pajares (1997) 

explains that self-efficacy is future-orientated and is “a context-specific assessment 

of competence to perform a specific task” (p. 15). For example, Wilson and Trainin 

(2007) found that even young learners have different efficacy beliefs for different 

tasks as highlighted by; that is, by Grade 1 students differentiated between their 

sense of efficacy for reading, writing and spelling. Self-concept, on the other hand is 
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more of a global construct that contains many perceptions about the self, including 

self-efficacy (Woolfolk & Margetts, 2010). Self-concept is developed through 

external and internal comparisons with other people or other aspects of the self, 

however self-efficacy focuses simply on your ability to successfully complete a task 

with no comparisons. Anderman and Anderman (2009) showed that self-efficacy 

beliefs have strong predictive power in terms of behaviour, and self-concept beliefs 

have weaker predictive power. Furthermore, self-efficacy is also often confused with 

self-esteem, however there is no direct relationship between self-efficacy and self-

esteem (Woolfolk & Margetts, 2010). Self-efficacy is concerned with judgments of 

personal capabilities; self-esteem is concerned with judgments of self-worth. 

Bandura (1997) classified four sources of self-efficacy: mastery experiences; 

physiological and emotional arousal; social persuasion; and vicarious experiences. 

Mastery experiences are self-direct experiences and, as such, are the most powerful 

source of efficacy. Success raises efficacy beliefs, while failure lowers them. 

Physiological and emotional arousal affects self-efficacy based on how the arousal is 

interpreted by the individual. For example, if a student is faced with a task and they 

are worried and anxious then this lowers efficacy, alternatively if they are excited or 

‘hyped’ then this raises efficacy (Bandura, 1997; Schunk, Pintrich, & Meece, 2008). 

Social persuasion is performance-specific feedback or even simply a “pep talk”. 

Social persuasion by itself cannot create enduring increases in self-efficacy, however 

a persuasive boost in self-efficacy could lead to a student trying harder or trying new 

strategies (Bandura, 1982). Social persuasion has the ability to counter occasional 

setbacks that might have resulted in self-doubt and a halt in effort. The degree to 

which social persuasion can affect a student, depends on the credibility, expertise and 

trustworthiness of the persuader (Bandura, 1997). 

Vicarious experiences involve someone else modeling an accomplishment. The 

degree to which vicarious experiences impact on self-efficacy depends on how 

closely the student identifies with the model (Bandura, 1997). When the model 

performs well, the student’s efficacy is raised, however if the model performs poorly 

then efficacy is lowered. While mastery experiences are generally accepted as being 

the most powerful source of efficacy for adults, Keyser and Barling (1981) found 

that Grade 6 primary students rely more on modeling as a source of self-efficacy. 
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Greater efficacy leads to greater effort and persistence in the face of setbacks  

(Woolfolk & Margetts, 2010). Self-efficacy also influences motivation through 

increased goal setting. If a student has a high sense of self-efficacy in a given area, 

they set higher goals, are less afraid of failure and search for new strategies when old 

ones fail (Bandura, 1993; Zimmerman, 1995). If a student has a low sense of efficacy 

in a given area, they may avoid a task altogether or give up easily if problems arise  

(Bandura, 1993; Zimmerman, 1995). 

Self-efficacy and attributions affect each other. Self-efficacy is raised when success 

is attributed to internal or controllable causes such as ability or effort. Alternatively, 

self-efficacy may not rise if success is attributed to luck or the intervention of others. 

An example of efficacy affecting attributions is when a student with a strong sense of 

self-efficacy for a given task (“I am good at geometry”) generally attributes their 

failures to lack of effort (“I should have read the questions carefully and re-checked 

my answers”). However, a student with a low sense of self-efficacy (“I am very bad 

at geometry”) generally attributes their failure to a lack of ability (“I am just stupid”). 

So having a strong sense of self-efficacy for a certain task encourages controllable 

attributions, and controllable attributions increase self-efficacy (Woolfolk & 

Margetts, 2010). 

There is evidence that a high sense of self-efficacy supports motivation even when 

the efficacy is unrealistically high. According to Seligman (2006) and Flammer 

(1995), children and adults who are optimistic about the future, believe that they can 

be effective and are more motivated to achieve. Graham and Weiner (1996) suggest 

that performance in school is improved and self-efficacy is increased when students: 

adopt short-term goals; are taught to use specific learning strategies; and receive 

rewards based on achievement, not just engagement, because these are feedback of 

increasing competence. 

2.4.3 Engagement in contrast to motivation 

The term engagement is used in many contexts and has many implied meanings. 

When used in terms of student engagement, its usage is broad and multidimensional, 

and operates at three levels: affective, behavioural and cognitive (Akey, 2006; 

Appleton, Christenson, Kim, & Reschly, 2006; Finn, 1993; Fredricks et al., 2004; 

Schlechty, 2001). 
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Affective engagement includes students’ emotions, feelings, reactions to learning, 

reactions to teachers and peers. It involves feelings of belonging and students’ 

willingness to become involved in schoolwork (Blumenfeld, Modell, Bartko, Secada, 

Fredricks, Friedel, & Paris, 2005; Fredricks et al., 2004). 

Behavioural engagement involves the idea of active participation at school both in 

social and academic activities. It refers to the effort a student puts in to act or change. 

It includes natural skills, task completion, grades and scores, help-seeking skills and 

persistence, and is crucial for academic success (Blumenfeld et al., 2005; Fredricks 

et al., 2004). 

Cognitive engagement includes perceptions, attentiveness, communication, language, 

experiences and beliefs (Blumenfeld et al., 2005). It includes the effort and 

willingness students are prepared to invest in order to obtain mastery of skills. Helme 

and Clarke (2001), based on their study of a Grade 8 mathematics classroom, stated 

that some elements of cognitive engagement are observable; for example: 

concentrating, self-monitoring, explaining, sharing ideas, and asking and answering 

questions. 

Student engagement in mathematics is important because engagement levels 

influence cognitive development, social development and academic achievement 

(Finn, 1993). Furthermore, some researchers suggest that students who are engaged 

at school are more likely to find learning rewarding and continue with higher 

education (Marks, 2000). From a holistic point of view, according to Sullivan, 

Mousley and Zevenbergen (2005) low engagement in mathematics can limit people’s 

ability to understand life experiences from a mathematical perspective. 

The terms engagement and motivation are very similar and are often used together; 

however, they are different.  According to Martin (2003), motivation refers to the 

way in which students decide to behave, on their self-efficacy, and on their ability to 

overcome problems and bounce back from academic failures. Hufton, Elliott and 

Illushin (2002) explain that engagement is a student’s actual behaviour in terms of 

schoolwork, while motivation is a set of beliefs. 

Skinner, Wellborn and Connell (1990) state that, student engagement results in 

higher scores and grades on tests, and more socially well-adjusted students. Despite 
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these benefits, there is little research on student engagement in mathematics. For 

example, in a systematic review of 44 journal articles over two decades, Fredricks et 

al. (2004), discovered that only four journal articles researched student engagement 

in mathematics. 

Jimerson, Campos and Greif (2003) argue that multiple factors influence student 

engagement, such as academic performance, interpersonal relationships, the school 

community, parents, peers, quality of teaching, and challenging and higher-order 

thinking activities. While their definition covers the entire child (cognitive, 

behavioural, and emotional processes), this research paper and literature review will 

focus on the most relevant influence which is the influence of quality teaching and 

higher-order thinking activities on student engagement. 

2.4.4 ICT and the co-construction of knowledge 

Over the last two decades, there has been a lot of research done on both cooperative 

learning and the role of ICT in cooperative learning. Slavin (1989) explains that 

“Cooperative learning is one of the most thoroughly researched of all instructional 

methods … (and) … the areas of agreement among cooperative learning researchers 

far outweigh the areas of disagreement” (p. 52). Cornish and Garner (2009) state that 

cooperative learning has been shown to be effective at all levels of formal education. 

They claim that cooperative learning leads to cognitive benefits in the affective area: 

[B]etter social skills; improved inter-group relationships; friendship choices 

across wider socio-economic, ethnic and ability variables; increased liking for 

school and the subject being studied; more engagement (time-on-task); and 

better attendance and higher self-esteem. (p. 223) 

While cooperative learning has many recognized benefits, most researchers are also 

quick to point out that there are various caveats connected to those claims. For 

example, Teasley and Roschelle (1993) state, “The process of collaborative learning 

is not homogenous or predictable, and does not necessarily occur simply by putting 

two students together” (p. 253). Cornish and Garner (2009) warn that some students 

may actively resist cooperative learning environments. 

In an attempt to describe the ways in which student interactions impacted on the 

construction of shared mathematical knowledge, Kieran and Dreyfus (1998) 
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introduced the idea of universe of thought. Their research investigated the type of 

talk students use when working together to solve algebra problems and they cited 

earlier research, such as Teasley (1995), who found that discourse settings 

significantly impacted the mathematical learning process with respect to Logo 

geometry tasks. Kieran and Dreyfus (1998) identified five type of interaction. 

 Pragmatic interaction: “Students’ interaction does not reflect their 

thinking. Each one appears to be contemplating the problem for 

himself, in his own way, within his own universe; when trying to 

convince the other, however, they do not use reasoning but simple 

statements”. (Kieran & Dreyfus, 1998, p. 115). This type of 

interaction involves no real communication and is superficial in 

nature. 

 Homogenous interaction: “When two people think alike, in 

overlapping parts of their respective universes, they can often work 

together quite well”. (Kieran & Dreyfus, 1998, p. 115) 

 Pseudo-interaction: Although the students turn-take, they do not 

listen to each other and each student works individually “on a separate 

line of thought, within his own universe and talking more to himself 

than to the other”. (Kieran & Dreyfus, 1998, p. 116) 

 Inhomogeneous interaction: the students “efficiently collaborate to 

find a solution, each providing what he is best at”; “each participant 

presents his own thinking in spite of being conscious that the other 

finds it difficult to follow” and “the basis for the interaction is 

constituted by differences in the students’ universes”. (Kieran & 

Dreyfus, 1998, p. 117) 

 Anti-interaction: Where students do not interact. “Most people, when 

learning mathematics, need some extended periods of quiet 

concentrated thought by themselves”. (Kieran & Dreyfus, 1998, p. 

117) 

Kieran and Dreyfus (1998) conclude that, although rare and very brief, the moments 

when students truly enter the universe of thought of another play a key role in the 

learning process. 
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Other researchers have explained similar ideas to universe of thought. for example, 

Noss and Holyles (1996) state: 

We start from the premises that each individual has a complex set of 

understandings of the idea of proportionality, and that any learning situation 

should aim to set in motion the reconnection of these understandings with each 

other, and with new understanding derived from interaction in the situation. (p. 

77) 

Further to the above, Crook (1994) found that interlocutors report a sense of joint 

understanding when discussing their work and that they share “the feeling of 

working towards constructing an object of joint understanding – something that 

comes to exist between them as a cognitive resource” (p. 151). 

Similarly, Teasley and Roschelle (1993) suggest the idea of Joint Problem Space 

(JPS). This idea came out of their research into the construction of shared knowledge 

through model-building activities in a computational context. They explain that JPS 

is: 

[A] shared knowledge structure that supports problem solving activity by 

integrating (a) goals, (b) description of the current problem state, (c) awareness 

of available problem solving actions, and (d) associations that relate goals, 

features of the current problem state and available actions. We propose that the 

fundamental activity in collaborative solving occurs with an emergent, socially 

negotiated set of knowledge elements that constitute a Joint Problem Space. (p. 

236) 

From their research Teasley and Roschelle (1993) concluded that computers support 

cooperative learning as a tool that mediates collaboration. Subsequent research 

suggests that computers do facilitate the construction of shared knowledge, for 

example Noss and Hoyles (1996) explain that: 

The software as a mediator of social interaction, not so much as a way of 

constructing the action, but as a medium through which shared mathematical 

expression can be constructed and – critically – observed. From this perspective, 

the nature of the software is not just an important variable; it is crucial, for two 

reasons. First, it must provide a means by which students can build their own 

problem space. Second, it must have the capability to serve a communicative 
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function through which meanings can be made explicit and open to negotiation. 

(p.142) 

Olivero (2003) concludes from his research that, “the Cabri environment is revealed 

to be a shared workspace for students, that is a space in which students communicate 

and converge towards a shared understanding.” (p. 434-435). Teasley and Roschelle 

(1993) highlight the fact that a computer provides a context for the production of 

actions and gestures, and as a result students are not completely dependent on 

language to maintain shared understanding. Furthermore, computers facilitate 

interaction because they “can enable students to use the powerful resources of 

everyday conversation to converge on robust and shared meanings for technical 

concepts” (Teasley & Roschelle, 1993, p. 255).  

The introduction of the computer into the classroom has resulted in: 

enhanced communication between people … an arena in which A and B’s 

understandings can be externalised; not a means of displaying A’s knowledge 

for B to see, but a setting in which the merging knowledge of both can be 

expressed, changed and explored. The language A and B can now use to 

communicate is the language of the medium. (Noss & Hoyles, 1996, p. 6) 

Healy, Pozzi and Hoyles (1995) conducted a three-year project that aimed at 

identifying the links between task, content, software, group processes and students’ 

mathematical learning. The project involved students working in groups, with 

computers, in different mathematical contexts. The study found that: 

[E]ffective learning of conceptually based material involving the appropriation 

of mathematical relationships occurred when there was a synergy of 

interdependence and autonomy through active construction at the computer 

which fed into wider group discussion – whether the individual was a vocal or 

non-vocal participant in that discussion or not. (1995, p. 150) 

Healy, Pozzi and Hoyles (1995) identified two styles of interaction, which they 

referred to as: integrated and fragmented. They observed that integrated groups 

maintained communication among subgroups during tasks, and displayed cross-

computer activity such as students looking at each other’s screens (Healy, Pozzi & 

Hoyles, 1995). Fragmented groups, on the other hand, had minimal communication, 

were focused on their own work and displayed a low level of cross-computer activity 
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(Healy, Pozzi & Hoyles, 1995). For the integrated groups, computers acted as 

medium by which they constructed shared knowledge. Students were able to 

compare ideas and refine conclusions by: 

[A]rticulating and reflecting upon their own and each other’s strategies. 

Students working in the integrated style, jointly breathed life into a web of 

meanings that spanned across their collective and individual constructions. (p. 

151) 

Bennet (1991) observed that while students do not collaborate easily around abstract 

material such as those encountered in mathematics, they can be rather forthcoming in 

situations that offer more exploratory possibilities, as highlighted by the statement “It 

seems as if, given the opportunity to talk about action, the children will take it” 

(Bennet, 1991, p. 591). Crook (1994) suggests that computers are an important 

resource in terms of creating the types of opportunities referred to by Bennet (1991), 

he states that  “often computers may turn out to be a special resource for creating 

such opportunities” and that they are a medium “in supporting shared reference 

among pupils themselves – as they collaborate … and the important challenge is to 

determine when and how the creation of shared understanding is embedded in these 

lively interactions” (Crook, 1994, p. 188) 

Computers allow students to communicate and converge towards a shared 

understanding. 

Already A has some insight into the state of B's understandings, the meanings 

which are evoked for B by the problem or the situation … The computer has 

brought an arena in which A and B's understandings can be externalised. (Noss 

& Hoyles, 1996, p. 5) 

Collaborating with other students and entering into their universe of thought 

(Trognon, 1993) in DGS may be easier than in traditional paper and pencil settings. 

The reason for this, according to Olivero (2003), is the possibility of moving figures 

on the screen, which contrasts with the fact that figures on paper are static. Both the 

background knowledge and the knowledge being constructed over the solution 

process can be expressed, changed and explored via dragging in DGS. 

A has now a language with which to interact with B, the language of action in 

which ideas on the computer are expressed … A and B both have a two-way 
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channel of communication with the computer, and in establishing these 

channels, it (actually the setting) has opened a channel from B to A where 

previously the direction of communication was essentially one-way. (Noss & 

Hoyles, 1996, p. 5) 

Collaboration is a powerful tool that aids in deliberate decisions and forms effective 

strategies. ICT has the capability to increase socialization and collaboration among 

children in the mathematics classroom (Cicconi, 2014). With the advent of Web 2.0, 

Vygotsky’s traditional role of the more knowledgeable other (MKO) has been 

transformed (Web 2.0 is the interactive, collaborative and improved version of the 

Internet that existed after 2004, in comparison to Web 1.0 the earlier, more passive 

version of the Internet). Technology now transcends its previous isolative barriers 

and acts as a conduit for collaborative learning; ICT now has the potential to 

transform typical students into a MKO (Cicconi, 2014). 

A study by Moss and Beatty (2010) identified that low-achieving students that rarely 

participated in classroom math discussions were more active on learning blogs than 

other students. The virtual world allowed students with a stigma of low-achievement 

to take on a MKO role with students they did not know and this had a significant 

effect on participation, collaboration and success. 

The safe and comfortable environment that virtual worlds provide can also help shy, 

quiet students to take on the role of MKO. Shy and anxious students often find it 

difficult to collaborate and socialize with peers (Kingery, Erdley, Marshall, Whitaker, 

& Reuter, 2010). Research by Chung and Walsh (2006) found that younger children 

experienced a shift in role from observer to leader when using interactive virtual 

software to collaborate with peers. 

As students begin to play a more active role in the classroom through the adoption of 

the more knowledgeable other role so too does the role of the teacher change. 

Samuels (2010) contends that current mathematical pedagogy should involve 

“collaborative student-led project work using integrated hardware and software in a 

Web 2.0 content sharing laboratory environment” (p. 197). ICT is capable of 

transforming a teaching environment into a leaner-centred one (Castro Sanchez & 

Aleman, 2011), and this change in roles means that teachers must respond with 

deliberate facilitation. The teacher’s role becomes one of extreme complexity for she 
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or he is simultaneously substituted by a computer as a MKO and is required to be an 

adaptive and reflective partner in the co-construction of knowledge (Abramovich & 

Connell, 2014). 

Through ICT, learners can become more actively involved in the learning processes 

of the classroom and they can make decisions and collaborate (Lu, Hou, & Huang 

2010). ICT, therefore, provides both learners and teachers with more educational 

affordances and possibilities. Rosen and Nelson (2008) contend that the facilitation 

of learning can be aided through three aspects of virtual collaboration: student-

initiated publishing and sharing; pair, small, or whole group activities based on 

objectives and projects; and student interaction via teacher-selected social network 

sites. Chen and Looi (2011) report on a virtual collaboration project piloted in 

Singapore primary schools called Group Scribbles. Group Scribbles is a virtual 

learning environment that allows students to access both a private and public board 

space. Students are able to work privately and upload work to a public board. Chen 

and Looi (2011) report high levels of collaboration along with increased participation, 

increased diversity, increased peer interaction and increased peer formative feedback. 

One objective of this pilot was to shift the role of MKO from teacher to student and 

the results clearly support this. 

In some cases, virtual collaboration can act as a scaffold for collaboration in the 

physical world (Woolgar, 2002). Falloon (2010) reports on a virtual authoring tool, 

MARVIN that was introduced to 995 students in New Zealand with the goal of 

supporting student thinking and their ability to relate to others. Falloon found that the 

use of virtual worlds in communicating and collaborating increased student 

confidence and willingness to share their thoughts and work. Feedback from teachers 

suggest that the virtual authoring tool offered an “ideal foil” to build collaborative 

skills and teamwork. 

Virtual collaboration can also assist students who find it difficult to interact with 

peers due to cognitive function concerns. Children with cognitive delays often have 

an understanding of information but have difficulty: verbalizing it; answering 

questions; and following expected linguistic politeness customs (Abbeduto & 

Hesketh, 1997). Virtual collaboration offers students a quiet place to think, create 

and respond at their own comfort level and, as such, levels the playing field and 
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includes all students (Cicconi, 2014). ICT is a means to equalize the access, of 

children with learning disabilities to education and enhance their success in school 

(Wells & Sheehey, 2013). 

2.4.5 Integrating Technology and Pedagogy 

The extent and variety of research into the use of ICT in the teaching and learning of 

mathematics, reveals the complexity of the topic. More than three decades ago, 

Papert (1992) suggested: 

Information technologies, from television to computer and all their 

combinations, open unprecedented opportunities for action on improving the 

quality of the learning environment, by which I mean the whole set of 

conditions that contribute to shaping learning in work, in school and in play. (p. 

IX) 

This initial enthusiasm has been reconsidered by a number of studies, which show 

that focusing on the potential of ICT in the classroom is not sufficient, as the 

presence of the computer does not always produce what is expected (Mariotti, 2002). 

As Grandgenett (2008) highlights: 

[I]t would seem that we have suffered from too much of a focus on “what” 

technologies to use and too little imaginative thinking on “how” these 

technologies might be used to support teaching and learning. (p. 146) 

There is a need to better understand the interactions between ICT and their users, 

which includes both students and teachers. The latter is reflected, for example, in the 

latest version of the Information and Communication Technology (ICT) Capability 

of the Australian Curriculum (ACARA, 2014), which states that: 

[W]hile the student needs to develop an understanding of what the machine can 

do and an appreciation of the limitations under which it operates. In this way, 

students come to perceive ICT systems as useful tools rather than feeling that 

they themselves are the tools of the machine (Maas, 1983). The latter often 

occurs when users have little information about how ICT systems operate and 

simply follow set, standard procedures, determined for them by the system. 

Despite the fact that ICT is now widespread in most classrooms, it is not always fully 

exploited by teachers and students. Research studies have documented that 
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elementary school teachers struggle to integrate technology in meaningful ways 

(Polly, 2014). Understanding the potential of ICT and the way it can modify and re-

shape teaching and learning process both at a macro level (institutional and 

didactical) and a micro level (cognitive) appears to be a major focus for 

contemporary educational research. These issues are approached from a variety of 

perspectives; for example, from a didactical point of view the role of technology in 

school curricula is being debated in many countries with the aim of developing 

curricular reforms (Abrantes, 2001; Miyazaki et al., 2012; NCTM, 2000; Pope, 2013). 

The effective use of ICT in the classroom requires more than just knowledge of 

available technology and how to use it, it also requires knowledge of how to 

integrate technology with pedagogy (Grandgenett, 2008; Handal, et al., 2012). 

Research also highlights the need for advancing teachers’ capabilities in handling 

higher-order pedagogical tasks instead of using technology for activities that 

resemble print-based learning material and for tasks aiming at reproducing 

knowledge or inducing rote learning (Castro Sanchez & Aleman, 2011; Hayes, 2007; 

Ruthven & Hennessy, 2001; Tezci, 2011).  

Despite the fact that many researchers agree that ICT is an effective cognitive tool 

for teaching and learning  (Bransford et al.,, 2000; Bruce & Levin, 2001; Cheung & 

Slaving, 2011; Li & Ma, 2010), there is mixed evidence about the impact of ICT on 

teaching and learning (International Society for Technology in Education, 2008; 

New Media Consortium, 2014). 

Researchers have suggested many reasons why ICT has yet to largely transform 

teaching and learning in schools, including: teachers’ limited knowledge related to 

integrating ICT (Niess, 2005); lack of effective professional learning opportunities 

(Lawless & Pellegrino, 2007; Polly & Hannafin, 2011); teacher beliefs that there is 

conflict with expected enacted pedagogies and uses of technology (Ertmer, 

Ottenbreit-Leftwich, Sadik, Sendurur, & Sendurur, 2012; ; Hew & Brush, 2007; 

Ottenbreit-Leftwich, Glazewski, Newby, & Ertmer, 2010; Teo, 2008); and  many in-

service and pre-service teachers beliefs that they are not well prepared to include 

technology into their pedagogy (Doering, Hughes, & Huffman, 2003; Jennings, 

1999). The researchers examined barriers that impede teachers to effectively use 
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technology; however, they focused on general technology use and not on the content-

specific use of ICT. 

Research on content-specific use of ICT has found that it is rarely used for teaching 

mathematics despite its availability (Marcinkiewicz, 1994; Vrasidas & Glass, 2005). 

In Hardy’s (2008, p. 232) report on the impact of the Technology in Mathematics 

Education (TIME) Project conducted in the US with middle school and secondary 

teachers, he highlights four main categories, which teachers cite as being the greatest 

obstacles to teach mathematics with technology:  

 Lack of/or access to resources 

 Knowledge of resources and/or methods 

 Time constraints 

 Financial constraints 

The above constraints were also identified by Forgasz (2006), who conducted a study 

in Australia, and also by Hadley and Sheingold (1993) who conducted a study in the 

US. 

The integration of ICT in mathematics education is a well-recognized concern 

(Bingimlas, 2009), and there are many studies from around the world that highlight 

the need to integrate technology: Agyei and Voogt (2011) in Ghana; Ng and Leong 

(2009) in Singapore; Crisan et al., (2007) in the UK; and Keong et al., (2005) in 

Malaysia. 

Stols and Kriek (2011) conducted a study with South African mathematics teachers 

to find out why, despite the fact that ICT is such a powerful teaching tool, not all 

teachers use it in their classrooms. They concluded that if teachers do not have the 

required proficiency to use a technology (in this study’s case, DGS) then it would not 

be used in the classroom. When considering ways to change teachers' practice with 

regard to the use of technology, Ertmer (2005) suggests: 

If we truly hope to increase teachers' uses of technology, especially uses that 

increase student learning, we must consider how teachers' current classroom 

practices are rooted in, and mediated by, existing pedagogical beliefs. (p. 26) 

The effective use of technology in the classroom requires not just a knowledge of 

what technology exists and how to us it but also how to integrate technology with 
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content and with pedagogy (Grandgenett, 2008). The TPACK (technological, 

pedagogical, and content knowledge) framework, based on Shulman’s (1986) work 

on the integration of pedagogy and content knowledge, has been advanced for 

teaching with technology (Mishra & Koehler, 2006; Niess, 2005; Polly & Orrill, 

2012) as can be seen in Figure 2.1. Koehler, Mishra and Yahya (2007) pointed out 

that: 

[A]t the heart of TPACK is the dynamic transactional relationship between 

content, pedagogy, and technology. Good teaching with technology requires 

understanding the mutually-reinforcing relationships between all three elements 

taken together to develop appropriate, context-specific strategies and 

representations. (p. 741) 

TPACK is useful both as a framework for professional development (Niess, van Zee, 

& Gillow-Wiles, 2011; Polly, 2011c) and for assessment of knowledge integration 

(Chai, Koh, Tsai, & Tan, 2011; Landry, 2010). Research indicates that teachers with 

developed knowledge about the intersection of technology, pedagogy, and content 

integrate technology into their teaching more effectively than their peers (Koehler, 

Mishra, Kereluik, Shin, & Graham, 2011; Polly, 2011a). Furthermore, research 

(Ertmer et al., 2012; Ottenbreit-Leftwich et al., 2010) indicates that teachers’ beliefs 

also play a substantial role in their classroom use of technology. In the mathematics 

classroom, teachers are able to enact aspects of their TPACK knowledge after being 

able to make sense of the intersection between their knowledge and skills, the 

mathematics concepts, and their knowledge of students (Polly, 2011b). 
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Figure 2.1: Technological pedagogical content knowledge 
(Reproduced by permission of the publisher, © 2012 by tpack.org) 

A number of researchers have noted the lengthiness of the process of pedagogical 

change and the need for extended support to affect such change (Ertmer & 

Ottenbreit-Leftwich, 2010; Hoffman, 1997; Hutchison & Reinking, 2011; Jennings, 

1999; Shaw & Jakubowski, 1991). Several strategies have been suggested to help 

affect change in these areas, and include: providing effective, timely, and continuous 

training to improve ICT skills and manage a technology-rich classroom (Polly, 2014; 

Handal et al., 2012; Hutchison & Reinking, 2011); providing adequate technical 

support (Liu & Szabo, 2009; Tezci, 2011); allowing teachers the freedom to select 

and cover curriculum materials (Honan, 2008); and augmenting curricula with 

technology-enhanced resources and materials (Goktas, Yildirim, & Yildirim, 2009). 

This study subscribes to a sociocultural approach, and an instrumental approach to 

technology, which contend that there are artefacts and instruments (Verillion & 

Rabardel, 1995). An artefact is a particular object with its intrinsic characteristics, 

designed and realised for the purpose of accomplishing a particular task. An 

instrument is the unity of an artefact and the modalities of its use, as a particular user 

elaborates them. Therefore, the same artefact may become different instruments to 
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different users. DGS will be discussed in the next section, and it will be considered 

from the latter perspective. The process of the instrumentalization of DGS, and the 

importance of dragging will be highlighted. These relate to the process of 

internalization of a tool (Vygotsky, 1978): a transformation takes place from an 

externally oriented artefact, with the aim to perform an action (technical tools) to an 

internally oriented instrument aimed to control the action (signs or tools of semiotic 

mediation). 

2.5 Dymanic geometry software (DGS) 

A good description of DGS is given by Olive (2000), 

[A]ny technological medium that provides the user with tools for creating the 

basic elements of Euclidean geometry (points, lines, line segments, rays and 

circles) through direct motion via a pointing device (mouse, touch pad, stylus or 

arrow keys), and the means to construct geometric relations among these 

objects. Once constructed, the objects are transformable simply by dragging any 

one of their constituent parts … A common feature of Dynamic Geometry is 

that geometric figures can be constructed by connecting their components; thus 

a triangle can be constructed by connecting three line segments. This triangle, 

however, is not a single, static instance of a triangle, which would be the result 

of drawing three line segments on paper; it is in essence a prototype for all 

possible triangles. By grasping a vertex of this triangle any moving it with the 

mouse, the length and orientation of the two sides of the triangle meeting at that 

vertex will change continuously. (p. 226) 

In a dynamic geometry program, points, lines and geometric figures are easily 

constructed on the computer using only the mouse. Once drawn, the geometric 

objects can be moved about and manipulated in an endless variety. As the figures are 

changed, the measurements of distances, lengths, areas, angles and perimeters update 

instantly. Additionally, lines can be drawn perpendicular or parallel to other lines or 

segments. Angles and segments can be drawn congruent to other angles and 

segments. A figure can be produced that is a reflection of another figure, which can 

be linked to line symmetry. The most significant thing is that when a geometric 

object is created with a particular relationship to another, that relationship is 

maintained no matter how either object is moved or changed.  
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Three of the best-known DGS programs are GeoGebra (free public domain software 

at www.geogebra.org/), The Geometer’s Sketchpad from Key Curriculum Press and 

Cabri Geometry from Texas Instruments. Originally designed for high school 

students, all can be used starting from upper primary school. For example, GeoGebra 

now offer a version of their software for primary school students called 

GeoGebraPrim; this version has a number of features intended to simplify the use of 

GeoGebra. GeoGebra and GeoGebraPrim are actually the same application and 

users can switch between these two interfaces via a submenu. 

DGS such as the Geometer’s Sketchpad (Jackiw, 1988), Cabri Geometry (Laborde, 

2001), GeoGebra (Mackrell, 2011) or any other DGS software are microworlds that, 

according to Straesser (2002), share a number of key elements even if they differ in 

the conceptual and ergonomic design: 

a) a dynamic model of Euclidean school Geometry and its tools (the dragmode); 

b) the ability to group a sequence of construction commands into a new 

command (macroconstructions); c) the visualisation of the trace of points which 

move depending on the movement of other points (locus of points). (p. 65) 

2.5.1 Dragging in DGS 

In geometry, DGS provides a microworld that is Euclidean in nature and that allows 

cognitive dynamism to be given a visual manifestation. 

 ‘‘It suggests an almost organic allure to dynamic geometry activity – to 

interacting with mathematics at a level that is simultaneously palpably virtual 

and virtually palpable.’’ (Jackiw 2006, p. 147). 

The features that a piece of computer software offers its users are essential in terms 

of the functionality of the software in a learning environment (Healy & Hoyles, 

2001; Jackiw & Finzer, 1993; Schwartz, 1995; Yerushalmy, 1999). One of the key 

features of DGS is the drag mode. The drag mode allows a user to produce: 

[W]hat appears like a continuous change, and at any moment the dragged shape 

preserves the geometric relations according to which it was initially defined. 

Thus, the critical attributes associated to this definition are preserved during 

dragging but the non-critical attributes are changed. (Maymon-Erez & 

Yerushalmy, 2007, p.274-275) 

http://www.geogebra.org/
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Dragging has been researched widely, both through observation of students’ 

spontaneous behaviours (Arzarello, Olivero, Paola, & Robutti, 2002; Olivero, 2002) 

and through experiments designed to teach students how to drag (Baccaglini-Frank, 

Mariotti, & Antonini, 2009). Dragging allows students to be assisted and guided 

through interacting with the software, as described by Laborde and Laborde (1991): 

[T]he changes in the solving process brought by the dynamic possibilities of 

Cabri come from an active and reasoning visualisation, from what we call an 

interactive process between inductive and deductive reasoning. (p. 185) 

Laborde (2000) points out that while the experience of working with DGS and drag 

functions facilitates the learning of geometrical concepts, it is important that the 

teacher provides or designs adequate learning experiences, and that students are 

provided with sufficient time to work with DGS in order to make the best use of this 

environment. 

Some research has focused on dragging as a source of feedback to students’ activity. 

In Mariotti’s (2000, 2001) research, the necessity of justifying the solution came 

from the need to validate one’s own construction in order to explain why it worked 

and/or to foresee that it would work. A construction passes the dragging test if, when 

moved, it keeps all the geometrical properties the construction was based on Mariotti 

(2000, 2001). For example, a square passes the dragging test if, when dragged, it 

stays a square; that is, it has been constructed with four perpendicular and equal sides. 

The drag feature, therefore, provides students with feedback and evidence that their 

theory is correct (Hanna, 1996). Similarly, Holzl (2001) suggests that the drag 

function of DGS can be used in two ways; as a test mode or as a search mode. The 

test mode “presupposes an expectation as to the reaction of the drawing when it is 

being dragged. The movements on the screen can meet the expectation or not” (p. 

83). In the search mode “the changing appearance of the drawing must be evaluated 

under aspects which are still unknown. The task is to recognize the invariants of the 

figure and this means precisely to recognize what is not changing” (p. 83). Based on 

a two-year research project, Holzl argues that students require time to develop an 

appreciation for the drag mode. Initially, students only perceive the drag mode as a 

graphic tool that allows them to change the appearance of drawings they constructed. 

However, over time they learnt to use dragging in order to check conjectures. 

Nevertheless, Holzl concluded that ways need to be found “to help students focus on 
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invariants rather than focus on details which suppress the overall impression of a 

drawing in its concentration on local relationships between parts of a figure.” (p. 84)  

Research has also focused on dragging strategies in order to discover the role these 

types of strategies play in different DGS experiences, for example Holzl (1996), 

Leung and Lopez-Real (2002) and Laborde (2005). Arzarello et al., (2002) were the 

first to attempt to classify and describe these types of strategies and the various ways 

that students use them. They referred to these strategies as dragging schemes. 

However, they are usually referenced in the literature in a generic way as dragging 

modalities. Arzarello et al. (2002) classified seven dragging modalities: wandering, 

guided, bound, dummy locus, line, linked, and drag test. In the study, the modalities 

structured a situated hierarchical scheme that seemed to be conducive to the 

formation of a specific geometrical conjecture (Leung, 2008). Similarly, Hegedus 

(2005) suggests that the dragable section of a robust construction equates to an 

infrastructure of DGS and, as such, dragging it allows semiotic mediation between 

the user and the DGS that the construction was created in. In other words, the drag 

mode is a cognitive tool that has the potential to become a semiotic system that 

construes mathematical meaning (Leung, 2008). In terms of the instrumental 

approach, the drag function becomes an artifact that assists with the user to make 

conjectures, and the use of drag function develops through the process of 

instrumental genesis (Rabardel, 2002). Dragging modalities, semiotic mediation and 

instrumentation should be intrinsically related to each other. A common feature, 

according to Leung (2008), that threads through all of them is variation, which is 

defined as “the epistemic essence of the drag mode” (p. 137) in DGS. 

2.5.2 DGS and proof 

The use of DGS in terms of constructing proof has been a theme of debate for quite 

some time (Mariotti, 2012). One argument is that because DGS allows students to 

visually see whether a conjecture holds true or not they lose the motivation to 

construct a proof. The other, opposite argument is that DGS actually motivates 

students to go further and helps them to appreciate the need of proof. 

Hanna (2000) highlights the fact that some educators see the exploratory potential of 

DGS as an argument in favour of an experimental approach to mathematical 

justification, and that deductive proof should be abolished. Similarly, Chazan (1993) 
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explains that some educators argue in favour of the use of measure over the need for 

proof. Mason (1991) states: 

I predict that one of the long-term effects of computers will be to establish a 

mode of certainty which lies between the too-easy acceptance of a 

generalisation from one or two cases and the rigour of mathematical proof. 

Programs like Cabri-geometry enable the user to experience a huge range of 

particular cases, and by appeal to continuity, an infinite number of cases. This 

plethora of confirming instances will be highly convincing for many, if not 

most, people. I find this entirely reasonable. (p. 87) 

There are, however, a number of authors (Jones, 2002; Jones, Gutierrez, & Mariotti, 

2000; Laborde, 2000) who point out that DGS offers powerful resources for 

designing activities that enhance students’ learning of proof: 

[t]he findings concerning the failure to teach proofs, the recognition of the 

multiple aspects of proving, and the existence of DG tools, lead naturally to the 

design of investigative situations in which DG tools may foster these multiple 

aspects. (Hadas, Hershkowitz, & Schwarz, 2000, p. 130) 

The educational role that DGS can play in supporting conjecture and testing ideas 

has been widely claimed (Edwards, 1999; Talmon & Yerushalmy, 2004), specifically 

for the development of a sense of proof (Chazan, 1993; de Villiers, 1998; Hadas et 

al., 2000; Hanna, 2000). As Noss (1995) observed, 

My point is that you need to have something to prove. Computers now have the 

potential to enlarge the range of mathematical objects about which we can have 

intuitions and start to wonder, “well, is this always true?” …. Software like 

Cabri-Geometre and Logo can open doors of mathematics in ways that we 

could not have imagined young children could understand. (p. 4) 

Hanna (1989) provides an example to show how DGS may motivate a student to 

seek analytic proof. A student is asked to prove the theorem stating that the 

perpendicular bisectors in a triangle meet at one point. The construction in DGS of 

this has the advantage of clearly showing that the theorem is true, dragging is “at 

least equivalent to drawing a large number of triangles on paper, or imagining that 

one had drawn them, and probably more impressive” (Hanna, 1998, p. 8). Dragging 

results in the student seeing a proof-picture (Wittgenstein, 1978) and this, in turn, 
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gives the student a high degree of trust in the validity of the theorem and an 

understanding that the theorem is true. Hanna (2000) points out that “Dynamic 

software has the potential to encourage both exploration and proof, because it makes 

it so easy to pose and test conjectures” (p. 29). Polya (1957) emphasized the 

connection between deductive reasoning with exploration. He highlighted that 

solving a problem equates to finding the connection between the data and the 

unknown, and to do it one must use a kind of reasoning based on deduction. 

When constructing proof, one of the biggest problems students face is the divide 

between empirical and deductive practices. There have been a number of studies that 

have researched this issue, with the aim of providing solutions through the use of 

DGS. Hoyles and Jones (1998) argue that DGS has the potential to promote links 

between empirical and deductive reasoning by facilitating the construction of both 

auxiliaries and extreme cases in addition to supporting “what if” and “what if not” 

questions. 

In his study of 12-year-old students, Jones (2000) concludes that DGS helps students 

with their understanding of the dependence relationships among components of a 

shape and also amongst families of shapes. This has a follow-on affect, which is to 

help advance students towards a progressive abstraction in their justifications (Jones, 

2000). Similarly, Marrades and Gutierrez (2000) showed, based on their research 

with DGS, that the quality of students’ justifications improves over time. 

DGS allows students to acquire understanding through being able to readily verify 

their conjectures. In turn, these new understandings solicit further curiosity to 

explain “why” a particular result is true. The interplay between action (constructions 

and measurements) and dependent properties provides students with the motive and 

the context to explain their conjectures and reach a proof through reasoning (Hanna, 

2000). 

2.6 The use of DGS in elementary schools 

The effectiveness and increased availability of digital tools, such as DGS, has 

affected research on topics related to Geometry curriculum. However, while DGS 

has been available for over two decades now, many areas of reseach remain 

understudied, particularly in terms of task design and teacher practice (Sinclair et al. 
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2016). Similarly, many researchers have acknowledged the lack of research on how 

DGS can and should be used, especially in regard to assessment and the evaluation 

of student learning (Venturini & Sinclair, 2017). In a systematic review and meta-

analysis on research studies during the period of 2001 to 2013 focused on the 

effectiveness of DGS-based instruction in improving students’ mathematical 

achievement, Chan and Leung (2014) found only nine eligible quasi-experimental 

DGS studies. The criteria that Chan and Lueng (2014) used to screen studies 

included: DGS used for instructional purposes; and students in primary and 

secondary education. There are few published studies on the effectiveness of DGS to 

teach geometry at the elementary school level, and this has changed very little over 

the last decade, with robust research into Geometry apps, for example, being still in 

its infancy (Larkin, 2016). For example, in an exploratory study on the use of 

GeoGebra in primary math education in Lithuania, Zilinskiene and Demirbilek 

(2015) explain that while DGS has been well-studied in middle school and high 

school, only recently have instituteons nd decisions makers begun to consider the use 

of DGS in primary education.  

The current reseach study focuses specifically on the use of the microworld of DGS 

with elementary school students. Of main interest is the age range for upper 

elementary school, which is usually between the ages of 10 to 12 years old. The 

majority of studies reviewed that relate to the use of DGS with elementary school 

students used very similar research methods and data collection techniques. To 

follow is a brief description of the respective strengths and weaknesses of each of 

these studies, the insights gained from them and their relevance to this study’s 

research questions. 

Kesan and Caliskan (2013) conducted research on 42 Grade 7 primary students (aged 

12-13 years) in Yildirim/Bursa, Turkey. The aim of their study was to investigate the 

effect of DGS on students’ success and retention of geometry topics. Kesan and 

Caliskan’s (2013) split their sample into a control group and an experimental group, 

each containing 21 students.  The control group received traditional paper and pencil 

instruction in geometry and the experimental group received worksheets to be used 

with Geometer’s Sketchpad that covered the same geometry content (as used in the 

control group). Both groups received instruction by the researchers.  
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Kesan and Caliskan’s (2013) study consisted of two forms of data collection. The 

first was a standardized mathematics achievement test developed by the Ministry of 

Education in Turkey called SFBS (state free boarding and scholarship). This test was 

used to determine if there was a significant difference in mathematics achievement 

between the control group and experimental group prior to the research commencing. 

The second was a Geometry Achievement Test that was developed by Kesan and 

Caliskan (2013) and used as a post-test. The Geometry Achievement Test was a 44-

item, multiple-choice test that covered angles and polygons. The test “was examined 

by experts” (Kesan & Caliskan, 2013, p. 134) and administered to 370 students from 

three primary schools in Bursa, Turkey, in order to determine its reliability; the 

achievement test was rated as (KR-20) 0,911 on the Iteman software program 

(software designed to provide detailed item and test analysis reports using classical 

test theory, CTT). 

Kesan and Caliskan’s (2013) concluded that there was a significant difference 

between the experimental group and control group, the results showing that students 

that learned geometry with DGS were more successful than students that learned 

geometry using traditional methods. Kesan and Caliskan (2013) state that their 

results are consistent with a similar study conducted by Ustün and Ubuz (2004, cited 

in Kesan & Caliskan, 2013), who showed that there was a significant difference 

between their research groups in favour of their experimental group, which used 

Geometer’s Sketchpad to learn geometry. Kesan and Caliskan (2013) also report that 

in both the experimental group and control group there were no significant gender 

differences for achievement and retention levels. The latter is consistent with the 

findings of Halat (2006), and Bintas and Bagcivan (2005, cited in Kesan & Caliskan, 

2013) who also found no significant gender differences. Kesan and Caliskan (2013) 

recommend that students be given appropriate amounts of time to engage in lessons 

that use DGS because students need the time to “reach generalizations by struggling, 

exploring and building their own knowledge during the application.” (p. 138) 

Pitta-Pantazi and Christou (2009) conducted a study with 49 Grade 6 students (aged 

11-12 years) from an urban Primary school in Cyprus. The research had two main 

aims: first, to investigate the effect of students’ cognitive styles on their achievement 

in geometric measurement tasks in a DGS learning environment; and second, to 

investigate the potential benefits of using DGS for the teaching of area (triangles and 
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parallelograms) and subsequently to examine whether DGS accommodates different 

cognitive styles. In terms of this literature review, the second aim is the most relevant.  

In terms of the second aim, Pitta-Pantazi and Christou (2009) delivered a three-week 

instructional program to all 49 students consisting of eight 45-minute lessons. The 

DGS used for the instructional program was Euclidraw Jr (Logismos Inc. 2002). 

Students had prior experience with the software before receiving the instructional 

program so no time was required to teach the students how to use Euclidraw Jr. Four 

lessons were devoted to the teaching of the area of triangles and four lessons to the 

area of parallelograms. The students worked together in pairs during the instructional 

program. 

Data collection involved students being given the area test (pre-test), which was re-

administered to the students the day after the instructional program was completed 

(post-test). According to Pitta-Pantazi and Christou (2009) “The pre-test was used to 

indicate participants’ prior knowledge of geometry concepts to facilitate the 

measurement of cognitive performance on the post-test.” (p. 11). The test included 

24 tasks: 12 involved tasks on the area of triangles and 12 on the area of 

parallelograms. Six of the tasks were recognition tasks where participants were asked 

to recognize and identify specific parts of the triangles and parallelograms. Eight of 

the tasks were construction tasks where participants were asked to construct different 

triangles or parallelograms that had certain characteristics. Ten of the tasks were 

measurement tasks where participants were asked to compute the area or the height 

or the base of triangles and parallelograms.  

Pitta-Pantazi and Christou’s (2009) findings showed that, in terms of the second 

research aim, the instructional program incorporating DGS seemed to accommodate 

the needs of students with different cognitive styles, as evidenced by the increase of 

the achievement scores of all students who participated in the study. Pitta-Pantazi 

and Christou (2009) suggest that DGS may be one of the main factors of students’ 

improved performance. However, they acknowledge the fact that the only way to 

truly evaluate the impact of DGS is with a comparative study, which will looks at the 

change in achievement of a control group and an experimental group that is using 

DGS. 
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Guven (2012) conducted a study with 68 elementary school students to examine the 

effect of DGS on students' learning of transformation geometry. A pre-test and post-

test quasi-experimental design was used, with 36 students in the experimental group 

and 32 students in the control group. The experimental group had their instruction 

carried out with lessons and activities incorporating Cabri software. The control 

group received the same instruction, however, it was carried out with dotted and 

isometric worksheets. A 15-multiple choice Transformation Geometry Achievement 

Test and a 15 open-ended item Learning Levels of Transformation Geometry Test 

were used as pre and post-test. The result of covariance analysis showed that the 

experimental group outperformed the control group not only in academic 

achievement but also in levels of learning of transformation geometry. Guven (2012) 

concludes that a mathematics curriculum enriched by DGS can significantly improve 

not only the academic success of students but also their levels of understanding of 

transformation geometry. 

Dogan and Icel (2011) conducted a study with 40 primary school students from two 

classes to observe the effects of DGS on student performance in geometry; 

specifically, the properties and construction of triangles. Data collection for the study 

involved a pre-test, which was then re-administered as a post-test two weeks after an 

instructional program was completed. The control group received traditional paper 

and pencil instruction in geometry and the experimental group received a two-week 

instructional program that involved 12 GeoGebra learning activities. From their 

findings, Dogan and Icel (2011) concluded that DGS had a positive effect on 

students’ learning and achievement. Based on their observations and the responses of 

students’ in the experimental group during activities, Dogan and Icel (2011) 

concluded that student motivation for learning geometry and other mathematics 

subjects increased with computer-based instruction. 

Maymon-Erez and Yerushalmy (2007) conducted a study about how young students 

(11-12 years of age) learn basic geometry concepts with DGS. Their research 

focused on the cognitive difficulties inherent in the process of dragging, and on 

students’ thoughts and difficulties while using DGS. The researchers highlighted that 

young students are influenced mainly by visual changes and find it challenging, 

when dragging a shape, to track visual changes and infer what has changed and what 

has been preserved. During dragging tasks, the size and position of a shape can 
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change continuously and, although students need to focus on preserved attributes, the 

visual changes on the screen are more dominant. Maymon-Erez and Yerushalmy 

(2007) state that “[u]nderstanding the properly pre-constructed shape as constantly 

representing the same object requires formal thinking” (p. 294). As a result of the 

latter, the teacher’s role in the learning environment is extremely important and they 

need to guide the students and the learning process. Based on their results, Maymon-

Erez and Yerushalmy (2007) conclude: “without guidance it is difficult to construct 

new geometrical knowledge based on ‘free’ investigation and experimentation with 

the dragging tool” (p. 295). 

The research conducted by Maymon-Erez and Yerushalmy (2007) combines with 

existing literature adds support to young students learning geometry with pre-

constructed shapes. Further support is provided by Battista’s (2002) work with young 

students learning with a specifically designed microworld that has a “shape maker” 

(a Geometer’s Sketchpad construction that can be dynamically transformed in 

various ways to produce different shapes within that class, e.g. common triangles and 

quadrilaterals). Battista (2002) found that as students worked with the “shape maker” 

they “moved from visual to property based thinking, and hence to thinking that 

utilized inference to relate and organize both attributes and classes of shapes.” 

(Maymon-Erez & Yerushalmy, 2007, p. 295). 

Maymon-Erez and Yerushalmy (2007) suggest that, to overcome the problem of 

students having difficulty identifying what properties of a pre-constructed shape are 

preserved after dragging, it is necessary to teach within Vgotsky’s (1978) zone of 

proximal development. They make three specific recommendations about how to 

make geometric attributes more explicit when investigating examples of the same 

shape: 

(1) Adding a ‘‘discrete’’ dimension to the continuous change of the dragged 

shape. When the shape is dragged, after every fixed interval the shape leaves 

traces …that persist on the screen. Such traces may enhance the construction of 

the relevant distinction and provide an environment more conducive to 

comparing the examples and identifying the elements that are preserved during 

dragging.  

(2) Visually defining the trail of the dragging to help the student see that there is 

a consistency in the dynamic continuous change of the shape. The visible trail 
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would demonstrate one of the shape’s critical attributes, as the parallel lines that 

restrict dragging only to changing the length of two sides. 

(3) A simultaneous examination of randomly pre-constructed static examples of 

the same shape. This idea is currently being tested in another study we are 

conducting (Maymon Erez, in preparation) to determine whether the 

simultaneous examination of several random and static pre-constructed 

examples is an effective method of encouraging young students to start 

deducing the critical attributes of shapes (Maymon-Erez & Yerushalmy, 2007, 

p.296). 

Forsythe (2006) conducted research on a group of Year 7 (10-11 years of age) math 

students in the UK. Her research aim was to determine whether the use of DGS was 

more effective than traditional paper-based methods for the teaching and learning of 

geometrical concepts. She employed a quasi-experimental design using a series of 

post-tests and questionnaires on two Year 7 classes that she was teaching at the time. 

Both classes received the same mathematical content over the same period of time, 

however the control group used traditional hands-on, paper and pencil activities, and 

the target group used Geometer’s Sketchpad. 

The testing carried out by Forsythe (2006) showed that the target group did better 

than the control group on the post-test; this result was statistically significant. 

Forsythe explains that one weakness of her research is small sample size. Another 

weakness was her sampling method; she used convenience sampling, conducting the 

research on two math classes that she was teaching at the time. According to Adams, 

Khan, Raeside and White (2007), convenience sampling is the least reliable design 

but, normally, the cheapest and easiest to conduct. Forsythe’s (2006) research is 

insightful in that it establishes that DGS can have a significant effect on the learning 

of geometrical concepts by elementary school students. Forsythe (2007) also 

highlighted the benefits of students working with DGS together in pairs, she states:  

They helped each other in their working pairs and also helped other pairs 

around the classroom. They engaged in discussing and explain geometrical 

concepts. During lessons with the computer, the pupils’ conversation tended to 

involve more mathematics and less inconsequential chatter. (p. 35) 

The above has been reflected in other research that suggests that using technology in 

the mathematics classroom can encourage students to become actively involved in 



 

  72 

the learning process (Felder, 1992). A number of studies (Dunham & Dick, 1994; Ng 

& Gunstone, 2002) have found that the use of technology also motivates students to 

learn mathematics. Souter (2001) conducted research on five algebra classes 

involving four teachers and 92 Grade 9 students. The control group used traditional 

algebra instruction and the target group used technology-enhanced algebra 

instruction. Souter (2001) concluded that using technology could increase student 

achievement and motivation, foster positive student attitudes, and enhance student 

outcomes. 

Halat (2006) conducted research on a group of 150 Grade 6 students in six math 

classes in Florida, US. The aim of the research was to answer the following 

questions: 

1) Are there sex differences in the acquisition of Van Hiele levels? 

2) What effect, if any, does Van Hiele theory-based mathematics curricula 

have on motivation levels in mathematics? 

Halat’s (2006) study consisted of two forms of data collection: the first was the 

VHGT, which he took from the study of Usiskin (1982); and the second was a CIS 

questionnaire designed to evaluate student motivation taken from a study conducted 

by Keller (1999). The test and the questionnaire were given to participants as pre-

tests and post-tests with a five-week period of instruction using the Connected 

Mathematics Project’s (CMP) curricula model (a model that is based on the 

characteristics of the van Hiele theory) being the independent variable. 

There are some concerns regarding the internal validity of the research. Firstly, Halat 

(2006) does not use a control group in his research when testing the effect of van 

Hiele theory-based mathematics curricula on students’ motivation levels in 

mathematics. As explained by O’Toole and Beckett (2010), the use of controlled 

experiments can negate variables and allow for stronger, more supported inferences. 

Halat’s (2006) research findings in terms of motivation levels in mathematics would 

have benefited from a control group that received the pre-test and post-test 

questionnaire and a five-week period of instruction that was not based on the 

characteristics of the Van Hiele theory. The need for a control group is highlighted 

by the fact that in subsequent research, following the same research design, Halat 

does include control groups (Halat, 2007; Halat, Jakubowski, & Aydin, 2008). 
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The second issue that threatens the internal validity of the research is that the 

geometry test used by Halat (2006) contained questions that were far too difficult for 

elementary school students; specifically, questions 16 to 25, which were designed to 

test for Level 4 and Level 5, as explained by van Hiele. According to the Virginia 

Mathematics Standards of Learning (2008), students in the US should attain van 

Hiele Level 3 by the end of the sixth grade and, as such, do not have the prerequisite 

learning to answer questions related to Level 4 or Level 5. Furthermore, Halat (2006) 

cites the research of Hoffer (1986, cited in Halat, 2006) and Knight (2006, cited in 

Halat, 2006) that suggest that younger students and many adults in the US only 

reason at van Hiele Level 1 and van Hiele Level 2. The level of difficulty of 

classroom tasks and texts has a very strong influence on the motivation and 

engagement levels of students (van Kraayenoord & Elkins, 2009). By not adjusting 

the difficulty of the test, Halat (2006) risks negatively impacting on students’ 

achievement and motivation levels in mathematics, two factors which he himself 

highlights as being “reasons behind students’ low achievement and negative attitudes 

towards mathematics” (p. 173).  

From the results of the study, Halat (2006) concludes that the teaching or learning of 

geometry from van Hiele theory-based curricula leads to better outcomes and may be 

a way of achieving equity in mathematics classrooms. Halat’s findings are in line 

with arguments that state that reform-based works in mathematics teaching and 

learning (Young-Loveridge, 2005) and standard-based curricula have positive effects 

on student achievement and motivation in geometry (Chappell, 2003). Halat (2006) 

also concluded that there was no statistically significant difference between gender 

groups for either the acquisition of the van Hiele levels or their motivation for 

learning geometry after receiving van Hiele theory-based instruction. 

Lin, Shao, Wong, Li and Niramitranon (2011) conducted a study of 25 Grade 6 (11-

year-old) students (15 males, 10 females) from an elementary school in Tai-Chung 

City, Taiwan. The students were divided into eight groups of high-, medium- and 

low-ability according to their pre-test scores. The aim of the research was to answer 

the question: does the use of virtual tangrams facilitate the learning of geometry? 

The study refers to a paper-and-pencil test that was administered to the students as a 

pre-test and a post-test (though it does not state which test was used). The study used 

Group Scribbles (GS2.0), which is a computer-supported collaborative learning 
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system, developed by SRI International. The study found a one-to-one digital 

learning environment using DGS facilitated students’ learning of geometric concepts, 

and argue that their findings may be an answer for reducing the gap between high-

ability and low-ability students in geometry. The research conducted by Lin et al. 

(2011) was limited by the fact that they did not use a control group, and they had 

limited time for implementing their teaching sequences. They suggest that future 

research should expand the sample size and include a control group, and more 

support should be provided for teachers involved in the research. 

There is an underlying assumption in the research literature that students’ use of 

DGS is inherently worthwhile. However, research by Hannafin, Truxaw, Vermillion 

and Liu (2008), while not quite challenging that assumption did not support it. They 

conducted research on 66 Grade 6 students in a public school near a northeastern 

university in the US. They hypothesized that students working with Geometer’s 

Sketchpad would learn geometry better than those who just worked with a geometry 

tutorial. They found that students in the Geometer’s Sketchpad group scored only 

marginally higher on the posttest (not statistically significant) than did the student in 

the geometry tutorial group, despite spending more time on task. The research was 

limited by a relatively small sample size, and by the fact that they used a truncated 

(shorter) version of the Raven Colored Progressive Matrices because of time 

constraints (Hannafin et al., 2008). The researchers also acknowledged that: 

[B]ecause students worked in pairs and were encouraged to help each other 

(especially in the Sketchpad treatment), we cannot know how much their 

performance was influenced by these interactions. But because the host teachers 

preferred students to work in dyads, we had to forfeit some internal validity for 

arguably more ecological validity (teachers believed that the students benefited 

from working with a partner). (p. 154). 

Hannafin et al. (2008) reflected that it would have been worthwhile if they had 

recorded or observed how the students interacted in their pairs: What did they talk 

about? What questions did they ask each other? How did they interact with the 

computer together? 
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2.7 Conclusion 

One of the major advantages that technology brings to the mathematics classroom is 

the emergence of an open-ended intellectual milieu which allows for a variety of 

ideas to be explored and a variety of personalities to be catered for and engaged. In 

such classrooms, technology can be seen as cultural tools that not only reorganize 

cognitive processes but also transform the social practices that lead to the co-

construction of knowledge. The effective use of ICT in the classroom requires more 

than just a knowledge of available technology and how to use it, but also a 

knowledge of how to integrate technology with pedagogy (Grandgenett, 2008; 

Handal et al., 2012). Despite the fact that many researchers agree that ICT is an 

effective cognitive tool for teaching and learning (Bransford et al., 2000; Bruce & 

Levin 2001; Cheung & Slaving, 2011; Li & Ma, 2010), some researchers have found 

that it is rarely used for teaching mathematics despite its availability (Marcinkiewicz, 

1994; Vrasidas & Glass, 2005;). Furthermore, many computer applications designed 

for mathematics education consist of software designed for a specific educational 

purpose, that is. the solution in a can scenario (Abramovich & Connell, 2014). 

Research has shown that ICT: has a positive effect on mathematical achievement 

(Bate et al., 2013; Dikovic 2009; Leikin & Grossman, 2013; Ross & Bruce, 2009); 

improves motivation towards mathematics (Aktumen & Kacar, 2008; Lopez-Morteo 

& Lo’pez, 2007; Samuels, 2010); and helps to develop higher order thinking and 

problem solving skills (Tay et al., 2004). The impact that ICT has had on 

mathematics education is illustrated by the fact that ICT: is now a curriculum 

requirement in many counties (Crisan et al., 2007); is currently a part of proposed 

curricular reforms or long-term curriculum development projects in many countries 

(Miyazaki et al., 2012); is a required element of teacher education programs in many 

countries (Abramovich & Connell, 2014). 

ICT provides new ways for students to co-construct knowledge by solving problems 

through action grounded in trial and error. The sociocultural perspective argues that 

the construction of knowledge is closely tied to the nature and orientation of 

discourse (Voloshinov cited in Wertsch, 1991). When ICT is added to the discourse, 

it is important that students are provided with an environment capable of engaging 

them in a purposeful dialogic encounter (Abramovich & Connell, 2014). Being able 
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to engage purposefully with ICT will enable students to internalize the environment 

as a thinking tool and then move towards structural reorganization of the mind that 

makes it possible to think without such tools. 

While there is a wealth of literature on the use of ICT in education (Attard & 

Northcote, 2011; Lai, 2008; Samuelsson, 2007) there is very little research on the use 

of ICT in teaching geometry in the elementary school classroom (Coffland & 

Strickland, 2004). Further to this, Cartwright and Hammond (2007) highlight the fact 

that in many elementary schools, the implementation of ICT still has a long way to 

go "the notion that all schools are somewhere along a path of ICT adoption that will 

ultimately lead to a transformation in teaching and learning is unrealistic" (p. 405). 

In mathematics education, dynamic geometry software (DGS) provides a purposeful 

microworld that is Euclidean in nature and that allows cognitive dynamism to be 

given a visual manifestation. DGS allows students to easily construct geometric 

objects. Of significance is the fact that when a geometric object is created with a 

particular relationship to another, that relationship is maintained no matter how either 

object is moved or changed. The process of moving or changing an object in DGS is 

referred to as dragging, and this mode is a key feature of this software. Although 

there are only a limited number of studies that have researched the use of DGS in 

elementary schools, the majority of them have shown that DGS does facilitate 

primary school students’ development of conceptual understanding in geometry 

(Forsythe, 2006; Halat, 2006; Kesan & Caliskan, 2013; Lin et al., 2011; Maymon-

Erez & Yerushalmy, 2007; Pitta-Pantazi & Christou, 2008). There is a clear need for 

more research at the elementary school level that explores the effectiveness of 

teaching practices that use DGS to both engage and motivate students to study 

mathematics, and to facilitate the development of conceptual understanding in 

geometry. 
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CHAPTER 3 MATHEMATICS EDUCATION IN A 
BILINGUAL CONTEXT 

3.1 Introduction 

The setting for this study is rather unique, and careful consideration should be given 

to both the subjects and the school. The subjects of this study are elementary school 

students aged 10-11 who are enrolled at a private school in Japan. The school 

delivers an early partial bilingual immersion program in English and Japanese. The 

vast majority of students’ mother tongue is Japanese. This school is an Article 1 

school, which means it is regulated by the Japanese Ministry of Education, Culture, 

Sports, Science, and Technology (MEXT) under Article 1 of the Japanese School 

Education Act. Therefore, the students are expected to be able to demonstrate their 

learning of the Japanese Elementary School Course of Study (Gakushuu 

Shidouyoryo) regardless of the language in which they studied it. 

The school has received special authority (Tokureiko Nintei) from MEXT to offer 

bilingual education in Japanese and English, and special authority to become the first 

Article 1 school in Japan to become accredited by the International Baccalaureate 

Organization (IBO) to offer its Primary Years Programme (PYP). The emergence of 

such a school can easily be understood in the context of contemporary Japan where 

“global human resources” are critical if Japan is to play a leading role in the world’s 

future globalized economy. The teaching of English has been an important element 

of Japan’s internationalization since the 1980s. It has been a hotly debated 

educational topic with stakeholders and academics identifying that cultivating 

“Japanese with English abilities” is essential if Japan is to remain competitive in 

global markets (Hashimoto, 2011). 

Despite many challenges, the Japanese government has remained committed to 

English educational reform, as evidenced, for example, by the Amendment of the 

Educational Personnel Certification Law in May 2002, which allows secondary 

school accredited teachers (junior and senior high) to teach in elementary schools. In 

January 2014, MEXT released the English Education Reform Plan Corresponding to 

Globalization, which seeks to resolve some earlier challenges, and to enhance and 

advance English education in elementary and secondary schools. In combination 

with the latter, an initiative has emerged from within the Japanese government to 
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make the International Baccalaureate Diploma Program a permanent fixture of 

Japanese secondary education (The International Baccalaureate (IB) offers 

internationally recognized programs from K-12, see: http://www.ibo.org/). In its 

report on Global Human Resource Development Strategy issued in June 2012, the 

Prime Minister’s Council on Promotion of Human Resource for Globalization 

Development recommended increasing the number of schools where students can 

receive the IB diploma upon graduation or receive a comparable education to 

approximately 200 over the next five years (Iwasaki, 2013). 

This research study will, therefore, take place in a bilingual context and, therefore, 

from the outset, it is important to discuss what is meant by the term bilingualism. 

The research literature provides various definitions of bilingualism. For instance, 

Page (2012) and Steiner and Hayes (2008) define bilingualism as the ability to speak, 

read, write or even understand in two languages. Grosjean (1982) argues that a truly 

balanced bilingual – a person who speaks, reads and writes two languages 

proficiently and equally is very rare. Pearson, Fernandez and Oller (1995) explain 

that bilingual children’s proficiency in each of their languages may vary depending 

on topic and context. Bialystok (2001) supports the latter by stating that, in a 

classroom, each bilingual child will have unique strengths and weaknesses in each 

language. Kamada (2000) presents different categories of bilinguals: 

 Receptive Bilinguals where subjects can comprehend the second 

language, but can only respond in the first majority language; 

 Partially Productive Bilinguals where subjects can understand the 

second language, however, they are sometimes unable to produce the 

second language because of vocabulary limitation; 

 Productive Developing Bilinguals where subjects understand and 

produce the second language at (or near) a native level, however, they 

have had no formal literacy education in the second language; and  

 Productive Bilinguals and Bi-literates where subjects understand and 

produce the second language at (or near) a native level and have 

writing and reading abilities in both languages. 

In addition to ideas regarding children’s proficiency with language – both receptive 

(listening and reading) and productive (speaking and writing) – researchers also 

consider when children begin to learn different languages. The terms sequential or 

http://www.ibo.org/
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simultaneous bilingualism refers to situations when children learn two languages at 

the same time, for example when immersed in a school environment where two 

languages are required (Meisel, 2009). The term sequential literacy refers to the case 

when children develop proficiency in and consolidate their mother tongue first 

before having a second language introduced (Garcia, 2009). Bilingualism is not a 

static concept, but rather an ever-changing dynamic; it has proven very hard to 

describe all its various competencies, functions and identifications (Baker & Jones, 

1998; Kamada, 1999). 

There are many models of bilingual education around the world, for example: the 

Canadian model (e.g., Edwards. 1994; Genesee, 1998); the Hong Kong model (e.g., 

Lin & Man, 2009; Morris & Adamson, 2010); and the European model (e.g., Marsh, 

2002; Marsh, Maljers, & Hartiala, 2001). The model that has been implemented in 

the elementary school being studied for this research is a side-by-side early partial 

immersion model. It is referred to: as “side-by-side” because there are two teachers 

for each classroom, one teaching through Japanese and the other through English; as 

“early” because it starts from the first year of school; and as “partial” because some 

subjects, such as Kokugo (Japanese national language) and Science, continue to be 

taught in the mother tongue, Japanese. 

Malaysia, in 2003, adopted a similar model in primary schools for partial English 

immersion with mathematics and science being taught through English (Swee Heng 

& Tan, 2006). Brunei adopted a similar model with mathematics, science, history 

and geography being taught through English. However, in both of these cases, 

English-medium teaching in not introduced until later in primary school. As far as 

this researcher is aware, the United Arab Emirates is the first country to introduce 

this model (i.e., side-by-side early partial immersion model) as part of their 

compulsory state education from the academic year 2010-2011. This is in contrast to 

the elective choice in Canada and the selective approach in Hong Kong (Lin & Man, 

2009). 

An important element of the side-by-side early partial immersion model is that the 

two languages are learnt simultaneously. Early research into bilingual education 

advised that instruction in reading and writing should be sequential; that is, reading 

and writing starts in the child’s mother tongue language first (Beardsmore, 2009). 
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Arguments for sequential literacy are based on the notion that sound literacy skills 

developed in the first language will eventually transfer across and assist the 

development of the second language (Garcia, 2009). Arguments for simultaneous 

development of literacy in both languages are based on the notion that literacy 

development can and should be “bidirectional” (Garcia, 2009, p.345). Cummins’ 

(1979a, 1979b,, 2000) seminal ‘common underlying proficiency’ hypothesis posits 

that development in one language automatically enhances development in another. 

He finds that significant positive relationships exist between the development of 

academic skills in the first and second languages (Cummins, 2000). 

Much of the early research in bilingual education was with languages that share a 

common writing system with a high number of cognates (e.g., French and English). 

However, English and Japanese do not belong to the same language family and 

English is linguistically complex for Japanese-speaking learners. A rudimentary 

contrastive analysis shows, for example, that English uses a fundamentally different 

writing script to Japanese – it is estimated that Japanese students require between 10 

to 12 years to learn the basics of reading and writing, as it requires the mastery of 

two different syllabaries (hiragana and katakana) plus approximately 2000 Chinese 

characters (kanji), most of which have multiple readings/pronunciations that are 

based on context (Bostwick, 2001); English does not possess full one-to-one symbol-

sound correspondence – it is “phonologically opaque”, according to Cook and 

Bassetti (2005, p.7); the two languages have very different grammar systems and the 

sentence order in Japanese is almost the reverse of equivalent sentences in English 

(Bostwick, 2001). 

Research into bilingual education in terms of language and literacy outcomes has 

been shown to be positive across different contexts using different languages, 

endorsing immersion education as a route to bilingualism (Hermanto, Moreno, & 

Bialystok, 2012), for example, Spanish-English immersion (e.g., Ballester, 2010), 

Cantonese-English immersion (e.g., Lo & Murphy, 2010), and Cantonese-Mandarin 

immersion (e.g., Chen, Ku, Koyama, Anderson, & Li, 2008). However, there have 

been very few studies that have assessed the progress of content knowledge 

outcomes (e.g., mathematics and science) across different contexts using different 

languages. The studies that assessed content knowledge have had mixed results with 

some educators, suggesting that young children who learn mathematics and science 
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through the medium of a second language may not progress quite as well because 

their second language skills are insufficiently developed to be able to think 

mathematically and scientifically in the second language (Baker, 2006). While others 

have stated that, 

There is no evidence that the students’ academic and cognitive development has 

been slowed in any way by their immersion experience, even though the 

language used as a medium of instruction in most of their core academic classes 

was very different from their native language and has a completely different 

writing system … Test results also reveal that the immersion students are able 

to maintain academic achievement in math and Japanese at approximately one 

standard deviation above the national average. (Bostwick, 2001, p. 299) 

At the pedagogical level, decisions about bilingual education are extremely complex 

and it is crucial that parents, teachers and stakeholders have empirical data to help 

them understand the issues involved (Gallagher, 2011). As there are relatively few 

studies in bilingual education that have assessed content knowledge outcomes (e.g., 

mathematics) across different contexts using different languages, there is a clear need 

to gather more evidence that can add to the language-in-education literature. The 

unique and unprecedented situation that exists in the research setting should not go 

un-studied; in particular the opportunity to gather data related to questions about 

content knowledge achievement in subjects taught through a second language (e.g., 

mathematics), and the opportunity to connect data related to the question of 

simultaneous versus sequential early literacy development in diverging scripts. 

Children’s ability to reason deductively lies at the core of true mathematical 

understanding and is closely associated with the development of abstract thought. 

The “elaborate use” of language has a crucial role to play (Bruner, 1975) in 

children’s cognitive development at the onset of adolescence. The interrelationship 

between language and thought has fascinated researchers in many disciplines and by 

far the greater part of this research is concerned with a monolingual context. 

Considerably less is known about the influence of language factors on the reasoning 

processes of bilingual children. 
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3.2 The role of language in mathematics learning and 
teaching 

The crucial role played by language in the teaching and learning of mathematics is 

being increasingly acknowledged by researchers around the world; however, there is 

no real agreement about how best to describe the role of language or which 

language-related practices should be encouraged in mathematics education (Morgan, 

Craig, Schuette, & Wagner, 2014). 

The role of language in mathematics education has been a research topic for a long 

time, as illustrated by an early article by Austin and Howson (1979), which was a 

review of the previous two decades in an attempt to provide a “state of the art” 

perspective of the research field at that time. While researchers like Piaget (1959) 

and Vygotsky (1978) explored the relationship between language and cognition, 

which resulted in a number of implicit connections to mathematics education, other 

researchers made explicit connections between language and mathematics. In his 

1986 book titled ‘Structure and Insight’, van Hiele (1986) argued that language plays 

a critical role in the teaching and learning of geometry. He argued that student 

learning is inhibited by teaching and language that is at a level higher than that of the 

student (van Hiele, 1986). Furthermore, van Hiele argued that language plays a 

critical role in learning mathematics and helps with the communication and 

extension of structures. In 1987, Pimm’s seminal work ‘Speaking mathematically’ 

further helped to develop the thinking and knowledge regarding the role of language 

within the field of mathematics education. Pimm focused on mathematics as a 

language with its own rules and conventions, and explored the implications of this 

for classroom practice. Moving forward from Piaget (1959), Vygotsky (1978), van 

Hiele (1986) and Pimm (1987), there has been a massive increase in the attention 

paid to language in mathematics education, with research developing both 

qualitatively and quantitatively (Morgan et al., 2014). 

The context within which this increased attention to the role of language in 

mathematics education has occurred reflects a “social turn” in mathematics education 

(Lerman, 2000). The increased focus on the importance of the social environment, 

within which mathematics learning and teaching occurs, has resulted in an increased 

awareness of the critical role of language. In addition, recognition of the increased 
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attention to the role of language in the mathematics classroom is illustrated by 

developments in classroom practice, professional discourse and educational policy 

(Morgan et al., 2014). 

When discussing the role of language in mathematics education, it is useful to first 

outline what is actually meant by language, that is, the breadth and width of the 

definition. According to the Merriam-Webster online dictionary, language is defined 

as: 

1. the system of words or signs that people use to express thoughts and feelings 

to each other 

2. any one of the systems of human language that are used and understood by a 

particular group of people 

3. words of a particular kind 

(Retrieved from http://www.merriam-webster.com/dictionary/language.) 

The literature on mathematics education uses language in all three of the above ways. 

In some instances the literature refers to language as a system of words or signs used 

to express thoughts  (Arzarello, Domingo, Robutti, & Sabena, 2009; Maschietto & 

Bartolini Bussi, 2009; Radford, 2009). In some instances, the literature refers to 

language as the different systems of language used by particular groups of people 

(Ambrose & Molina, 2014; Clarkson, 2009; Cummins, 2000; Hansson, 2012). In 

some instances, the literature refers to language as words of a particular kind 

(Halliday, 1974; Halliday & Martin, 1993; Morgan, 1998; Solomon & O’Neill, 

1998). 

Around the world, mathematics is almost universally a core part of curricula and it is 

sometimes referred to as a “universal language”, implying anybody with 

mathematical understanding can solve mathematical problems regardless of the 

language they speak. While it is the case that some mathematical symbols and 

notations can be understood across some languages, most of the tasks that students 

encounter at school are not language free. Furthermore, mathematics, as a subject, 

contains discipline specific language, and mastery of this language in addition to 

competency in the language of instruction is key to success in the mathematics 

classroom. In most mathematics curricula, the development of mathematical 

http://www.merriam-webster.com/dictionary/language
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understandings relies on students being able to shift between everyday language, 

academic language, and specialist mathematical language (Barwell, 2012). 

Success in school relies greatly on children’s ability to understand and use the 

language of instruction to learn. A common sense prediction is that children who 

face difficulties with language will be at a disadvantage when compared with peers 

who are proficient with language (Alt, Arizmendi, & Beal, 2014). Children can have 

difficulties with language for a variety of reasons including, specific language 

impairments in their native language, and difficulties with learning a non-native 

language of instruction. Research by Tomblin et al. (1997) found that approximately 

7 per cent of the kindergarten students that they studied had difficulties learning their 

native language despite having normal hearing, cognition and behavioural 

development. Shin and  Kominski (2010) found that nearly a quarter of the non-

native English speakers in the US (which represents about 20% of the overall 

population) report not being able to speak English well. Whatever the cause, children 

who have difficulty with language are at risk of having difficulties with learning 

mathematical skills (Shaftel, Belton-Kocher, Glasnapp, & Poggio, 2006). 

Some studies suggest that at least some early numerical concepts are acquired by 

children relatively independently of language, such as an understanding of relative 

quantity and conservation of number (Arvedson, 2013). Neuroscience research 

suggests that mathematical processing and language processing may involve 

relatively distinct brain networks (Cappelletti, Butterworth, & Kopelman, 2001; 

Salillas & Wicha, 2012) and this would imply that the use of language-heavy 

assessments could obscure the numerical knowledge of English language learning 

students (Alt et al., 2014). Consistent with the latter idea are studies that show that 

English language learning students performed better on mathematical problems with 

simple language, compared to problems with equivalent mathematics but that 

involve a higher degree of linguistic complexity (Beal & Barbu, 2010; Martinello, 

2008). 

Children who are non native-speakers of the language of instruction may also be 

hindered by a lack of familiarity with mathematical vocabulary, including both 

“technical” words that have a specific mathematical meaning (e.g., quadrilateral) 

and “sub-technical” words that may be confusing because they have a familiar 
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meaning as well as a mathematical interpretation (e.g., yard as a unit of measurement 

and a reference to an area outside a house) (Pierce & Fontaine, 2009). Monroe and 

Orme (2002) found that teachers do not generally allocate much time to the explicit 

instruction of mathematical language, and without explicit instruction there are 

relatively few opportunities for students to acquire mathematical vocabulary. 

Research by Alt et al. (2014) suggests that lightening the language load of English 

language learning students will lead to improved mathematics performance; this is 

consistent with other research into this area (Arvedson, 2013; Beal & Barbu, 2010; 

Martinello, 2008). In addition, Alt et al. (2014) found that on all tasks using 

technology, children who are non native-speakers of the language of instruction did 

not differ significantly in their performance compared with monolingual peers. 

Technology was used to minimize language load by providing instructions using 

animations and visual examples that did not rely on language, and by using touch-

screen technology to allow children to respond and thereby eliminating the additional 

cognitive load associated with trying to come up with the appropiate linguistic 

response. Alt et al. (2014) recommend that teachers be alerted to the pitfalls of 

assuming that a standardized assessment will provide the best measure of 

mathematical skills of a child that is an English language learner because 

mathematics skills might be underestimated. Mathematics vocabularly should be 

explicilty taught and teachers should try to provide instructions that are more visually 

based in order to alleviate some of the language load for students with language 

challenges (Alt, Arizmendi & Beal, 2014). 

3.3 Bilingualism and mathematics learning 

There has been a slow reversal over the years in attitudes towards the consequences 

of bilingualism and education. Singer (1956), in a review of the research on 

bilingualism in elementary education, pessimistically concluded that bilinguals were 

inferior to monolinguals. He concluded that bilinguals were “likely to be 

linguistically retarded in both languages and mentally confused to the point of trying 

to forge a single language instrument or exhibiting emotional symptoms” (p. 457). 

Contemporary research, however, refutes such negative conclusions and bilingualism 

turns out to be an experience that has many positive consequences for children’s 

development (Barac & Bialystok, 2011; Gallagher, 2011). 
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There are a number of reasons why early research was consistent in its negative 

conclusions about the consequences of bilingualism. The conclusions were often 

based on tests of disadvantaged immigrants in subtractive bilingual settings and 

conducted by monolingual researchers who failed to appreciate that the majority of 

the world’s people function successfully as bilinguals or multilinguals (Gallagher, 

2011). Even now, parents and teachers often believe the myth that raising a child 

bilingually will lead to a language or developmental deficit (Franquiz, Salazar & 

DeNicolo, 2011). Many of the myths pertaining to bilingualism remain due to 

misinterpretations or misunderstandings of contemporary research. For example, 

studies have revealed that there are language-switching effects for bilinguals in the 

subject areas of Mathematics, Chemistry, Biology and History (Marian & Fausey, 

2006; Marian & Neisser, 2000; Saalbach, Eckstein, Andri, Hobi, & Grabner, 2013). 

However, the reality of these findings is that there is a small time delay when 

responding to questions that involve language-switching in addition to a decrease in 

accuracy when time pressures are applied. The latter could be said of virtually any 

situation involving an element of multi-tasking; the effects of bilingual education 

need to be weighed up against the ability to communicate in another language in a 

world of accelerating globalization. As Freeman (2007) states: 

The cumulative evidence from research conducted over the last three decades at 

sites around the world demonstrates that cognitive, social, personal, and 

economic benefits accrue to the individual who has an opportunity to develop 

their bilingual repertoire. (p. 9) 

The benefits of bilingual learning include both its efficiency for developing students’ 

skills in a particular foreign language and its positive influence on students’ basic 

cognitive functions (Saalbach et al., 2013). Research has shown, both in linguistic 

and non-linguistic tasks, that children who speak more than one language from an 

early age have developed an improved ability of executive control due to their daily 

practice of keeping their two language systems apart in everyday situations 

(Bialystok, 2009; Bialystok, Craik, & Luk, 2008; Bialystok, Craik, & Ryan, 2006; 

Carlson & Meltzoff, 2008; Martin-Rhee & Bialystok, 2008). The latter practice 

allows children to “selectively attend to specific aspects of representation, 

particularly in misleading situations” (Bialystok, 2001, p. 131). 
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The relationship between bilingualism and mathematics learning has long been 

recognized as a complicated one. Austin and Howson (1979) drew attention to 

language as a key issue in the learning of mathematics more than 30 years ago; 

followed by Pimm (1987) who concluded that language was one of the major areas 

for research to focus on in mathematics education. The views and ideas, toward 

issues of multilingualism, put forward by Austin and Howson (1979), and Pimm 

(1987) have subsequently been expanded and redirected as reflected by Morgan 

(2007) who argues that studying language and communication in mathematics 

education implies studying multilingualism (a reality with the presence of two or 

more languages), and vice versa. 

Chval and Khisty (2009), Ni Riordain and O’Donoghue (2009), Parvanehnezhad and 

Clarkson (2008), Clarkson (1991; 2007), Dawe (1983), Zepp (1989), and Stephens, 

Waywood, Clarke and Izard (1993) have all argued that bilingualism per se does not 

impede mathematics learning. Their research has extended earlier work in 

bilingualism that began in the 1960s by researchers such as Pearl and Lambert 

(1962), Skutnabb-Kangas and Toukomaa (1976). This earlier research led to a 

refinement of the idea of bilingualism to include balanced bilingualism, and additive 

or subtractive learning environments (Lambert, 1977; Cummins, 1979a, 1979b, 

1991). From the 1980s, research began to focus on the cognitive effects of 

bilingualism on mathematical reasoning and problem-solving (Clarkson, 1992; Dawe, 

1983). Dawe (1983) and Clarkson (1992) drew extensively on the work of Cummins 

(1979a, 1979b, 1984; Cummins & Swain, 1986) whose theory of the relationship 

between language and cognition hypothesized that the level of competence a 

bilingual child develops in each language is directly related to academic performance. 

Cummins’ theory set two conditions: first, both languages must have enough social 

value and worth to flourish as languages of thought and expression; and second, a 

minimum threshold of competence must be achieved in both languages before the 

cognitive benefits of bilingualism are realized. At the first or lowest level of 

Cummins’ Threshold Theory, the bilingual child has a low level of proficiency in 

both languages and this results in negative cognitive effects for the student’s learning 

in mathematics (Essien, 2010). At the second or middle level of Cummins’ theory, 

the bilingual child will have age-appropriate proficiency in one of their languages 

(compared to a monolingual peer) but not both. This high level of proficiency in only 
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one of the languages is unlikely to influence cognition in any significant positive or 

negative way (Essien, 2010). The third or top level of the theory encompasses well-

developed bilingual students who have high levels of proficiency in both languages 

and are likely to demonstrate cognitive advantages over monolingual or weaker 

bilingual students in mathematics (Essien, 2010). 

Research has shown that when Cummins’ two conditions are met, young bilingual 

people, relative to monolingual controls, can show greater cognitive flexibility, 

creativity, divergent thought and improved problem-solving abilities (Baker, 2001; 

Lambert 1990). The work of Dawe (1983) and Clarkson (1992) provided benchmark 

evidence from different cultures and languages that bilingual students who were 

highly competent in both of their languages were mathematically superior to their 

monolingual peers and to bilingual peers dominant in one language when the effects 

of intelligence, schooling, socio-economic status, age and gender were controlled. 

Dawe (1983) and Clarkson (1992) also found that students weak in both languages 

were also mathematically weak. Their findings, and subsequent research (Clarkson, 

2007; Ni Riordain & O’Donoghue, 2009) have provided support for Cummins’ 

(1976) theory. 

The Threshold Theory was modified in 1979 and more focus was placed on the 

relationship between the two languages of the bilingual child. This resulted in the 

Developmental Interdependence Hypothesis (Cummins, 1979a), which proposes that 

the greater the level of academic language proficiency developed in the first 

language the stronger the transfer of skills across to the new language in which 

learning is taking place (Cummins, 2000). Conversely, the less developed a student's 

first language is the more difficult it is to attain bilingualism (Baker, 2001). 

Cummins (1979a) distinguishes between basic interpersonal communicative skills 

(BICS) and cognitive academic language proficiency (CALP). What is important to 

note here is that while second language learners may pick up oral proficiency (BICS) 

in their new language relatively quickly (approximately 2 years), it may take up to 7 

years to acquire the decontextualized language skills (CALP) necessary to function 

successfully in a second language classroom (Cummins, 1979a). The mathematics 

register is located within the realm of CALP. 
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There are a number of criticisms of the hypothesis, in particular that the 

differentiation of BICS and CALP underestimates the demands of conversational 

proficiency while overemphasizing the demands of academic proficiency. However, 

it has been shown to have good explanatory power of bilingual students' relative 

success/failure when encountering a new language of instruction in educational 

contexts (Ni Riordain & O’Donoghue, 2009) 

Two decades ago, Secada (1991) argued that bilingualism was becoming the norm in 

urban classrooms rather than the exception. This continues to be the case as additive 

bilingualism is now more globally normative than monolingualism (Crystal, 2003). 

Using English as a global language as an example, more people internationally now 

use it as a second language than as a first language, viewing it increasingly not so 

much as a language to be learned but as a basic skill to be acquired in school 

(Graddol, 2006). As the mobility of global populations increase so too does the fact 

that educators are more and more being faced with bilingual classrooms (Morgan et 

al., 2014). Therefore, research into mathematics education should begin treating 

classroom practices involving bilingual speakers (as opposed to the monolingual 

speakers) as the norm in addition to viewing students’ facility across languages as a 

resource rather than a problem (Baker, 1993). Grosjean (1985) argued that bilinguals 

have a unique and specific language configuration and, therefore, should not be 

considered the sum of two complete or incomplete monolinguals. 

The coexistence and constant interaction of the two languages in the bilingual 

has produced a different but complete language system. An analogy comes from 

the domain of athletics. The high hurdler blends two types of competencies: that 

of high jumping and that of sprinting. When compared individually with the 

sprinter or the high jumper, the hurdler meets neither level of competence, and 

yet when taken as a whole, the hurdler is an athlete in his or her own right. No 

expert in track or field would ever compare a high hurdler to a sprinter or to a 

high jumper, even though the former blends certain characteristics of the latter 

two. In many ways the bilingual is like the high hurdler. (p. 471). 

According to Grosjean’s view, language practices in bilingual classrooms should not 

necessarily be the same as the language practices in monolingual classrooms. For 

example, an important practice that makes a bilingual person an integrated whole is 

code switching. Code switching refers to individual ‘preferences’ for one language or 
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another; preferences, which are generally, related to a speaker’s language knowledge 

and abilities and/or to their language loyalties or language values (Auer, 1998 cited 

in Budach, 2013). In the past code switching was seen as a hindrance or barrier to 

learning; however, this has been refuted as illustrated by the claim by Clarkson 

(2007): 

Bilingual students have, at times, been thought to be at a disadvantage in 

learning mathematics because of an assumed interference between their two 

languages. … this is a naive view to take. Although some bilingual students do 

have a harder time, others seem to be at an advantage. (p. 191) 

Moschkovich’s (2002) research on the mathematics learning of bilingual Latino/a 

students in the US school system identified code switching as an effective classroom 

practice for keeping the focus on mathematics when difficulties with the language of 

instruction appear. Similarly, Planas and Morera (2011) found instances of group 

work in a bilingual classroom where some students restated their peers’ comments in 

more academic language without hindering the mathematical discussion being 

carried out. While research into adult bilingualism suggests that there is a cognitive 

cost associated with shifting from one language to another (Saalbach et al., 2013) 

and that “cognitive switching” may increase the chance of errors with language-

heavy mathematical problems (Alt et al., 2014), Civil (2012), argues against 

restrictive “monolingual” language policies in classrooms. Civil (2012) believes that 

much of the mathematical thinking of bilingual students can be missed because their 

communication is limited to only one language. She argues that by encouraging 

practices, such as code switching and revoicing, the teacher is tapping into more 

resource and learning opportunities (Civil, 2012). Many teachers seem to fear that if 

they allow such practices in the first language then the second language learning 

outcomes of the students will suffer. However, Civil (2012) and Setati (2008) found 

that bilingual students are normally very committed to the learning of their second 

language so as to improve overall academic success. 

The role of both language practices and specific mathematical practices are 

extremely important for the learning of mathematics in bilingual contexts. Barwell 

(2009) contends that for both monolingual and multilingual teachers, a major 

challenge is to keep the twofold focus on mathematics and language through 

classroom norms that move actions in the direction of autonomous and reflective 
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learning. Barwell (2009) explains that talking, arguing and explaining are quality 

practices that let the students gain autonomy from the teacher and become active in 

communicating their mathematical thinking in either language: 

[T]here is a difficult balance to be struck between attention to mathematics and 

attention to language, where the latter includes not only vocabulary, but also 

broader aspects of language such as mathematical ways of talking, arguing and 

explaining. (p. 7) 

3.4 Mathematics teaching in a bilingual context 

Bilingual education has been defined by Anderrson and Boyer (1970, p. 12) as 

“instruction in two languages and the use of those two languages as mediums of 

instruction for any part, or all, of the school curriculum”. Bilingual education uses 

the target language as the medium for instruction, whereas language programs 

simply teach the language as a subject (Gallagher, 2011). The aim of bilingual 

education is additive bilingualism whereby the second language is acquired at no 

cost to the first language; it is “added to the person’s repertoire and the two 

languages are maintained” (Garcia, 2009, p. 52). Met (1998) describes a range of 

bilingual education settings along a continuum varying from “content-driven 

programs” (such as immersion) to “language-driven programs” (language classes 

based on either thematic units or content used for language practice). Content-driven 

programs assess both content knowledge and language development in substantive 

ways; by contrast, language-driven programs focus on target language proficiency 

but entail no high-stakes assessment of content knowledge (Lyster & Ballinger, 

2011). At the pedagogical level, decisions regarding bilingual education are complex 

and managing linguistic diversity in bilingual classrooms has been a key topic for 

educational practice and research for many years. Over the last decade, educational 

research has emphasized the need for more bilingual pedagogies (Blackledge & 

Creese, 2010; Cummins, 2006; Gallagher, 2011; Garcia, Bartlett & Kleifgen, 2007; 

Helot & O’Laoire, 2011). 

It is clear that bilingual education through immersion schooling has been very 

successful internationally (Johnstone, 2001). Based on the evidence of over 1,000 

international research studies Baker (2006, p. 248) characterized bilingual education 

as “an educational experiment of unusual success and growth”. It has been adopted 
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by a number of countries around the world via immersion programs in order to either 

promote the learning of a second official language or to promote English as an 

international language. Examples of immersion programs that promote a second 

official language include French immersion in Canada (e.g., Lazuruk, 2007), Basque 

immersion in Spain (e.g., Cenoz, 2008), Swedish immersion in Finland (e.g., 

Sodergard, 2008), Irish immersion in Ireland (e.g. O Baoill, 2007), and Catalan 

immersion in Spain (e.g., Arnau, 2000). Examples of immersion programs that 

promote English as an international language include English immersion in Japan 

(e.g., Bostwick, 2001), English immersion in Malaysia (e.g., Swee Heng & Tan, 

2006), English immersion in Hong Kong (e.g., Lin & Mann, 2009), and English 

immersion in the United Arab Emirates (e.g., Gallagher, 2011). 

Bilingual education can be seen to cross a wide range of international contexts and 

instructional settings, including elementary, secondary and post-secondary 

institutions. While there are large differences across these contexts, there are some 

teaching issues, including both effective pedagogical practices and obstacles, which 

arise at the interface of language and content teaching. The latter is illustrated by 

Wesche’s (2001, p. 1) argument that “the contexts have much in common, each 

involving learners struggling to master academic concepts and skills through a 

language in which they have limited proficiency, while at the same time striving to 

improve that proficiency.” Wesche (2001) suggests that students’ efforts to learn 

both academic concepts and language can be facilitated considerably by good 

teaching. 

The ultimate goal of bilingual education is to produce an individual that is proficient 

in two languages and, as such, the success of bilingual education programs will 

always be judged, by the wider public, on language and literacy outcomes. 

Expectations must be realistic, however, and can only be commensurate with the 

overall societal and cultural attitudes to schooling, and with the quality of the school 

system itself (Gallagher, 2011). A truly balanced bilingual – a person who speaks, 

reads and writes two languages proficiently and equally – is very rare (Grosjean, 

1982). Crucially, L1 proficiency is unlikely to suffer as comparative research shows 

that, 
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Students in bilingual programs who speak a dominant societal language usually 

develop the same levels of proficiency in all aspects of the L1 as comparable 

students in programs where the L1 is the exclusive medium of instruction 

(Genesee, 2004, p. 552). 

Similarly, Cummins’ (1979a, 1979b, 2000) “common underlying proficiency model” 

argues convincingly that the brain has the capacity to process two or more languages 

easily and he concludes that “students educated for part of the day through a minority 

language do not suffer adverse consequences in the development of academic skills 

in the majority language” (Cummins, 2000, p. 202). Nevertheless, according to 

Baker (2006), children’s progress in L1 may be relatively slower initially in 

immersion programs and they may lag behind by three or four years in their first 

language skills. Educators need to have a good understanding of bilingual language 

development so that they can distinguish between language development and 

cognitive development. For example, in they early years of immersion there is likely 

to be a “silent period” while young learners develop comprehension skills in the 

second language before the production of fluent output “by the end of Year 2” 

(Johnstone, 2007, p. 22). The first language lag is a temporary one and, according to 

Baker (2006, p. 273), “By the end of elementary schooling, partial early immersion 

children typically catch up with their mainstream peers in first language 

achievement”. In terms of second language proficiency, expectations of “advanced 

proficiency” must remain reasonable (Gallagher, 2011). According to Swain and 

Lapkin (1982), intermediate levels of second language proficiency will appear by the 

end of Grade 8, where students will be able to “read newspapers and books of 

personal interest with occasional help from a dictionary” and “to participate 

adequately” in conversation (p. 14). 

The research regarding content knowledge outcomes for students studying in a 

second language is unclear. Some research suggests that students studying content 

courses (e.g., geography) in a second language progress as well as their peers 

studying content courses in their first language (Gallagher, 2011). May (2008) states 

that the research evidence, 

Consistency demonstrated that those programs which are most likely to achieve 

bilingualism and literacy for their students – that is additive bilingual programs 

– are also the most likely to see those students succeed educationally. (p. 21) 
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In addition, it is argued that the development of literacy in two languages ensures not 

only linguistic advantages for students but perhaps overall cognitive advantages as 

well (Cummins, 2000; Garcia, 2009). However, some educators contend the opposite, 

such as Baker (2006), who suggests that young children who learn mathematics and 

science through the medium of a second language may not progress quite as well 

because their second language skills are insufficiently developed to be able to think 

mathematically and scientifically in the second language. 

A study by Hoare and Kong (2008) investigated a well-known dilemma in bilingual 

education; how can subject-matter content be made comprehensible to learners who 

only have partial knowledge of the language of instruction without over-simplifying 

the curricular content. Through the discourse analysis of a number of lessons, given 

by the same teacher, Hoare and Kong (2008) argue that the structure of the more 

effective lessons were cyclical rather than linear, which enabled the teacher to 

explore content with students from multiple perspectives. The teacher built on 

students’ knowledge and encouraged them to engage in deeper levels of processing 

and knowledge reproduction (Hoare & Kong, 2008). The study by Hoare and Kong 

provides evidence that content-based lessons can be planned in ways that fuse both 

language and content objectives while compromising neither the scope of academic 

content nor the depth of processing (Lyster & Ballinger, 2011). 

The fusion of language and content objectives can be challenging. Tan (2011) 

examined the teaching of secondary mathematics and science in Malaysia where an 

English language of instruction policy had been introduced at a national level. Tan 

(2011) highlighted some of the challenges as being: exam-driven curricula; minimal 

training for teachers in content-based language teaching (CBLT); and teachers’ 

perceptions of being “only content teachers” or “only language teachers”. Tan (2011) 

argue that her results, 

[R]einforce the findings from previous research that it is not enough in CBLT to 

simply teach subject matter in the target language with the hopes that this will 

result in learning in both domains. Nor is it even enough to have additional lan-

guage courses such as the ESL to provide additional support for student 

learning. The results of this study and previous research demonstrate that if 

these efforts are not coordinated among language and content teachers, the 

quality of learning provided to students suffers. Conversely, if these two types 
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of teachers work hand in hand, students will finally have the chance to achieve 

the dual objectives of content and language learning. (p. 339) 

Tan’s results are similar to those from other contexts where despite the pairing-up of 

a subject-matter specialist and an ESL specialist, institutional and wider societal 

agendas impeded equitable integration of content and language by investing 

language with less status relative to content knowledge (Arkoudis, 2006; Creese, 

2005). This is reflected by the relatively short-lived initiative by the Malaysian 

Ministry of Education to teach mathematics and science through the medium of 

English, the project began in 2002 and ended in 2012 based on studies reporting that 

“the teaching of maths and science has been problematic and has not improved 

proficiency” (Hashim, 2009, p. 48) 

Lyster and Ballinger (2011) suggest that one important way to address the dilemma 

of teaching content through a second language is via correct scaffolding, and this 

goes to highlight the central role played by teacher discourse. In a bilingual 

classroom, well-structured questions can help improve the language proficiency of 

the leaners while developing their cognitive ability and conceptual understanding. 

Essien (2010) suggests that a holistic approach should be used to cater for the needs 

of bilingual learners which creatively taps into and exploits the different languages 

available it the classroom. He suggests practices such as, 

[A]sking learners for mathematical expressions in their home language; asking 

learners to interpret/translate to the teacher when a learner asks questions in 

another language not familiar to the teacher; encouraging leaners to do group 

discussions in language they are comfortable in; and/or using metaphors that the 

different languages in the class potentially provide for use in mathematics (p. 

182). 

Another well-known dilemma that is highlighted in most studies in bilingual 

education is the important role of professional development for teachers. Garcia 

(2009) points out that few teachers are actually trained for bilingual education, 

despite the fact that the “professional preparation of English immersion teachers is an 

essential factor for success in immersion” (Lin & Man, 2009, p. 46). Cummins 

(2005) emphasized the importance of providing teachers with strategies that allow 

them to help their students with language learning, he proposed three strategies: 

systematic attention to similarities and differences between the two languages 
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through cognate relationships; crafting dual language books by translating the second 

language to the first language; and sister class projects that involve students who 

speak different languages (possibly from different countries) working together on 

creating literature and art. 

In order for content-based language teaching to reach its full potential for integrated 

learning, it must be language-rich and discourse-rich (Dalton-Puffer, 2007; Hoare & 

Kong, 2008; Lyster, 2007). In their review of recent research Lyster and Ballinger 

(2011) highlight the decisive role that teachers play in bilingual education by, 

 (1) the influence that their expectations are observed to have on students’ 

language choices and (2) their ability to structure lessons that fuse language and 

content in ways that lead students to higher levels of cognitive engagement with 

content… (3) collaborative tasks to create opportunities for reciprocal language 

learning, (4) guidance to support students’ development of written discourse in 

content areas, and (5) leaner-centred as well as inquiry-based pedagogies that 

engage students more fully in discipline-specific discourses…(6) institutional 

commitments to provide teachers with sufficient time and sustainable 

opportunities for peer coaching in the spirit of cross-disciplinary collaboration. 

(p. 286) 

A number of researchers highlight assessment as a potential cause for the 

contradictions regarding the mixed research results regarding content knowledge 

attainment in a second language. Bilingual children’s linguistic proficiency in each 

of their languages may vary depending on topic and context (Pearson, Fernandez, & 

Oller, 1995); it is often the case that children have the content knowledge, but lack 

the language to make it recognizable in a second language classroom (Michael-Luna, 

2013). As a result of a lack of knowledge about bilingual development, many 

teachers may not be distinguishing language development from cognitive 

development (Rueda & Stillman, 2012). 

Many of the formal assessments available do not adequately measure a child’s full 

knowledge, but rather the child’s knowledge in the language of the test (Brisk, 2006). 

Because there are very few assessment tools normed on bilingual populations 

(Barrueco, Lopez, Ong & Lozano, 2009), teachers should be careful when 

interpreting data from assessments. Teachers should align the goals of the assessment 
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with the choice of assessment: is the assessment for supporting learning, measuring 

progress, identifying special needs, etc. (Pena & Halle, 2011). 

Another important factor in the teaching of bilingual education that has not received 

as much attention as perhaps it should relates to students’ motivation and attitudes. 

Researchers have highlighted the fact that learners who are weak in the second 

language have a tendency toward poor participation in classroom discourse (Setati, 

2003) and a fear of being embarrassed by the teacher or their peers for failure to 

speak the second language (Chitera, 2011). Some researchers argue that bilingual 

education confers attitudes of open-mindedness and appreciation of diversity onto 

learners (Garcia, 2009). However, children often do not appreciate these advantages 

and in some cases, because immersion students lack opportunities to use the 

language of instruction outside of the classroom, they have low motivation toward 

studying it (Hayashi, 2005, Kanno, 2003). 

3.5 A language use model for bilingual mathematics 
classrooms 

The crucial role played by language in the teaching and learning of mathematics is 

being increasingly acknowledged by researchers around the world (Clarkson, 2009; 

Morgan et al., 2014). Since deep conceptual development in mathematics is 

dependent on an appropriate understanding and use of the academic language of the 

subject, this academic language needs to be taught. Clarkson (2009) suggests a 

model, for language use in mathematics learning for bilingual and multilingual 

students based on the argument that if students are not aware of how they are to use 

language to think creatively then, in all likelihood, they will see the subject matter as 

only a set of facts and skill procedures to learn by heart which have little relevance to 

their own everyday lives. 

Clarkson’s Language Use Model was developed by modifying a model (see Figure 

3.1), from the literature, that was a suggested guide for how teachers should 

encourage students to use language during mathematics learning (e.g., NCTM, 1989). 

The original model was designed for monolingual classrooms where the language of 

instruction is English. The model suggests that teachers begin classroom discussions 

using informal language that students are familiar with, before encouraging students 
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to move toward a more structured standard form of English acceptable for a 

presentation in the English language classroom, and then, finally, introducting the 

precision of academic mathematical language. This language, although sharing much 

with structure English, has been developed to allow a sharing of mathematical 

thinking (Barton, 2008). So, for example, 

Students will be guided to be careful how they use such words as “half” (not 

just “part of a cake”, and certainly not “taking the biggest half”), as well as 

being encouraged to use specialist mathematical words such as “ellipse” and 

“parallel”. (Clarkson, 2009, p. 3) 

 

Figure 3.1: Language model for mathematics classrooms 
(Source: Clarkson, 2009, p. 3) 

The original model of language use from the literature (Figure 3.1) was deemed by 

Clarkson (2009) to be too static, failing to capture the fluid and dynamic manner in 

which both teacher and students use language. The first modification to the model 

was the addition of double-headed arrows (Figure 3.2). The second modification, 

“The overall flow of language use” was added to reflect the fact that the teacher 

and/or students, may revert back to casual/informal language after formal language 

has been introduced. The reason for this is that in casual/informal language may be 

employed “as an evaluative device to check the consistency of the central idea 

through the flow and intermingling of multiple forms of the English language 

(Clarkson, 2009, p. 4). So, while the overall flow of language used for teaching is 

downwards, the students need to be capable with all three forms of language. 
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Figure 3.2: First modification of the 'language model for mathematics classrooms' 
(Source: Clarkson, 2009, p. 5) 

Clarkson (2009) argues that the commonly used model (Figure 3.1) and its adaption 

(Figure 3.2) need to be further modified for bilingual contexts. His main argument 

for this is based on a literature review that he completed where he found that there 

were few reports on the teaching of bilingual students and that these were descriptive 

studies that did not attempt to exploit models based on research (Clarkson, 2004). He 

highlights four ideas that need to be considered in the mathematics classroom 

(Clarkson, 2009, p. 7), 

 Teachers should encourage the different types of language, such as informal 

talk in students’ first language leading to more formal mathematical talk in the 

language of teaching.  

 Tracing the language paths of students in such complex multilingual situations 

is critical.  

 Informal or exploratory talk inevitably occurs in the students’ first languages. 

This can often lead to ‘broken communication’ when the teacher does not 

share the students’ first language. Hence helping students to move to the more 

formal mathematical talking and writing, which often involve a switch to the 

language of the classroom, can be fraught with unknown linguistic setbacks.  

 Teachers need to use academic mathematical language in verbal discourse, 

and promote an expectation that students will come to use such language. The 

results suggest the students do in the end use formal mathematical language if 

they see the teacher using it consistently.  
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Based on the latter, and on research conducted with English language leaners in 

Australia (Clarkson, 1996, 2006; Parvanehnezhad & Clarkson, 2008), Clarkson 

suggests the model depicted in Figure 3.3. 

 

Figure 3.3: A model for language use in mathematics learning for multilingual students 
(Clarkson, 2009, p. 8) 

He explains that some potential interactions are not displayed and some interactions 

may better be indicated with broken lines (e.g., fragmented knowledge of the 

mathematics register in the first language) or not at all. The heart of the argument, 

according to Clarkson, is that research needs to explore the linkages and contexts of 

language usage in the mathematics classroom so as to contribute to the quality 

teaching of mathematics by helping teachers to develop teaching strategies that will 

encourage students to explore, debate and think deeply with mathematical ideas 

(Clarkson, 2009). 

3.6 Conclusion 

Research into bilingual education in terms of language and literacy outcomes has 

been shown to be positive across different contexts using different languages, 

endorsing immersion education as a route to bilingualism (Hermanto, Moreno & 

Bialystok, 2012) for example Spanish-English immersion (e.g., Ballester, 2010), 

Cantonese-English immersion (e.g., Lo & Murphy, 2010), and Cantonese-Mandarin 

immersion (e.g., Chen et al., 2008). However, there have been very few studies that 

have assessed the progress of content knowledge outcomes (e.g., Mathematics and 
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Science) across different contexts using different languages. The studies that 

assessed content knowledge have had mixed results with some educators suggesting 

that young children who learn mathematics and science through the medium of a 

second language may not progress quite as well because their second language skills 

are insufficiently developed to be able to think mathematically and scientifically in 

the second language (Baker, 2006). Other researchers have argued that there is no 

evidence that students’ academic and cognitive development is slowed in any way by 

an immersion experience, and that immersion students are able to maintain academic 

achievement in mathematics (Bostwick, 2001). 

The relationship between language and mathematics education in bilingual settings is 

clearly complex. This complexity is the result of the fact that most bilingual 

mathematics learners have to cope with learning a mathematical register as well as a 

second language in which mathematics is being taught (e.g., English). Research on 

bilingual mathematics learners, however, need not focus on comparisons between 

bilingual and monolingual individuals (or between monolingual and bilingual 

classrooms). Instead, the research focus should be on describing how bilingual 

learners communicate mathematically, grounding analyses of classroom discussions 

in ethnographic observations of classroom interactions. The language issues within a 

mathematics classroom illustrates that, even if the mathematical language can be 

considered universal – that is, shared by all those doing mathematics –the language 

of “doing mathematics within the classroom” is far from universal. The heart of the 

argument, according to Clarkson, is that research needs to explore the linkages and 

contexts of language usage in the mathematics classroom so as to contribute to the 

quality teaching of mathematics by helping teachers to develop teaching strategies 

that will encourage students to explore, debate and think deeply with mathematical 

ideas (Clarkson, 2009). 

As there are relatively few studies in bilingual education that have assessed content 

knowledge outcomes (e.g., mathematics) across different contexts using different 

languages, there is a clear need to gather more evidence that can add to the language-

in-education literature. The unique and unprecedented situation that exists in the 

research setting should not go un-studied; in particular the opportunity to gather data 

related to questions about content knowledge achievement in subjects taught through 
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a second language (e.g., Mathematics), and the opportunity to gain data related to the 

question of simultaneous versus sequential early literacy development. 

This chapter and the preceding chapters provided a review of literature that covered, 

in a broad sense, constructivist theory in mathematics education, ICT in mathematics 

education, and mathematical education in bilingual contexts. This review discussed 

research in these areas and provided appropriate frameworks to assist in the 

exploration of these concepts, specifically, the van Hiele Theory and the SOLO 

Model. Furthermore, consideration was given to Clarkson’s Language Use Model for 

Mathematics Classrooms, and the ARCS Motivation Model and related Course 

Interest Survey. Based on the themes discussed in theses chapters, research questions 

were developed and a study was designed. Chapter 4 outlines these research 

questions, and the research design and methodology implemented to explore these 

research themes. 
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CHAPTER 4 RESEARCH METHODOLOGY 

4.1 Introduction 

The previous chapters provided a review of literature that covered, in a broad sense, 

constructivist theory in mathematics education, ICT in mathematics education, and 

mathematical education in bilingual contexts. This review discussed research in these 

areas and provided appropriate frameworks to assist in the exploration of these 

concepts, specifically, the van Hiele Theory of Geometric Thought, the SOLO Model, 

Clarkson’s Language Use Model for Mathematics Classrooms, and the ARCS 

Motivation Model and related Course Interest Survey. Based on the research themes 

discussed in the previous chapters, a research study was designed.  The overall 

purpose and design of this study was to examine the factors that promote and/or 

contribute to student understanding of geometry in a bilingual context. Four areas 

were of particular interest in this study as highlighted by the four research questions 

presented below: 

1) In what ways do teaching practices that integrate Dynamic Geometry 

Software (DGS) in a bilingual elementary school in Japan contribute to 

student understanding of geometry? 

2) In what ways do teaching practices that integrate DGS in a bilingual 

elementary school in Japan promote student motivation for learning 

geometry? 

3) In what manner does the application of the van Hiele teaching phases assist 

the equitable integration of subject-content and language-content in a 

bilingual elementary school in Japan? 

4) Does the SOLO Model offer a framework to explain the contribution of the 

integration of technology in the bilingual context to students understanding of 

geometry? 

This chapter will outline the methodology developed and utilized within this 

investigation. To describe the methodological considerations and provide a detailed 

description of the design, this chapter is divided into sections: describe and outline 

the context of the study including the participants and the setting; the design of the 

study including the pilot study and the qualitative and quantitative instruments 

employed; methodological issues; data analysis plan; and evaluation of the design.  
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4.2 Research paradigm 

The mixed methods research approach selected for this study requires a discussion 

about paradigms, and a justification or rationale for combining qualitative and 

quantitative data in the face of the seemingly incompatible paradigms underlying 

them (e.g., Guba & Lincoln, 1994; Lincoln & Guba, 1985). This problem dates back 

to the “paradigm wars” of the 1970s and 1980s, when social scientists supporting 

qualitative research proposed constructivism (or variants thereof) as an alternative 

paradigm to the positivist paradigm of quantitative research (Reichhardt & Rallis, 

1994). The different rationales used for defining “qualitative” and “quantitative” 

have long been associated with different paradigmatic approaches to research – 

different assumptions about the nature of knowledge (ontology) and the means of 

generating it (epistemology) (Bazeley, 2004). Kuhn (1963) prompted the idea that a 

researcher’s paradigmatic view of the world would be connected to the way they 

might go about researching the world, and this was further extended by Guba and 

Lincoln’s work on naturalistic inquiry (e.g., Lincoln & Guba, 1985). 

Four commonly agreed worldviews are postpositivism, constructivism, 

transformative and pragmatism (Hall, 2013). Positivism and its successor 

postpositivism are closely identified with quantitative research. Constructivism is 

closely associated with qualitative or interpretivist research. Neither postpositivism 

nor constructivism are particularly suitable for mixed methods research; only the 

transformative and pragmatism worldviews are seen to be compatible with mixed 

methods research (Hall, 2013). Pragmatism claims that these philosophical 

disagreements are not fundamental (e.g., Patton, 2001; Reichardt & Cook, 1979; 

Tashakkori & Teddlie, 1998), and that research methods are not intrinsically linked 

to specific philosophical positions (Maxwell & Mittapalli, 2010). Methodological 

pragmatists argue that, paradigmatic conflicts can be ignored and methods can be 

combined on the basis of their practical utility (Maxwell & Mittapalli, 2010). The 

latter has gained substantial acceptance amongst mixed method researchers, and 

pragmatism has been promoted as the appropriate philosophical stance for mixed 

method research (Biesta, 2010; Johnson & Gray, 2010; Maxcy, 2003; Morgan, 2010; 

Tashakkori & Teddlie, 2003). 
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The view adopted in this research study, while agreeing in principle with the 

pragmatist position, subscribes to the realist approach as an alternative single 

paradigm. While in agreement with the pragmatist position that research methods are 

not determined by, or dependent on, philosophical paradigms (Maxwell & Mittapalli, 

2010), and that research methods are not necessarily linked to a single philosophical 

stance, and may be informed by one or more paradigms (Greene, 2002; Pitman & 

Maxwell, 1992). The view adopted in this research study is that the pragmatist 

position cannot encompass the wide range of mixed methods research currently 

being undertaken (Hall, 2013). The pragmatist position underestimates the actual 

influence of philosophical assumptions on research methods, an influence that is 

particularly significant for combining qualitative and quantitative approaches (Hall, 

2013; Maxwell & Mittapalli, 2010). Ontological, epistemological, and axiological 

assumptions are real properties or “values” of researchers (Henry, Julnes, & Mark, 

1998; Mark, Henry, & Julnes, 2000) and inevitably influence researchers’ methods to 

some degree. These assumptions are lenses for viewing the world, and help to reveal 

phenomena and generate insights that would be difficult to obtain with other lenses 

(Maxwell & Mittapalli, 2010). As Bergman (2011, p. 101) points out: “it is time to 

bring in a second generation of theoretical considerations about the shape and 

reasons for mixed methods research”. 

Realism provides a philosophical stance that is compatible with the essential 

characteristics of qualitative and quantitative research (Maxwell & Mittapalli, 2010). 

It does not limit the range of topics to be researched, nor the methods that can 

legitimately be used to conduct research (Hall, 2013). It can accommodate the 

mixing of qualitative and quantitative methods and facilitate communication and 

cooperation between the two (Greene, 2002; Mark et al., 2000).  

In general terms, philosophic realism has been defined as "the view that entities exist 

independently of being perceived, or independently of our theories about them" 

(Phillips, 1987, p. 205). Lakoff provides a more specific definition for what he terms 

“experiential realism”; he lists the following characteristics: 

(a) a commitment to the existence of a real world, (b) a recognition that reality 

places constraints on concepts, (c) a conception of truth that goes beyond mere 

internal coherence, and (d) a commitment to the existence of stable knowledge 

of the world. (p. xv) 
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Perhaps the most important manifestation of realism in the social sciences is the 

“critical realist” tradition. Critical realism is closely associated with the work of 

Bhaskar (1978, 1989). The realist perspective has also been used in the evaluation 

field by Pawson and Tilly (1997), and by Henry et al. (1998), and extended to other 

areas by Sayer (2000). What these approaches have in common is a version of 

realism that recognizes the complexity of social phenomena by enabling a role for 

values and interpretive meaning while at the same time accepting explanation as a 

legitimate goal of social research (Hall, 2013). 

It is worth noting that some of the major figures in pragmatism were also ontological 

realists (Biesta, 2010; Maxcy, 2003). Buchler (1940) wrote, in reference to Peirce the 

founder of American pragmatism, that 

Underlying every phase of Peirce’s thought is his realism. The supposition that 

there are real things—the real is ‘that whose characters are independent of what 

anybody may think them to be’—he regards as the ‘fundamental hypothesis’ of 

science, for it alone explains the manner in which minds are compelled to 

agreement. (p. xiv). 

As highlighted by Maxwell and Mittapalli (2010), a number of contemporary 

philosophers who integrated pragmatism and realism include Haack, Putnam, and 

Zeglen. It has been reported that, “Putnam once commented that he should have 

called his version of realism ‘pragmatic realism’” (Maxwell & Mittapalli, 2010, p. 

154). 

Paradigm issues are a concern in mixed methods research, and choice of an 

appropriate paradigm is seen as a necessary step to justify the use of mixed methods 

research (Hall, 2013). It could be argued that paradigmatic issues raised by mixed 

methods research remain unresolved and that there is still disagreement over what 

constitutes an appropriate paradigm or paradigms (Bazeley, 2004; Hall 2013; 

Maxwell & Mittapalli, 2010). In this research study, a realist approach has been 

adopted as an alternative single paradigm, as it does not suffer from the limitations of 

the pragmatism and transformative paradigms, and supports the use of mixed 

methods (Hall, 2013). While a realist approach has been adopted, it is caveated by 

the argument of Johnson and Onwuegbuzie (2004, p. 17) who “reject an 

incompatibilist, either/or approach to paradigm selection and we recommend a more 
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pluralistic or compatibilist approach”. Philosophical realism is gaining increased 

attention as an alternative to both positivism/empiricism and constructivism as a 

stance for research and evaluation in the social sciences (Campbell, 1988; House, 

1991; Mark et al., 2000; Maxwell, 1992, 2004, 2008; Pawson, 2006; Pawson & 

Tilley, 1997; Sayer, 1992, 2000). 

4.3 Methodology 

A mixed methods research approach will be employed in this study. A mixed 

methods research approach is built on the premise that it can be more beneficial to 

consider how the strengths of quantitative and qualitative approaches can be merged 

within a mixed methods research approach (Lopez-Fernandez & Molina-Azorin, 

2011). Data will be collected using a “concurrent triangulation” strategy, which 

involves a researcher conducting a study using both qualitative and quantitative 

approaches to understand the phenomenon under study (Creswell, 2003). 

Mixed methods research aims to bridge the divide between positivism and 

constructivism (Hanson, Creswell, Clark, Petska, & Creswell, 2005; Johnson & 

Onwuegbuzie, 2004). An advantage of a mixed methods approach is that it 

encourages researchers to: think in terms of multiple continua rather than a single 

dichotomy of qualitative and quantitative approaches; employ multiple perspectives 

as required; use multiple methods that are grounded in both qualitative and 

quantitative traditions; and interpret findings freely without the imposed constraints 

of either of the two broad approaches to research (Tashakkori & Newman, 2010). 

Additionally, using a mixed-methods approach can increase understandings of 

certain aspects of studies that have already been carried out in this field, and allows 

the generation of new theoretical explanations or the expansion of current ones 

(Lopez-Fernandez & Molina-Azorin, 2011; Ridenour & Newman, 2008). 

After evaluating 57 mixed methods research studies related to educational 

programmes, Greene, Caracelli, and Graham (1989) proposed five purposes of mixed 

methods research in terms of its contribution to research design and execution: 

triangulation, complementarity, development, initiation and expansion.  

Triangulation is to seek a corroboration or convergence of results from the different 

methods such that these results are more reliable (Denzin, 1978; Greene et al., 1989). 
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Despite some criticisms, triangulation remains a dominant desideratum in mixed 

methods research studies and a purpose that can be pragmatically defined and 

achieved (Riazi & Candlin, 2014). The combination of multiple methodological 

practices, empirical materials, perspectives and observers in a single study is best 

understood as a strategy that adds rigor, breadth complexity, richness and depth to 

any inquiry (Flick, 2002, 2007). 

Complementarity is the measuring of facets overlapped from a phenomenon, which 

expands the explanatory power of mixed methods research by allowing different data 

types and analysis for different research questions and processes (Lopez-Fernandez 

& Molina-Azorin, 2011). Quantitative and qualitative results may be drawn upon to 

interpret different aspects of the phenomenon and in this way achieve 

complementarity (Riazi & Candlin, 2014). The logic underlying complementarity is 

that social phenomena are complex and multi-layered. The quantitative and 

qualitative results from mixed methods research are used to consider the different 

research questions relating to different layers of social phenomena. 

Development refers to when the results from one instrument or phase of a mixed 

methods research study are used to inform or develop another instrument of phase. 

Riazi and Candlin (2014) provide an example to illustrate this where the “results 

from interviews with teachers about their professional lives are used to develop a 

questionnaire to collect data from a broader and larger sample of teachers” (p. 144). 

In this example, the two instruments or phases are implemented sequentially, 

because the results from one are used to inform or develop the other. Both 

triangulation and development fit within a pragmatic perspective.  

Initiation, according to Green et al. (1989), is where a researcher seeks to uncover 

contradiction and paradox, which comes about due to the conflicting results obtained 

from one method in the light of those obtained from another. Initiation is perhaps 

best understood, “in terms of a multidimensional ‘reality’ requiring the researcher to 

investigate different dimensions using a range of methods and perspectives” (Riazi & 

Candlin, 2014, p. 145).  

The fifth purpose of mixed methods research in terms of its contribution to research 

design is Expansion. Expansion refers to breadth and depth of inquiry that comes 

about by using different methods to study different components of phenomena. 
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According to Greene et al. (1989) it is the most flexible of the five purposes of mixed 

methods research and this is reflected by the frequency with which mixed methods 

research is used.  

In terms of the present study, a mixed methods research approach was selected 

specifically for the expected contributions that triangulation, complementarity and 

expansion would make to the research design and execution. From the outset the 

research study was seeking convergence and corroboration between the results 

obtained from different qualitative and quantitative methods and instruments in order 

to eliminate the bias inherent in the use of a single method. Furthermore, the 

contextual issues related to the current study, which were explained earlier (i.e. 

bilingual setting, participants, mathematical backgrounds etc.), are unique and 

complex. It was anticipated that the underlying logic of mixed methods research 

approach, which views social phenomena as multi-layered, would allow the 

qualitative and quantitative methods and instruments to address the research 

questions relating to the different aspect or layers of the social phenomenon being 

studied. Finally, this research project sought to extend the breadth and depth of 

inquiry through a mixed methods research approach. It was expected that the 

qualitative and quantitative data would inform each other during the analytical 

process and, as a result, it was hoped that the mixed methods research approach 

would lead to valuable insights that separate studies would not have revealed. This 

study sought to obtain a rich and detailed understanding of the development of 

student conceptual understanding of geometry in a bilingual setting. 

4.4 Research methods 

The next section will provide an explanation and justification for the data collection 

methods employed in the study. Quantitative data collection tools will be discussed 

first, followed by a discussion of the qualitative data collection tools. 

4.4.1 Justification of quantitative instruments 

The van Hiele Geometry Test (VHGT) 

This study used the VHGT to assess student levels of geometric thinking. The VHGT 

was designed and copyrighted in 1982 by Zalman Usiskin and Susan Senk for the 

Cognitive Development and Achievement in Secondary School Geometry 
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(CDASSG) Project (Usiskin, 1982). The test was designed by using quotes and 

descriptors from the levels described in van Hiele’s work. The VHGT was originally 

piloted in three states in the United States as an oral examination. The results of this 

pilot were used to create a 25 question, multiple-choice examination where 5 

question subsets correspond to the each van Hiele level. This 25-question 

examination was then administered at four schools in the United States to determine 

an appropriate time length for the test and to ensure that the questions reflected the 

appropriate van Hiele level. Written permission was received from Zalman Usiskin 

to translate the VHGT from English to Japanese, and to use both the original English 

version (see Appendix G) and the translated Japanese version (see Appendix H)  for 

this study (Z. Usiskin, personal communication, April 20, 2015). The VHGT was 

translated from English to Japanese by a Japanese national who is both a qualified 

secondary school mathematics teacher in Japan, and who is also an accredited 

elementary school classroom teacher in Australia, with over 15 years experience 

teaching in New South Wales public schools. A professional translator based in 

Kyoto, Japan then back translated this English to Japanese translation from Japanese 

to English. Based on the literature review conducted for this study, and 

correspondence with Zalman Usiskin, it appears that this is the first time that a 

Japanese translated version of the VHGT has been used in research (Z. Usiskin, 

personal communication, April 20, 2015). 

The subjects of this study are elementary students. The vast majority of research 

conducted regarding the acquisition of van Hiele levels has shown that lower 

secondary school students can usually only achieve up to the third van Hiele level, 

which is informal deduction, and that this also true of elementary school students 

(Abdullah & Zakaria, 2013; Ma, Lee, Lin, & Wu, 2015; Pegg & Davey, 1989; 

Skrbec & Cadez, 2015; Usiskin, 1982; van de Walle, 2004; Wu & Ma, 2006). 

Strategically planned instruction is the best facilitator for progression from one van 

Hiele level to the next (Clements, 2003; van Hiele, 1984). During early elementary 

school, students tend to move from level 1 to level 2. For example, at level 1, 

students name all shapes that look like boxes as rectangles (Howse & Howse, 2014). 

Then at level 2, students sharpen the ability to describe attributes, such as 

characterizing a rectangle as a flat shape with four sides and four corners. Also at 

level 2, the rectangle is described as a quadrilateral with four sides, four right angles, 
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and with congruent and parallel opposite sides (Howse & Howse, 2014). Based on 

the latter, only questions 1-15 of the VHGT were used for this research; questions 

16-25 were considered inappropriate for use with elementary school students.  

When using the VHGT to determine student understanding and acquisition of van 

Hiele levels, there are two cases and two criteria to choose from, referred to as the 

Classical Case and the Modified Case (Knight, 2006). In the Classical Case, for 

example, a student is identified as being at Level 1 if they correctly answer the 

allotted number of questions for Level 1, questions 1-5, but do not correctly answer 

the allotted number of questions in any of the remaining levels (questions 6-10, and 

questions 11-15). If the student correctly answers the allotted number of questions 

for Level 1 and also correctly answers the allotted number of questions for Level 3 

then the student is identified as not fitting the criterion and therefore not fitting the 

theory model (Knight, 2006). If the student correctly answers the allotted number of 

questions for Level 1 and also correctly answers the allotted number of questions for 

Level 3 then in the Classical Case the student is identified as not fitting the criterion. 

However, in the Modified Case the student is identified as having an understanding 

at Level 1 (Knight, 2006). 

When using the VHGT to determine student understanding and acquisition of van 

Hiele levels, there are two criteria to choose from. These criteria refer to how many 

questions, in a block of five questions, must be answered correctly for a student to be 

identified as having that level of understanding. Which criterion to use is based on 

whether the researcher wants to reduce Type I error or Type II error. As stated 

previously the test consists of five blocks of five questions each. Type I error is 

defined by Coladarci, Cobb, Minium, and Clarke (2004) as “getting statistically 

significant results when you shouldn’t” (p. 230). For the purpose of the test, this 

would be assigning a subject a level of understanding higher than achieved. This is 

done by requiring that four of five questions (4) in a block should be correctly 

answered to achieve that level. The second type of error, Type II, is described by 

Coladarci et al. (2004) as “failing to claim that a real difference exists when in fact it 

does” (p. 231). For the purposes of the test this would be placing too stringent a 

requirement for attaining a level of understanding. This is done by requiring that 

three of five questions (3) in a block should be correctly answered to achieve that 

level.  
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The course interest survey (CIS) 

This study used the CIS, which was designed by John Keller, Florida State 

University, to measure student motivation toward a particular course or subject. In 

general, surveys collect data at a particular point in time with the aim of the 

describing existing conditions, or identifying standards by which existing conditions 

can be compared, or determining relationships between specific events (Cohen, 

Manion, & Morrison, 2011).  

Morrison (1993, p. 38–40) explains that surveys have several characteristics and uses, 

which include: 

 Gathers data on a one-shot basis and hence is economical and 

efficient; 

 Generates numerical data; 

 Provides descriptive, inferential and explanatory information; 

 Gathers standardized information; 

 Ascertains correlations; 

 Supports or refutes hypotheses about the target population; 

 Gathers data which can be processed statistically. 

Surveys normally, but by no means exclusively, rely on large-scale data which 

enable comparisons to be made over time or between groups; however, this does 

mean that surveys cannot be undertaken on a small-scale basis, but that the 

generalizability of the data will be slight (Cohen et al., 2011). In most large-scale 

data surveys the researcher is clearly an outsider, though in small-scale data surveys 

this if often not the case. In situations where researchers are conducting survey 

research on their own subjects, then questions of reliability arise and the applicability 

of the survey to wider contexts is reduced (Cohen et al., 2011). 

The survey used in the research study, the CIS, was designed by Keller to measure 

students' motivation to learn with reference to a specific learning condition. It was 

designed to be in correspondence with a theoretical foundation represented by a 

specific model of learner motivation, which is called the Attention, Relevance, 

Confidence and Satisfaction Model (ARCS Model) (Keller, 1987a, 1987b). The 

ARCS Model is derived from literature on human motivation (Keller, 1979, 1983, 

1999); hence, many of the items in the CIS are similar in intent (but not in wording) 
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to items in established measures of psychological constructs such as need for 

achievement, locus of control, and self-efficacy, to mention three examples (Keller, 

2006b).  

As a situational instrument, the CIS is not intended to measure students' generalized 

levels of motivation toward school learning (i.e. they are not trait- or construct-type 

measures) (Keller, 2006a). The goal of the CIS is to find out how motivated students 

are, were, or expect to be, by a particular course. The expectation is that these 

surveys can be used with undergraduate students, adults in non-collegiate settings, 

secondary students, and younger students who have appropriate reading levels 

(Keller, 2006a). With the latter in mind, it was considered appropriate to create and 

English/Japanese bilingual version of the CIS for this study. 

Written permission was received from John Keller to translate the CIS from English 

to Japanese, and to use both the original English version and the translated Japanese 

version to create an English/Japanese bilingual version (see Appendix I) of the CIS 

for this research study (J. Keller, personal communication, April 21, 2015). 

Furthermore, permission was received to adapt the CIS to fit the specific situation, 

and default wording in the instrument such as “this course” or “this lesson” were 

changed to fit the specific situation being assessed. The CIS was translated from 

English to Japanese by a Japanese national who is a qualified secondary school 

mathematics teacher in Japan and an accredited elementary school classroom teacher 

in Australia, with over 15 years experience teaching in New South Wales public 

schools. This English to Japanese translation was then back-translated from Japanese 

to English by a professional translator based in Kyoto, Japan. Based on the literature 

review conducted for this study, and correspondence with John Keller, it appears that 

this is the first time that an English/Japanese bilingual version of the CIS has been 

used in research. 

The CIS can be used to assess overall motivation as well as the four components of 

the ARCS Model (attentions, relevance, confidence and satisfaction). As stated 

earlier in Chapter 2, in this research study only the total scale score was used, the 

investigation of the four subscales of attention, relevance, confidence, and 

satisfaction remain as future directions for research in this area. The CIS will be 

discussed in more detail in Chapter 5.  When developing the CIS, Keller initially 
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administered the survey to a class of 45 undergraduates and the internal consistency 

estimates were satisfactorily high (Keller, 2006b). The instrument was revised and 

then administered to a different class of 65 undergraduates and the internal 

consistency estimates were high. The CIS was then administered to 200 

undergraduates and graduate students at the University of Georgia, and information 

was also obtained about the student's course grades and grade point averages (Keller, 

2006b). The internal consistency estimates, based on Cronbach’s alpha, were 

satisfactory as can be seen in Table 4.1.  

Table 4.1: CIS reliability estimates 

Scale 
Reliability Estimate 

(Cronbach ) 

Attention .84 

Relevance .84 

Confidence .81 

Satisfaction .88 

Total scale .95 

Source: Keller, 2006b, p. 5 

Furthermore, Keller correlated the CIS scores from the 200 Georgia undergraduates 

and graduates with their course grades and grade point averages, as can be seen in 

Table 4.2. Keller (2006b) explains that all of the correlations with course grade are 

significant at or beyond the .05 level, and none of the correlations with grade point 

average are significant at the .05 level. These results support the validity of the CIS 

as a situation specific measure of motivation, and not as a generalized motivation 

measure, or “construct” measure, for school learning. 

The model enjoys wide support in the literature, and a number of researchers attest to 

its reliability and validity in many different learning and design environments. For 

example, mathematics research with school children (Carpenter, 2011; Halat, 2006; 

Halat et al., 2008; Koon Wah, 2015; Seo & Lee, 2010; Starkey, 2013), research 

studies in the field of education (Gabrielle, 2003; Huett, 2006; Robb, 2010; Tao, 

2009), research concerning the traditional classroom (Klein & Freitag, 1992; Means, 

Jonassen & Dwyer, 1997; Moller, 1993), Computer Assisted Instruction (Shelnut, 

Knowlton & Savage, 1999; Song, 1998; Song & Keller, 1999; Suzuki & Keller, 

1996), blended learning environments (Gabrielle, 2003), and online, distant, and 

web-based classrooms (Chyung, 2001; Huett, 2006; Song, 2000; Visser, 1998). 
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Table 4.2: CIS correlations with course grade and GPA 

ARCS Categories Course Grade GPA 

Attention .19 .01 

Relevance .43 .08 

Confidence .51 .01 

Satisfaction .49 .03 

Total Scale .47 .04 

Source: Keller, 2006b, p. 5 

4.4.2 Justification of qualitative instruments 

Interview Design 

Interviews are arguably the most used instrument in qualitative research (Briggs, 

1986; Currie & Kelly, 2012). Reasons for the latter, as explained by Forsey (2012), 

include that interviews are expedient ways of gathering rich data, that they make 

sense in an interview society, and that they provide tangible, “work-withable” data. 

Sarantakos (1998, p. 255-256) explains that the distinguishing traits of a qualitative 

interview include: 

 using open-ended questions only; 

 predominantly being single interviews, i.e. questioning one person at 

a time; 

 flexible question structures that are not fixed or rigid, and that allow 

for change of question order, even the addition of new questions 

where necessary. 

 offering interviewers more freedom in presenting the questions, 

changing wording and order, and adjusting the interview so that it 

meets the goals of the study. 

Jennifer Mason (2002, p. 1) lists some of the strengths of qualitative interviews that 

are sometimes lost from sight, arguing that through them we can explore: 

 the texture and weave of everyday life; 

 the understandings, experiences and imagings of participants; 

 how social processes, institutions, discourses or relationships work; 

and  

 the significance of the meanings that they generate.  
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The interview script used in this research was an open-ended script based on the 

interview-design developed by Pegg and Davey (1989). The script involved 

participants firstly being asked to draw a specific geometrical shape, e.g.  

“Please draw a …” 

If the student was unable to draw the shape or did not understand the instructions, 

they were shown a picture of the shape. 

Next the student was asked to describe the shape in writing as best they could, as 

they would to a friend who was on the other end of a telephone. 

Pegg and Davey (1989) found that: 

[D]espite the fact that the questions asked of the students were relatively 

unsophisticated, it was surprising the amount of information that was 

generated… What became clear during the investigation was the great value 

that existed for teachers in using such ‘open’ questions. Students would benefit 

from practice in expressing themselves, writing grammatical sentences, spelling 

mathematical words.” (p. 26) 

In Pegg and Davey’s (1989) original design the procedure was repeated four times 

for each subject, i.e. each subject was asked to describe four common shapes: square, 

rectangle, parallelogram and rhombus. Based on the bilingual setting and the varied 

language ability of the participants, this research project only repeated the procedure 

once for each subject, i.e. each subject was asked to describe only one of the four 

common shapes: square, rectangle, parallelogram and rhombus. 

Pegg and Davey (1989) developed their original interview procedure to avoid 

prompting and students were asked to reflect on what they had written, i.e. explain 

their writing, clarify certain words, and allow them to change their answer by adding 

or removing information. A concern for Pegg and Davey was that “prompting” or 

“teaching roles” in an interview may have a “level reducing” quality that could cause 

students to appear to function at a much higher level then they could achieve on their 

own or as indicated in their written responses. 

The interview schedule used in this research study, involved the pre-test interviews 

and the post-test interviews being conducted in the week before, and week after the 
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teaching intervention. Particpants were interviewed during school operating hours, 

and due to some unanticipated scheduling difficulites after the teaching intervention, 

some time constraints were placed on some of the particpants’s inteviews. The later 

resulted in some students being shown their pre-test response and being asked to 

make any additions or subtractions to it that they believed were necessary to achieve 

the task of being decribing the shape in writing as best they could, as they would to a 

friend who was on the other end of a telephone. While this situation is not ideal, and 

represents a potential limitation to the study, it was anticipated that this limitation 

would be reduced as a result of the extent of triangulation that was employed in the 

mixed-methods design, with students also participating in a number of qualitative 

procedures, which would allow for an assessment of student reasoning. Due to the 

different procedures in the mixed-methods design yielding substantiality the same 

results, confidence can be placed in the findings of the research. 

Standardized open-ended interview 

With Pegg and Davey’s (1989) concerns about an open-ended interview and 

prompting in mind, a standardized open-ended interview format was adopted. This 

type of format is extremely structured in terms of the wording of the questions, i.e. 

the participants are always asked identical questions. However, the questions are 

worded so that responses are open-ended (Gall, Gall, & Borg, 2003). This open-

endedness allows the participants to contribute as much detailed information as they 

desire and it also allows the researcher to ask follow-up questions as a means of 

ensuring that they obtain optimal responses from participants (Creswell, 2007). 

Standardized open-ended interviews are a very popular form of interviewing utilized 

in research studies because by their nature, they allow participants to fully express 

their viewpoints and experiences (Turner, 2010). However, open-ended interviews 

do have a weakness, the data is often difficult to code (Creswell, 2007). It can be 

quite difficult for researchers to extract similar themes or codes from the interview 

transcripts as they would with less open-ended responses (Turner, 2010). However, 

according to Gall et al., (2003), this reduces researcher biases within the study, 

particularly when the interviewing process involves many participants. 

Implementation of interview 
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The interviewer can influence the outcome of interviews and in turn the study in both 

positive and negative ways. Sources of error and bias that can be influenced by the 

interviewer, and should be considered are explained by Serow (2002) to include: 

 quality of the interviewer 

 misconduct 

 presentation 

 expectations 

 probing 

 interviewer effect 

McNamara (2009) makes a number of recommendations for how an interviewer can 

eradicate or control for these sources of error and bias, which include: 

 ask one question at a time; 

 attempt to remain as neutral as possible (that is, don't show strong 

emotional reactions to responses); 

 provide transition between major topics; and  

 don't lose control of the interview, by allowing respondents to stray to 

another topic. 

Classroom observations 

Clarkson’s continued research into bilingual and multilingual mathematics 

classrooms resulted in the development of a Language Use Model for Mathematics 

Classrooms (Clarkson, 2007, 2009; Clarkson & Galbraith, 1992). Clarkson argues 

that research needs to explore the linkages and contexts of language usage in the 

mathematics classroom so as to contribute to the quality teaching of mathematics by 

helping teachers to develop teaching strategies that will encourage students to 

explore, debate and think deeply with mathematical ideas (Clarkson, 2009). 

Observations made about linkages and contexts of language usage in the bilingual 

treatment class will be discussed in relation to Clarkson’s Language Use Model for 

Mathematics Classrooms in an attempt to contribute to the quality teaching of 

mathematics. 
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Research data obtained from observation is sensitive to contexts and demonstrates 

strong ecological validity (Moyles, 2002). According to Cohen et al. (2011, p. 456-

457), the strong ecological validity of observations helps researchers to, 

 understand the context of programmes; 

 be open-ended and inductive; 

 see things that might otherwise be unconsciously missed; 

 discover things that participants might not freely talk about in 

interview situations; 

 move beyond perception-based data (e.g. opinions in interviews); 

 access personal knowledge.  

Patton (1990, p. 202) suggests that the types of observations available to researchers 

lie on a continuum from unstructured to structured: 

 A highly structured observation will know in advance what it is 

looking for and will have its observation categories worked out in 

advance.  

 A semi-structured observation will have an agenda of issues but will 

gather data to illuminate these issues in a far less pre-determined or 

systematic manner. 

 An unstructured observation will be far less clear on what it is looking 

for and will therefore have to go into a situation and observe what is 

taking place before deciding on its significance for the research.  

In terms of Patton’s (1990) research continuum, the current research study would lie 

between highly structured and semi-structured observation. While this research study 

already knows in advance what it is looking for, that is, Clarkson’s Language Use 

Model for Mathematics, the purpose of classroom observation in this research study 

is to gather data to illuminate linkages and contexts of language usage in a bilingual 

classroom. The research study seeks to provide a rich description of the situation, 

which in turn, may lead to contributions to the quality teaching of mathematics. 

Observation, in general, is prone to bias in terms of what, why, when, where, who 

and how the observer is observing, and caution and reflexivity are requisites for this 

form of data collection (Cohen et al., 2011). Some of the risks of bias are explained 

as follows: 
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Reactivity 

Video recording can offer a more ‘unfiltered’ observational record than human 

observation and the record can be viewed several times (Simpson & Tuson, 2003). 

Video recording can help to overcome the partialness of the observer’s view of a 

single event and can overcome the tendency towards only recording the frequently 

occurring events (Cohen et al., 2011). However, the use of video cameras might 

create the problem of reactivity. Reactivity is when participants change their 

behaviour if they know that they are being observed, for example, they may try 

harder in class, they may feel more anxious, they may behave in ways in which they 

think the researcher wishes or in ways for which the researcher tacitly signals 

approval (Shaughnessy et al., 2003). 

Validity of constructs 

Decisions have to be made on what counts as valid evidence for a judgment. For 

example, how does a researcher determine the nature of a smile as being relaxed, 

nervous, friendly or hostile? Does looking at a person’s non-verbals count as a valid 

indication of interaction? Are the labels and indicators used to describe the behaviour 

of interest valid indicators of that behaviour? (Flick, 2009; Moyles, 2002; Wilkinson, 

2000). 

Selective data entry 

What is recorded is sometimes affected by our personal judgment rather than the 

phenomenon itself; researchers sometimes interpret the situation and the record their 

interpretation rather than the phenomenon (Cohen et al., 2011). 

Expectancy effects 

The researcher knows the hypotheses to be tested, or the findings of similar studies, 

or has expectations of finding certain behaviors, and these may influence his/her 

observations (Cohen et al., 2011). 

The problem of inference 

Observations can only record what happens and what can be seen, and it may be 

dangerous, without any other evidence, e.g. triangulation, to infer the reasons, 

intentions and causes and purposes that lie behind subjects’ behaviors. It is not 

always possible to judge intention from observation. It is dangerous to infer a 
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stimulus from a response, and intention from an observation (Flick, 2009; Moyles, 

2002; Wilkinson, 2000). 

The issues here concern validity and reliability. With regard to the validity of 

observation, researchers have to ensure that the indicators of the construct under 

investigation are fair and operationalized (Cohen et al., 2011). With regard to 

reliability, the indicators have to be applied fully, consistently and securely, with no 

variation in interpretation (Nunan, 1999) 

4.4.3 Artifacts of student work 

The collection and analysis of student work, as artifacts, was a preplanned research 

tool in this research project, and was carried out to serve research questions and 

objectives. Researchers select their data sources based on the research questions 

being investigated, and artifacts such as student work samples can be rich and 

detailed sources of information in educational research (Lodico, Spaulding, & 

Voegtle, 2006). The artifacts of student work, in this research project, can be 

classified into two main groups as shown in Table 4.3. 

Student participation logs and student journals are viable sources of qualitative data; 

however, the degree of insight that they offer is directly tied to frequency and 

quantity of the writing (James, Milenkiewicz, & Bucknam, 2008). Journals may be 

structured by presenting questions for the subjects to respond to, or subjects may be 

allowed to enter any thoughts or feelings that they like (Lodico et al., 2006). In this 

research study, students were asked to use their Student Reflective Learning Journal 

to note down anything that they felt was important from the lesson/activity and/or 

any thoughts or feelings that they had about the lesson/activity. Students were given 

time at the end of each lesson, to individually reflect on their learning and to write in 

their Student Reflective Learing Journal. The journlals were collected at the end of 

the study, after the teaching intervention had been completed. It is important to note 

that a big difference between observations and student work, as research data, lies in 

the locus of control of data to interpretation (James et al., 2008). 

Student work samples, in the form of pre- and post-intervention Writing Prompt 

Tasks were used as a source of qualitative data. The Writing Prompt Task was 

designed to be an open-ended, task similar to the student interviews, which were 
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based on Pegg and Davey’s (1989) concerns about prompting. The instructions 

contained in the pre- and post- intervention Writing Prompt Task were, 

Draw a picture of a square. In writing, describe the properties of a square. 

Write as much as you can about squares. 

The instructions were worded so that responses would be open-ended (Gall, Gall, & 

Borg, 2003). This open-endedness allows the participants to contribute as much 

detailed information as they desire (Creswell, 2007). The pre-intervention Writing 

Prompt Task was produced by the treatment group and the control group, one to two 

days before the intervention. And the post-interventions Writing Prompt Task was 

produced by the treatment group and the control group, one to two days after the 

intervention. 

Table 4.3: Classifications for artifacts of student work 

Data collection strategy Attributes Challenges 

Student reflective learning 

journal: handwritten or 

verbal account of an event, 

or group of events, over 

time. These often unveil 

how writers subscribe 

meaning to their topics. 

Subjective account of the 

event from the point of 

view of the writer, who may 

be the researcher or a 

subject of the research. Can 

be collected once or 

throughout a process of 

change. 

Similar to interviews, 

reflective journals display 

the worldview of single 

individuals. They also 

frequently require 

transcription. 

Student work samples: Pre- 

and post-intervention 

Writing Prompt Tasks, and 

student work produced 

during lessons and 

activities. 

Can also be collected over 

time and with the intention 

of showing growth. 

May be hard to interpret 

accurately. 

Adapted from James, Milenkiewicz and Bucknam, 2008, p. 69–70 

In educational research, artifacts have been used for a variety of purposes, which 

include: 

 to document literacy practices (de la Piedra, 2010); 

 to investigate the importance of classroom climate for at-risk leaners 

(Pierce, 1994); 

 to investigate the “art of teaching” (Flinders, 1989); 

 to record the contexts in which educational research takes place 

(Fitzpatrick, 2008); 

 to supplement classroom observations (Blair, 2009); 
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 to triangulate observation and interview data (Soto, Lum, & Campbell, 

2009).  

The ability of a researcher to follow hunches and ask good questions can be useful in 

revealing or locating important artifacts for research (Schmidt, 2014). When using 

artifacts in research it is important to use logic, intuition and careful observation; 

“one needs to have one’s mind organized, yet be open for unexpected clues” (Stake, 

1995, p. 68). 

This research project, like most mixed methods research designs in educational 

settings, employs the strategy of triangulation, a type of cross-validation 

(corroboration) or data cross-checking procedure (Suter, 2012). Student artifacts play 

an important role in this strategy, and it is anticipated that they, along with other, 

multiple data sources converge (agree) to support any findings that are made. If the 

multiple sources of data collection converge (i.e. are in agreement), then the findings 

are believed to be more credible; triangulation greatly enhances the validity of 

qualitative findings (Suter, 2012). 

4.5 Research design 

The overall purpose and design of this study was to examine the factors that promote 

and/or contribute to student understanding of geometry in a bilingual context. Four 

areas were of particular interest in this study as highlighted by the four research 

questions presented earlier. A mixed methods design was adopted in order to achieve 

this purpose. Mixed methods research involves combining qualitative and 

quantitative research methods into a single study, and is useful in cases where several 

different but related research questions are examined or when the purpose is to 

triangulate quantitative and qualitative data addressing research questions 

(Mengshoel, 2012; Tashakkori & Creswell 2007). Additional arguments for using a 

mixed methods approach are that quantitative and qualitative methods have different 

strengths and weaknesses, and that the weaknesses of one can be compensated for by 

the strengths of the other (Tashakkori & Teddlie, 1998). 

From the outset of this research project, it was expected that the qualitative and 

quantitative data would inform each other during the analytical process. The 

quantitative data would be displayed in tables and analyzed by descriptive statistics 
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in respect to pre-intervention, post-intervention, and delayed post-intervention. The 

qualitative interviews would be transcribed verbatum, coded using both open coding 

and focused coding as described by Esterberg (2002), and categorized in a systematic 

way to represent various stages of developmental understanding (Serow, 2002). It 

was anticipated that the back-and-forth analysis and repeated reviews of the 

qualitative and quantitative data sets (Mendlinger & Cwikel, 2008) would enhance 

reflexivity and allow the two sets of analyses to talk to each other in order to make 

an overall sense of the data as a whole (Mengshoel, 2012; Teddlie & Tashakkori, 

2009b). As a result of the latter, it was hoped that the mixed methods research 

approach would lead to valuable insights that separate studies would not have 

revealed. 

The purpose and design of this study was founded on different theories of teaching 

and learning. The quantitative component of the study was informed by the van Hiele 

Theory of Geometric Thought, and the ARCS Motivation Model and related Course 

Interest Survey. The qualitative component of the study was informed by the SOLO 

Model, and Clarkson’s Language Use Model for Mathematics Classrooms. 

The van Hiele Theory of Geometric Thought provides a conceptual framework for 

this study. This theory developed because of identified inadequacies with some of 

the assumptions underpinning Piaget’s work (Pegg & Davey, 1989). The theory 

provides a teaching framework that consists of five phases; these phases facilitate the 

cognitive development of students and their progression through levels of geometric 

levels understanding. 

The van Hiele phases are centred on the notions that progress is easier for students 

with careful teacher guidance, the opportunity to discuss relevant issues, and the 

gradual development of more technical language (Serow, 2007). The main aim of 

teaching mathematics, according to van Hiele (1986), is to provide students with 

opportunities to exhibit and develop insight into mathematical concepts, and the 

teaching phases are organized based on these assumptions. During the teaching 

process, students can seek clarification from each other and from the teacher 

concerning the language used. Language plays a critical role in this theory. 

The van Hiele levels represent cognitive growth reached through a teaching/learning 

process as opposed to some biological maturation (Pegg, 1997a). The theory does not, 
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however, evaluate individual’s responses to various stimulus items. The SOLO 

Model, developed by Biggs and Collis (Biggs & Collis, 1982; Collis & Biggs, 1986), 

is useful for determining the quality of instructional dependent tasks as it is 

concerned with evaluating the quality of students' responses. The SOLO Model was 

developed by analysing student responses to assessment tasks (Biggs & Collis, 1982; 

Collis & Biggs, 1986) and has been validated for use in a wide range of disciplines 

(Hattie & Brown, 2004). Like van Hiele’s theory, it was developed through 

considering students’ understandings in terms of identifiable “levels”.  

The crucial role played by language in the teaching and learning of mathematics is 

being increasingly acknowledged by researchers around the world (Morgan et al., 

2014). Language plays a critical role in van Hiele’s theory, and it is also one of the 

main vehicles for analyzing student responses in the SOLO Model. The research 

setting for this study is unique; the subjects are elementary school students (aged 11-

12 years) at a private school in Japan that is one of the few schools to have received 

special authority (Tokureiko Nintei) from the Japanese Ministry of Education to offer 

a bilingual immersion program in Japanese and English. 

4.5.1 Research instruments 

The research design developed, and the research instruments selected for this study 

are illustrated below in a data collection matrix, Figure 4.1. The timeline connected 

to this data collection matrix is presented in Appendix O. The data collection matrix 

visually explains the relationships between the research instruments and the research 

questions. It also highlights the relationship between research questions 1-3 and 

research question 4, which is an explicit mixed methods research question. As 

highlighted by Creswell and Tashakkori (2007, 2010), a strong mixed methods 

research study starts with a strong mixed methods research question or objective. A 

number of researchers have reiterated the fact that research questions are shaped by 

the purpose of a study and in turn form the methods and the design of the 

investigation (Bryman, 2007; Creswell & Plano Clark, 2007 cited in Tashakkori & 

Newman, 2010). The explicit mixed methods research question for this study was 

formulated based on three broad suggestions by Creswell and Tashakkori (2007): 

Mixed methods studies need at least one explicitly formulated mixed methods 

question or objective about the nature of mixing, linking, or integration (i.e., 
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how the findings of various strands relate to one another). Such a question about 

the nature of integration follows the qualitative and quantitative types of 

questions and emerges from the specific need to use mixed methods (e.g., 

elaboration, complementarity). Answers to the question should be explicitly 

explored and presented at the end of the article. (p. 210) 

The research instruments that will be used in this study are: 

Quantitative instruments: 

 the van Hiele Geometry Test (VHGT) as a pre- and post-test, 

administered separately both in English and in Japanese.  

 the Course Interest Survey (CIS) as a pre- and post-test, administered 

bilingually. 

 the van Hiele Geometry Test (VHGT) as a delayed post-test (one 

month after the post-test), administered separately both in English and 

in Japanese.  

Qualitative instruments: 

 In-depth interview (pre and post intervention) where a small sample 

of the populations (e.g. 10-12 from 60) are provided with tasks as 

stimulus to promote discussion as window to viewing their 

understanding of geometry concepts. 

 Pre- and post-intervention Writing Prompt Task, administered in 

English. 

 Student Learning Journals: Short daily written reflections. 

 The classroom dialogue, keystrokes, and student work samples will be 

collected and/or digitally-recorded.  

For the quantitative instruments, a quasi-experimental design (non-equivalent groups, 

pre-test/post-test/delayed-post test design) will be employed. The control group and 

experiment group will consist of two separate classes in the same year level; as it is a 

school setting, assignment to classes can not be controlled through the mechanism of 

random assignment. 

The independent variable will be DGS-based math lessons, and the dependent 

variable will be students’ math performance (VHGT) and engagement/motivation for 
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learning geometry (CIS). The quantitative instruments will be analyzed using an 

independent samples t-test, an ANOVA, and paired-samples T-test. 

For the qualitative instruments, the SOLO Model will be used to code student verbal 

responses (Informal Qualitative Interviews) and analyze them in terms of the 

development of conceptual understanding in geometry. The written reflections in the 

Student Learning Journals will be used to analyze student motivation for learning 

geometry. The quantitative and qualitative instruments will be used to triangulate the 

research data. 
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Figure 4.1: Data collection matrix 
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Teaching sequence and pilot study 

In 2012, as part of this researcher’s Masters studies, an abbreviated version of this 

study was piloted in a NSW public school in Australia with 39 Year 6 students (aged 

11-12 years). A teaching sequence was designed and delivered by this researcher to 

embed ICT, in the form of DGS, into the van Hiele phases. The teaching sequence 

was based on similar sequences developed by Serow (2007, 2008), and a modified 

version of the VHGT by Usiskin and Senk (Usiskin, 1982) was also designed and 

used as a pre-test/post-test to assess students’ level of geometric knowledge. The 

modified version of the VHGT contained questions based on materials from Carroll 

(1998), Crowley (1987) and the NSW K-6 Mathematics Syllabus (Board of Studies, 

NSW, 2002), and these questions directly corresponded to the SOLO Model-based 

descriptors that Pegg (1997a; 1997b) used for his Level 2A and Level 2B. 

The results from the pilot study supported van Hiele’s (1986) contention that a 

student at level N will answer all questions at a level below N to criterion but will 

not meet the criterion on questions above level N. The results also supported Pegg’s 

(1997a; 1997b) contention that van Hiele’s Level 2 can be split into 2 levels based on 

the SOLO Model’s descriptors for Unistructural responses (concrete symbolic mode) 

[Level 2A] and Multistructural responses (concrete symbolic mode) [Level 2B].  

The teaching sequence from the pilot study consisted of twelve sessions of 

approximately 30-40 minutes. The focus of the sequence was from the Space and 

Geometry content strand of the NSW K-6 Mathematics Syllabus (Board of Studies, 

NSW, 2002), the target outcomes addressed by the teaching sequence were 

"Manipulates, classifies and draws two-dimensional shapes and describes side and 

angle properties" and " Measures, constructs and classifies angles" (Board of Studies, 

2002, p.23).  

As a result of the pilot study, it had become apparent to the researcher that the 

introduction of DGS had had an extremely positive influence on student motivation 

for the learning of geometry. However, the pilot study had not included any 

quantitative instruments to measure this positive influence. Based on the latter, a 

specific research question and accompanying, quantitative (the CIS) and qualitative, 

instruments (student written reflections and interviews) have been included in the 

current research project. 
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The pilot study and its teaching sequence were designed for a monolingual classroom 

and setting, and very little consideration was given to the scaffolding of language and 

literacy outcomes to facilitate the development of conceptual understanding in 

geometry in a bilingual context. The original teaching sequence was modified as a 

result of the latter; the teaching sequence used in the current study is contained in 

Appendix A. Based on the critical role that language plays in both van Hiele’s theory 

and constructivism as a theory of knowledge, a specific research question has been 

included into the research project in order to gain data regarding teaching practices 

that integrate subject-content and language when teaching geometry through a 

second language. The data gained from this study will be discussed in relation to 

Clarkson’s Language Use Model for Mathematics. Clarkson’s continued research 

into bilingual and multilingual mathematics classrooms resulted in the development 

of his Language Use Model for Mathematics Classrooms (2009). He argues that 

research needs to explore the linkages and contexts of language usage in the 

mathematics classroom so as to contribute to the quality teaching of mathematics by 

helping teachers to develop teaching strategies that will encourage students to 

explore, debate and think deeply with mathematical ideas (Clarkson, 2009). 

4.6 Evaluation of the research design 

Research in the field of education uses a variety of designs and instruments for data 

collection; however, regardless of its form, research must be considered trustworthy. 

The methods used by quantitative and qualitative researchers to establish 

trustworthiness differ in many ways. For qualitative researchers, the methods used to 

establish trustworthiness include credibility, transferability, dependability, and 

confirmability. For quantitative researchers, the methods used to establish 

trustworthiness include internal validity, external validity, reliability, and objectivity. 

There are many different types of threats to trustworthiness, and not all of them can 

eliminated completely; instead the effects of these threats can be attenuated by 

attention to validity and reliability, and credibility and transferability throughout the 

research process (Cohen et al., 2011). 

Research questions in the field of education have been answered by using 

quantitative and qualitative approaches. However, over the past three decades, a 

‘third research paradigm’ (Johnson & Onwuegbuzie, 2004, p. 15) has evolved that 
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uses both quantitative and qualitative methodologies to collect data, analyse data, 

report findings, and draw inferences in a single study (Tashakkori & Creswell, 2007). 

This mixed methods research approach has been embraced by a number of 

educational researchers and the number of empirical studies in education that have 

employed mixed methods research approaches has increased over the past three 

decades (Hart, Smith, Swars, & Smith, 2009; Teddlie & Tashakkori, 2010). However, 

despite the mixed methods approach being praised as another step forward utilizing 

the strengths of both qualitative and quantitative approaches (Creswell, 2009), it has 

also been acknowledged that it is not a “cure-all” for all research questions and/or 

settings (Collins, Onwuegbuzie, & Sutton, 2006).  

Mixed methods are inherently neither more nor less valid than specific approaches to 

research. As with any research, validity stems more from the appropriateness, 

thoroughness and effectiveness with which those methods are applied and the care 

given to thoughtful weighing of the evidence than from the application of a particular 

set of rules or adherence to an established tradition. (Bazely, 2002, p. 9) 

In short, there are established rules for controlling trustworthiness in standard 

quantitative and qualitative research. These same rules must be followed when the 

methods are combined (Terrell, 2011). 

It is essential to consider the perceived strengths and weaknesses of the research 

design and analysis plan in terms of validity and reliability, and credibility and 

transferability, from an internal and external perspective, as discussed below.  

4.6.1 Trustworthiness in research design and analysis 

Trustworthiness is an important element of effective research, and is thus a 

requirement for both quantitative and qualitative research (Cohen et al., 2011). In the 

main, trustworthiness is concerned with whether our research is believable and true 

and whether it is evaluating what it is supposed or purports to evaluate (Zohrabi, 

2013). The cause of untrustworthiness is bias which is defined as: “a systematic or 

persistent tendency to make errors in the same direction, that is, to overstate or 

understate the true value of an attribute" (Cohen & Manion, 1994, p. 281). 

Researchers use a variety of instruments to collect data, and the quality of these 

instruments is critical since "the conclusions researchers draw are based on the 
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information they obtain using these instruments" (Fraenkel & Wallen, 2003, p. 158). 

Thus, it is imperative that the trustworthiness of the data and the instruments be 

established. 

4.6.2 Internal validity and credibility 

For quantitative researchers, internal validity is concerned with the congruence of the 

research findings with the reality, it deals with the degree to which the researcher 

observes and measures what is supposed to be measured (Zohrabi, 2013). 

Onwuebuzie and Leech (2006, p. 234) define internal validity as the “truth value, 

applicability, consistency, neutrality, dependability, and/or credibility of 

interpretations and conclusions within the underlying setting or group.” 

For qualitative researchers, credibility is defined as the confidence that can be placed 

in the truth of the research findings (Holloway & Wheeler, 2002; Macnee & McCabe, 

2008). Credibility establishes whether or not the research findings represent plausible 

information drawn from the participants’ original data and is a correct interpretation 

of the participants’ original views (Graneheim & Lundman, 2004; Lincoln & Guba, 

1985). 

4.6.3 Internal validity in quantitative research 

There are several kinds of threat to internal validity in quantitative research. The 

summaries that follow are taken from Cohen et al., (2011, p. 183–184) and were 

adapted from Campbell and Stanley (1963), Bracht and Glass (1968), and Lewis-

Beck (1993). 

History and maturation 

History refers to events, other than the intervention treatment, that occur between 

pre-test, post-test, and delayed post-test observations. These types of events produce 

effects that can mistakenly be attributed to differences in treatment. Maturation 

refers to “changes that involve progressive development in individuals” (LeCompte 

& Goetz, 1982, p. 32), that occur between any two observations. Such changes may 

produce differences that are independent of the research; however, the threat from 

maturation is more acute in protracted educational studies than in brief experiments. 

To reduce the effects of both history and maturation in the current research study, the 

quantitative instruments (i.e. the VHGT and CIS) were delivered as pre-tests and 
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post-tests within a three-week period. In the case of the VHGT, a delayed-post-test 

was delivered within a three-month period; however, this still occurred within the 

same school term as the pre-tests and post-tests. The inclusion of a control group 

provides one way to test whether any changes occurred because of the intervention 

treatment of because of maturation (Mackey & Gass, 2013).  

Testing 

Testing refers to bias resulting from pre-tests. Pre-tests at the beginning of research 

(e.g. experiments, action research, observational research) can produce effects other 

than those due to the research treatments. The most relevant of these would be 

sensitizing subjects to the true purposes of the research and practice effects, which 

produce higher scores on post-test measures. Testing was a genuine threat to the 

current research study; however, it was anticipated that this threat would be reduced 

as a result of the extent of triangulation that was to be employed. Confidence in 

research results can be achieved when different methods yield substantiality the same 

results; the more the methods contrast with each other the greater the researcher’s 

confidence (Cohen et al., 2011).  

Another potential problem related to testing was in regard to the VHGT. In the pilot 

study, it was identified that earlier research that had used the VHGT with upper 

elementary school students (see Halat, 2006) contained threats to internal validity 

because questions 16 to 25 were too difficult. Questions 16 to 25 were designed to 

test for Level 4 and Level 5 as explained by van Hiele. Evidence for the latter is seen 

in the fact that according to the Virginia Mathematics Standards of Learning (2009) 

students in the US should attain van Hiele Level 3 by the end of the sixth grade, and 

as such do not have the prerequisite learning to answer questions related to Level 4 

or Level 5. The VHGT used in the current study only contained questions 1 to 15, 

which were designed to test for Level 1, Level 2, and Level 3. 

Selection bias 

This potential problem to internal validity may be introduced as a result of 

differences in the selection of subjects or when intact class are used as experimental 

or control groups. Selection bias is common in quasi-experimental research where 

randomization cannot be accomplished, the most common example being when the 

experimenter attempts to conduct research in a setting where the groups are already 
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formed and cannot be altered (Marczyk, DeMatteo, & Festinger, 2005). This 

problem can be addressed through the use of a pre-test; only through a pretest can a 

study demonstrate initial group equivalence (Tuckman & Harper, 2012, p. 164). 

Type I and Type II errors 

A Type I error occurs when a researcher rejects the null hypothesis when it is in fact 

true, and can be address by setting a more rigorous level of significance (e.g., p<0.01 

rather than p<0.05). A Type II error occurs when the null hypothesis is accepted 

when it is in fact not true, and can be addressed by reducing the level of significance 

(e.g. p<0.20 or p<0.30 rather than p<0.05). Boruch (1997, p. 211) suggests that a 

Type II error may occur if: 

 the measurement of a response to the intervention is insufficiently valid; 

 the measurement of the intervention is insufficiently relevant; 

 the statistical power of the experiment is too low; 

 the wrong population was selected for the intervention. 

The more a researcher seeks to reduce the chance of a Type I error the more chance 

they have of committing a Type II error, and vice versa. Furthermore, Cohen et al. 

(2011, p. 184) explain that “in qualitative data a Type I error is committed when a 

statement is believed when it is, in fact, not true, and a Type II error is committed 

when statement is rejected when it is in fact true”. 

4.6.4 Credibility in qualitative research 

Credibility is one method used by qualitative researchers to establish trustworthiness. 

Credibility may be achieved by examining the data, the data analysis, and the 

conclusions to see whether or not the study is correct and accurate. To follow is a list 

of methods that may be employed by qualitative researchers to increase credibility in 

qualitative studies: 

Prolonged engagement  

Prolonged engagement refers to the extended periods of time that researchers spend 

immersed in the field or research site. Prolonged engagement improves trust with 

participants and also extends understanding of participants’ local construction and 

culture context (Onwuegbuzie & Leech, 2007). Immersion also helps researchers to 
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understand the context of the study and to minimize any distortions of information 

that might arise due to the presence of the researcher in a site (Bitsch, 2005). 

Persistent observation  

Similar to prolonged engagement, persistent observation refers to extended 

interactions with the participants and the context. Persistent observation allows a 

researcher to understand the essential characteristics of the setting (Guba, 1981). 

Triangulation 

Triangulation “involves the use of multiple and different methods, investigators, 

sources, and theories to obtain corroborating evidence” (Onwuegbuzie & Leech, 

2007, p. 239). Triangulation helps researchers to reduce systematic bias and cross-

examine the integrity of participants’ responses. 

Peer debriefing 

This method consists of a researcher receiving feedback from a peer regarding the 

credibility of the study and feedback about whether the results seem to align with the 

data. Peer debriefing is used to reduce researcher bias, and the debriefing peer should 

look at all parts of the research including: background information, data collection 

methods and process, data management, transcripts, data analysis procedure and 

research findings (Pitney & Parker, 2009). According to Guba (1981) peer debriefing, 

“provide inquirers the opportunity to test their growing insights and to expose 

themselves to searching questions” (p. 85). 

Negative case analysis 

Negative case analysis refers to the situation when emerging research data 

contradicts the researcher’s initial expectations (Bitsch, 2005). Negative case 

analysis is used to show that not all data will provide the same result. This improves 

credibility by helping a researcher to reformulate research questions and improve the 

rigor of the study. According to Wallendorf and Belk (1989), negative case analysis 

helps to control the temper and natural enthusiasm of the researcher. 

Member checks 

Member checks refer to when participants are allowed to review and provide their 

own voice, on the analyzed data and any interpretations the researcher has made 
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from the data. Participants may reject some interpretations made by the researcher, 

either as a result of socially desirability or because of self-presentation of the 

researcher (Schwandt et al., 2007). 

4.6.5 External validity and transferability 

External validity, in quantitative research, refers to the extent to which results of a 

study can be assumed to apply to other people in other places and at other times 

(Maddux & Johnson, 2012). Transferability, in qualitative studies, means applying 

research results to other contexts and settings in order to get at generalizability. The 

degree to which results can be generalized, or generalization, is an issue that is 

problematic. “For positivists variables have to be isolated, controlled and samples 

randomized, whilst for ethnographers human behaviour is infinitely complex, 

irreducible, socially situated and unique” (Cohen et al., 2011, p. 186). For one school 

of thought, generalizability through stripping out contextual variables that threaten 

internal validity in educational research is fundamental while for another 

generalizations that say little about the context have little that is useful to say about 

human behaviour (Schofield, 1990). 

External validity in quantitative research 

External validity in quantitative research refers to threats that are likely to limit the 

degree to which generalizations can be made from the research setting to other 

populations or settings. To follow is a summary of factors that threaten eternal 

validity as discussed by Campbell and Stanley (1963); Bracht and Glass (1968); 

Hammersley and Atkinson (1983); Levin (2005); Onwuegbuzie and Johnson, 2006; 

Cohen et al. (2011): 

 Failure, of the researcher, to describe independent variables explicitly. This can 

result in future replications of the research conditions being virtually 

impossible.  

 Lack of representativeness of the sample. 

 Hawthorn effect or observer effect. This threat to validity may occur when 

subjects realize that they are being observed and as a result act differently.  

 Sensitization/reactivity to research conditions. Similar with threats to internal 

validity, pre-tests may result in changes to the subjects’ sensitivity to the 

intervention variables and therefore obscure the true effects of the intervention.  
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 Ecological validity. Refers to the extent to which the findings of a research 

study can be generalized to real-life settings. 

Transferability in qualitative research 

It is important in qualitative research to provide a clear, detailed and in-depth 

description so that others can decide the extent to which findings from one piece of 

research is transferable to another situation (Schofield, 1996). According to Lincoln 

and Guba (1985, p. 300) threats to transferability in qualitative research include: 

 Selection effects – where constructs selected are only relevant to a certain 

group; 

 Setting effects – where results are largely a function of their context; 

 History effects – where results have been arrived at by unique circumstances 

and therefore are not comparable; 

 Construct effects – where the constructed being used are unique to a certain 

group. 

The failure of research findings to generalize from the research sample to a larger 

population and/or a different context is a chronic problem in education (Suter, 2012). 

Instructional practices and materials that work well in one context with one specific 

group of learners may not transfer easily to another context or group. Onwuegbuzie 

and Leech (2006) identify threats to transferability in qualitative research to include: 

investigation validity; interpretive validity; consensual validity; population 

generalizability/ecological generalizability; researcher bias; reactivity; and, effect 

size. 

Construct validity 

The types of validity discussed earlier have dealt in actualities, or defined content; a 

construct is an abstract, and this is what separates construct validity with previously 

discussed types of validity. Construct validity refers to the degree of agreement 

between the treatment (or outcome) as measured and the actual construct intended by 

the researchers (Cook & Campbell, 1979, as quoted in Weisberg, 2010, p. 88). Or, 

similarly, construct validity refers to "the extent to which abstract terms, 

generalisations, or meanings are shared across times, settings, and populations" 

(LeCompte & Goetz, 1982, p. 53). Construct validity in quantitative research can be 
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achieved by rooting a construction in a wide literature search and grounding it in a 

theory which expands on the meaning of a particular construct and its constituent 

elements (Cohen et al., 2011). In qualitative research, construct validity must 

demonstrate that the categories that the researchers are using are meaningful to the 

participants and that they reflect the way in which the participants actually 

experience and construe the situation in the research (Cohen et al., 2011; Eisenhart & 

Howe, 1992). 

Validity and trustworthiness in mixed methods research 

Mixed methods research uses quantitative and qualitative methods and these have to 

conform to the specific validity requirements as discussed above. Furthermore, 

where research integrates quantitative and qualitative methods, there is an argument 

for identifying specific validity requirements for mixed methods research (Cohen et 

al., 2011). 

Tashakkori and Teddlie (2008) build on previous research related to validity issues to 

propose an expanded framework for mixed methods research. This framework refers 

to internal validity and credibility, as inference quality. Inference quality is divided 

into design quality and interpretive rigor. Design quality refers to the standards used 

to evaluate the methodological rigor of mixed methods research. And, interpretative 

rigor refers to the standards for evaluating the validity of conclusions from mixed 

methods research. 

In response to Tashakkori and Teddlie’s (2008) extended framework, Onwuegbuzie 

and Johnson (2006) argue that the term “validity” be replaced with “legitimation” in 

mixed methods research. They identified nine main types of legitimation in mixed 

methods research: sample integration legitimation; inside-outside legitimation; 

weakness minimization legitimation; sequential legitimation; conversion 

legitimation; paradigmatic mixing legitimation; commensurability legitimation; 

multiple validities legitimation; and political legitimation (Onwuegbuzie & Johnson, 

2006). 

As discussed above, through the consideration of potential threats to validity and 

trustworthiness, a number of steps were taken in the present research study to ensure 

that, as far as possible, invalidity was minimized in all areas of research.  



 

  139 

Reliability and dependability in the research design and analysis 

Reliability in quantitative research, refers to the extent to which a variable or set of 

variables is consistent in what it is intended to measure (Hair, Black, Babin, 

Anderson, & Tatham, 2006). Reliability is essentially a synonym for dependability, 

consistency and replicability over time, over instruments and over groups (Cohen et 

al., 2011). Dependability in qualitative research refers to “the stability of findings 

over time” (Bitsch, 2005, p. 86). Dependability involves participants’ evaluation of 

the findings, interpretation and recommendations of the study such that all are 

supported by the data as received from informants of the study (Cohen et al., 2011; 

Tobin & Begley, 2004). 

4.6.6 Reliability in quantitative research 

Reliability as stability 

In this form, reliability is a measure of consistency over time and similar samples 

(Cohen et al., 2011). A reliable instrument for research will yield similar data from 

similar respondents over time. In addition to stability over time, reliability as stability 

can also be stability over a similar sample, “we would assume that if we were to 

administer a test or a questionnaire simultaneously to two groups of students who 

were very closely matched on significant characteristics (e.g. age, gender, ability, etc. 

– whatever characteristics are deemed to have significant bearing on responses), then 

similar results (on a test) or responses (to a questionnaire) would be obtained” 

(Cohen et al., 2011, p. 200) 

Reliability as equivalence 

This type of reliability contains two sorts: equivalent forms of a test or data-

gathering instrument, and inter-rater reliability. Equivalent forms refers to reliability 

demonstrated when two equivalent forms of an instrument yield similar results. Inter-

rater reliability refers to when more than one researcher is taking part in research and 

the requirement that the researcher enter data in the same way. 

Reliability as internal consistency 

An alternative measure of reliability as internal consistency is the Cronbach alpha, 

which provides a coefficient of inter-item correlations, that is, the correlation of each 

item with the sum of all the other relevant items (Cohen et al., 2011). This is a 
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measure of the internal consistency amongst items. Reliability in quantitative 

research makes several assumptions, e.g. that instrumentation, data and findings 

should be controllable, predictable, consistent and replicable (Cohen et al., 2011).  

4.6.7 Dependability in qualitative research 

In qualitative research, dependability is concerned with consistency, typically 

meaning that another person should be able to examine the research data and come to 

similar conclusions (Eriksson & Kovalainen, 2008). A key question, according to 

Tashakkori and Teddlie (2003, p. 694) is, “did we accurately capture/represent the 

phenomenon or attribute under investigation?” In qualitative research dependability 

can be regarded as a fit between what researchers record as data and what actually 

occurs in the natural setting. Dependability may be established using the following 

strategies: audit trail, code-recode strategy, stepwise replication, and peer 

examination (Chilisa & Preece, 2005; Krefting, 1991; Schwandt, Lincolm, & Guba, 

2007). 

Audit trail 

An audit trail strategy involves an examination of the entire research process to 

validate all research decisions related to how data were collected, recorded and 

analysed (Bowen, 2009; Li, 2004).  

Code-recode strategy 

A code-recode strategy involves the researcher coding the same data twice, allowing 

for at least a one or two week interval between each coding. The results from both 

codings are compared to see if the results are the same or different (Chilisa & Preece, 

2005).  

Stepwise replication 

A stepwise replication strategy involves two or more researchers analyzing the same 

data separately and then comparing the results (Chilisa & Preece, 2005). Any 

inconsistences that arise must be addressed, and this in turn improves the 

dependability of the research findings. 
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Peer examination 

During peer examination, a researcher discusses his/her research with a neutral 

colleague. Peer examination helps the researcher with academic honesty and 

contributes to the researcher’s ability to reflect deeply on their work (Bitsch, 2005; 

Krefting, 1991). 

4.6.8 Participants 

This section provides a detailed description of the contextual issues related to the 

current study. These contextual issues include the setting in which the study is 

located, the participants, and the mathematical background of the chosen sample. 

The setting for this study is rather unique, and careful consideration should be given 

to both the participants and the setting. The participants of this study are elementary 

school students aged 10-11 years of age who are enrolled at a private school in Japan. 

The school delivers an early partial bilingual immersion program in English and 

Japanese. The vast majority of students’ mother tongue is Japanese. This school is an 

Article 1 school, which means it is regulated by MEXT under Article 1 of the 

Japanese School Education Act. Therefore the students are expected to be able to 

demonstrate their learning of the Japanese Elementary School Course of Study 

(Gakushuu Shidouyoryo) regardless of the language in which they studied it.  

The setting is unique in the sense that is has received special authority (Tokureiko 

Nintei) from MEXT to offer bilingual education in Japanese and English. Subsequent 

to this, in 2016, the school also received special authority from MEXT to become the 

first Article 1 school in Japan to become accredited by the International 

Baccalaureate Organization (IBO) to offer its PYP. The emergence of such a school 

can be easily understood in the context of contemporary Japan where ‘global human 

resources’ are critical if Japan is to play a leading role in the world’s future 

globalized economy. The teaching of English has been an important element of 

Japan’s internationalization since the 1980s. It has been a hotly debated educational 

topic with stakeholders and academics identifying that cultivating ‘Japanese with 

English abilities’ is essential if Japan is to remain competitive in global markets 

(Hashimoto, 2011). 
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The research participants for this study comprised fifty-nine students, from two 

Grade Five elementary school classes (aged 10-11 years). Students were assigned 

purposefully to these classes, by the school, six months prior to the commencement 

of the research. A control group and an experimental group were chosen randomly, 

from the two intact classes, via a coin toss. The participants in the study varied in 

their proficiency with language and this variation included, as Kamada (2000, p. 31) 

describes receptive bilinguals, partially productive bilinguals, productive developing 

bilinguals and biliterates. Receptive bilinguals can understand the second language, 

but produce only Japanese in response. Receptive bilinguals may have had some 

literacy training in the second language. Partially productive bilinguals can 

understand the second language, but sometimes are unable to produce it due to 

language attrition or lack of vocabulary. Partially productive bilinguals may have had 

some literacy training in the second language. Productive developing bilinguals and 

biliterates can understand and produce the second language at (or near) peer level 

with some literacy ability in both languages.  

In terms of the participants and setting, it must be remembered that bilingualism is 

not a static concept, but rather an ever-changing dynamic; it has proven very hard to 

describe all its various competencies, functions and identifications (Baker & Jones, 

1998; Kamada, 1999).  

The students involved in this research study are enrolled in a Japanese, Article 1 

school. They are therefore expected to be able to demonstrate their learning of the 

Japanese Elementary School Course of Study (Gakushuu Shidouyoryo), regardless of 

the language in which they studied it, as regulated by the MEXT. Research into the 

performance of monolingual students in a monolingual context in Japan are mixed. 

Some researchers such as de Villiers (2010) highlight that international comparative 

studies consistently show that Japanese students outperform school children from 

other countries in mathematics. Other researchers, such as Fujita and Yamamoto 

(2011) highlight that many aspects in the learning and teaching of mathematics in 

Japan are now facing scrutiny and criticism. Sekiguchi (2000) suggests, for example, 

that there is need for improvement in terms of students’ attitudes towards 

mathematics, and mathematical thinking and problem solving skills. 
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There are relatively few studies in bilingual education that have assessed content 

knowledge outcomes (e.g. mathematics) across different contexts using different 

languages. Even less frequent are studies that have assessed content knowledge 

outcomes (e.g. Mathematics) in a Japanese/English bilingual model using recognized 

quantitative instruments. The latter is highlighted by the fact that Zalman Usiskin, 

Professor Emeritus of Education and Director of University of Chicago School 

Mathematics Project stated that the Van Hiele Geometry Test had been translated 

into several languages but to his knowledge never to Japanese (personal 

communication, April 20, 2015). 

The unique and unprecedented situation that exists in the research setting should not 

go un-studied, in particular the opportunity to gather data related to questions about 

content knowledge achievement in subjects taught through a second language (e.g. 

Mathematics). The next section will provide an outline of the design of the study, 

including a description of the paradigm, the data collection instruments, and the pilot 

study. 

4.6.9 Ethical considerations 

This research study was designed and executed after careful consideration was given 

to the balance between validity and reliability. Furthermore, the research design gave 

careful consideration to any potential risks, physical and/or psychological, that could 

affect research participants during the study. 

Research organizations develop and implement research guidelines and codes of 

ethical conduct to: 

[E]ncourage respect for participants’ rights, especially their privacy, and to 

promote integrity among researcher, highlighting researchers’ responsibilities 

toward the public when they publish their findings. (Phakiti, 2015, p. 102) 

This research project was conducted through the University of New England, which 

maintains a positive ethical stance, as illustrated by the following: 

Research and the pursuit of truth are vital functions in higher education institutions. 

Central to the long established principles that guide research are the maintenance of 

high ethical standards, and validity and accuracy in the reporting of data. (University 

of New England, accessed 26th March 2016) 
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The University of New England expects researchers to foster and maintain a research 

environment of intellectual honesty and integrity, with scholarly and scientific rigour, 

by: 

1. respecting the views and rights of those affected by their research; 

2. managing conflicts of interest so that ambition and personal advantage 

do not compromise ethical or scholarly considerations; 

3. adopting methods appropriate for achieving the aims of each research 

proposal; 

4. following legislative and policy requirements for proper practices for 

safety and security; 

(University of New England, accessed 26th March 2016) 

Pursuant to the above, research conducted through the University of New England 

must meet national standards for ethical research practice. Researchers working with 

human participants must ensure that they obtain approval from the UNE Human 

Research Ethics Committee (HREC) and adhere to the requirements of the National 

Statement on Ethical Conduct in Human Research 2007. An application based on the 

consideration of issues such as informed consent, dependent relationship, access and 

acceptance, and confidentiality, was approved by the University of New England’s 

Human Research Ethics Committee, Approval No: HE15-192 (see Appendix J). The 

ethical issues related to the study are discussed below. 

Informed consent 

Grady (2014, p. 21) explains that, “Through the process of informed consent, 

prospective subjects are given the opportunity to make autonomous decisions about 

participating and remaining in research”. Ethical treatment of participants mandates 

that "they be informed of the nature, purpose, and requirements of your study, and be 

given the opportunity to decline participation" (Bordons & Abbott, 1991, p. 122, 

quoted in Serow, 2002). Further to this, Phakiti (2015, p.105) explains that, 

“Typically, researchers will prepare the participant information statements about the 

study and the consent form to give to potential research participants. When necessary, 

a translation into another language may be needed in order to avoid language 

barriers and establish trust from participants.” Prior to commencing the research 

study, both the free consent of the participants’ guardians and the free assent of the 

participants were obtained. This involved the circulation of the following documents 
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(see Appendix K, L, M, and N), during a parent-open day involving the researcher, a 

bilingual assistant, and the participants’ parents and guardians:  

 Information Sheet for Parents and Students in English 

 Information Sheet for Parents and Students in Japanese 

 Consent Form for Parents in English 

 Consent Form for Parents in Japanese 

 Assent Form for Students in English 

 Assent Form for Students in Japanese 

Informed consent involves three elements: capacity, information, and voluntariness. 

All three elements must be present for consent to be effective (Drew & Hardman, 

2007). The documents listed above provided the parents and participants with 

sufficient information about the aims of the research, details of participation, 

confidentiality, voluntary participation, use of information, storage and disposal of 

information, various contact details, and information for how to lodge concerns or 

complaints.  

Dependent relationship 

According to AERA standards, educational researchers should, 

When undertaking research at their own institutions or organizations with research 

participants who are students or subordinates, education researchers take special care 

to protect the prospective participants from adverse consequences of declining or 

withdrawing from participation. (AERA, 2011, p. 151) 

The prospective participants of the study were students of the researcher and 

therefore, special care was taken to protect them from adverse consequences of 

declining or withdrawing from participation. Prospective participants and their 

parents/guardians received information forms and consent forms that detailed the 

purpose of the research project, explained participant involvement, and any other 

factors that might reasonably be expected to influence their willingness to participate. 

All participants, were informed verbally and in writing that: 

 their participation in the research project would be voluntary; 
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 a decision not to participate would not adversely affect their academic 

achievement nor their relationship with their teachers or school; 

 they were free to withdraw from the research project at any time, and would 

receive information regarding who to contact if they wished to withdraw from 

the study; 

 they may seek further information about the project, including a contact 

person regarding the project. 

Access and acceptance 

The consideration of access and acceptance involves, “the access to, and the 

acceptance of, the institution or organization in which the research instrument is 

administered” (Serow, 2002, p. 108). The researcher, at the time of the research, was 

teaching mathematics at the research setting. An initial explanatory meeting was 

conducted with the Principal and the Head of School, this was followed-up by a 

submission of draft copies of the Information Sheet for Parents and Students, the 

Consent Form for Parents, and the Assent Form for Students. The Principal and the 

Head of School were given time to read the relevant information, ask questions, and 

request information. Since the research setting was an attached school to Doshisha 

University, the Principal and the Head of School, forwarded all drafts to the Ethical 

Review Committee for Research Projects with Human Subjects at the university, for 

their review. After an adequate period of time a follow-up meeting was held with the 

Principal where confirmation was received that the research study could go ahead, 

and to confirm that the university that the school was attached to did not require 

additional ethics approval. Finally, written approval from the Principal was received. 

Further to the above, the researcher was registered as a specialist teacher with the 

Kyoto Board of Education, in Kyoto prefecture, Japan. The researcher held current 

registration with the NSW Institute of Teachers at the Professional Competence level, 

and had been subject to both the Working with Children Check (WWCC) for child 

related-work, and the National Criminal Records Check required of all employees of 

the NSW Department of Education and Communities.  

Confidentiality 

Sapsford and Abbott, writing about research, define confidentiality as “a promise 

that you will not be identified or presented in identifiable form” (1996, p.319, quoted 
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in Bell & Waters, 2014). Similarly, the Australian National Statement on Ethical 

Conduct in Human Research defines confidentiality as: 

The obligation of people not to use private information – whether private 

because of its content or the context of its communication - for any purpose 

other than that for which it was given to them. (NHMRC, 2007, p.99) 

In consideration of the above, participants and their parents/guardians were given a 

written explanation and assurance that any information or personal details gathered 

in the course of the study would remain confidential, that no individual would be 

identified by name in any publication of the results, and that pseudonyms would used 

in instances where participants’ responses were directly quoted. 

The Ethical Standards of AERA provides a useful quote to summarize this section,  

It is of paramount importance that educational researchers respect the rights, 

privacy, dignity, and sensitivities of their research populations and also the 

integrity of the institutions within which the research occurs. Educational 

researchers should be especially careful in working with children and other 

vulnerable populations. (p. 3) 

In light of this, ethical issues of relevance to this study include, informed consent, 

dependent relationship, access and acceptance, and confidentiality. All of these 

issues required careful consideration before, during, and after the completion of the 

research study. 

4.7 Conclusion 

This chapter provided an outline of the research methodology devised to investigate 

the ways in which teaching practices that integrate DGS in a bilingual elementary 

school in Japan contribute to student understanding of geometry. This outline was 

presented in four sections that considered a range of factors that affected the chosen 

research design. The first section described the contextual setting of the research, in 

particular the participants and the setting. It was followed by an overview of the 

design, including a description of the paradigm, the data collection instruments, and 

the pilot study. The third section outlined the methodologies associated with the 

analysis of data from both qualitative and quantitative aspects. The final section 

discussed the validity and reliability of the design, inclusive of ethical considerations. 
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The following chapter will present the data analysis resulting from the consideration 

and application of the methodological aspects outlined in this chapter. 

  



 

  149 

CHAPTER 5 QUANTITATIVE RESEARCH FINDINGS 

5.1 Introduction 

This chapter will present and discuss the quantitative findings of the study. It will 

begin with an explanation concerning data analysis, which will then be followed by 

the presentation and discussion of the quantitative findings. The research questions 

that guide the investigation in this chapter are: 

1. In what ways do teaching practices that integrate Dynamic Geometry 

Software (DGS), in a bilingual elementary school in Japan, contribute to 

student understanding of geometry? 

2. In what ways do teaching practices that integrate DGS, in a bilingual 

elementary school in Japan, promote student motivation for learning 

geometry? 

The results are presented in three sections. The first section presents the results of the 

van Hiele Geometry Test (VHGT), the second section presents the results of the 

Course Interest Survey (CIS), and the final section, titled Conclusions, discusses and 

ties the findings together. 

5.2 Data analysis plan 

The design of the study, as described in the previous chapter earlier, involves the use 

of quantitative and qualitative research instruments and the following section details 

the methodologies applied when analyzing the collected responses. The quantitative 

data in this study included students’ scores for the VHGT and the CIS. Both the 

VHGT design and the CIS design involved one between-subjects factor (group) with 

2 levels, and one within-subjects factor (time) with 2 or more levels. Therefore, a 

Mixed-Design ANOVA was used to compare the data scores from the VHGT and 

the CIS. The qualitative data in this study included student responses to Writing 

Prompt Tasks, student interviews, classroom observations, and an investigation of 

artifacts of students work. The student responses to Writing Prompt Tasks were open 

coded and then compared to the SOLO Model, these results are presented and 

discussed in Chapter 6. Student interviews were presented as case studies in 

conjunction with classroom observations, and artifacts of students work, these results 

are presented and discussed in Chapter 7. 
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5.3 Van Hiele geometry test (VHGT) 

The VHGT was administered twice, in English and again in Japanese, to a control 

group and a treatment group consisting of two separate classes in the same year level, 

as a pre-test. The two groups then received a teaching sequence that consisted of 

twelve sessions, each 45 minutes in length, which spread across approximately 2 

weeks. The treatment group received lessons that integrated DGS, while the control 

group received the same math lessons using traditional, pen and paper-based tasks. 

At the completion of the teaching sequence the VHGT was administered twice, in 

English and again in Japanese, to the control group and the treatment group, as a 

post-test. Approximately 4 weeks after the post-test, the VHGT was administered 

twice, in English and again in Japanese, as a delayed post-test. This section contains 

the results of these VHGT tests. 

The VHGT contains 25 multiple-choice items, distributed into five van Hiele levels: 

Items 1-5 (Level 1), Items 6-10 (Level 2), Items 11-15 (Level 3), Items 16-20 (Level 

4) and Items 21-25 (Level 5). These items are designed to identify participants’ 

geometric thinking at five van Hiele levels. As explained in the previous chapter, 

based on the fact that the subjects for this study are elementary school students, only 

questions 1-15 of the VHGT were used for this research; questions 16-25 were 

considered inappropriate for use with elementary school students.  

All students’ answer sheets from VHGT were read and initially scored by the two 

independent markers; these results were compared and checked by the researcher. 

All students received a weighted score, referring to a van Hiele level, based on the 

VHGT. The weighted score was guided by Usiskin’s (1982) grading system, where a 

student is assigned a weighted sum score in the following manner: 

 1 point for meeting criterion on items 1-5 (level-I) 

 2 points for meeting criterion on items 6-10 (level-II) 

 4 points for meeting criterion on items 11-15 (level-III) 

As explained in the previous chapter, when using the VHGT to determine student 

understanding and acquisition of van Hiele levels, there are two cases and two 

criteria to choose from. In this study, the Classical Case was employed, which means 

for example, that a student is identified as being at Level 1 if they correctly answer 

the allotted number of questions for Level 1, questions 1-5, but do not correctly 
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answer the allotted number of questions in any of the remaining levels (questions 6-

10, and questions 11-15). If the student correctly answers the allotted number of 

questions for Level 1 and also correctly answers the allotted number of questions for 

Level 3 then the student is identified as not fitting the criterion and therefore not 

fitting the theory model (Knight, 2006). 

Furthermore, when using the VHGT to determine student understanding and 

acquisition of van Hiele levels, there are two criteria to choose from. These criteria 

refer to how many questions, in a block of five questions, must be answered correctly 

for a student to be identified as having that level of understanding. Which criterion to 

use is based on whether the researcher wants to reduce Type I error or Type II error. 

In this study, the criteria for reducing Type II error was selected; described by 

Coladarci et al. (2004) as “failing to claim that a real difference exists when in fact it 

does” (p. 231). For the purposes of the test this would be placing too stringent a 

requirement for attaining a level of understanding. This was done by requiring that 3 

of 5 questions (3) in a block should be correctly answered to achieve that level. 

5.4 VHGT in English 

A mixed-design analysis of variance (ANOVA) model was used to compare the 

statistical data for the VHGT in English. A mixed-design ANOVA model is used to 

test for differences between two or more independent groups whilst subjecting 

participants to repeated measures. The mixed-design ANOVA involved one 

between-subjects factor (group) with 2 levels (treatment and control), and one 

within-subjects factor (time) with 3 levels (pre-test, post-test, and delayed post-test). 

This means that a control group and a treatment group where both tested, using the 

same testing instrument, at three separate time intervals.  

Prior to the analysis, a basic square root transform was used for all values in order to 

stabilize the variances between groups (Field, 2009). The descriptive statistics for the 

Mixed-Design ANOVA for the VHGT in English are presented in Table 5.1. 

The mixed-design ANOVA used in this study makes a number of assumptions about 

the data set that is being tested. The data set collected for the VHGT in English for 

this study meets the assumptions of the mixed-design ANOVA model and the 

statistical tests carried out are presented in Appendix B.  
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Table 5.1: Descriptive statistics for VHGT in English 

 Group Mean Std. Deviation N 

Pre-test Treatment 3.3510 .60936 29 

Control 3.3621 .73359 28 

Total 3.3565 .66720 57 

Post-test Treatment 3.8938 .54335 29 

Control 3.6793 .66655 28 

Total 3.7884 .61117 57 

Delayed post-test Treatment 4.0672 .63074 29 

Control 3.6779 .54941 28 

Total 3.8760 .61889 57 

Profile plot 

A profile plot can provide a useful graphical summary of the data, and the results of 

the VHGT in English can be seen in Figure 5.1.  

 
Figure 5.1: Profile plot of interaction between time and group for VHGT in English 

Figure 5.1 displays the interaction between Time and Group for the VHGT in 

English. The lighter line graph (below) represents the control group, and the darker 

line graph (above) represents the treatment group. By examining the profile plot we 
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can see that the mean scores for the treatment group and the control group both 

increase from the pre-test (Time 1) to the post-test (Time 2). The profile plot 

suggests that there is a statistically significant result for both groups at the post-test. 

From the post-test (Time 2) to the delayed post-test (Time 3), the mean scores for the 

control group appear to flatten out, and remain constant. In contrast, the mean scores 

for the treatment group continue to increase to the Delayed post-test (Time 3). The 

profile plot suggests that there is a statistically significant result for the treatment 

group at the delayed post-test stage (Time 3), but there is no statistically significant 

result for the control group at the delayed post-test stage (Time 3). 

Within-subjects effect 

To follow on from the initial judgements based on the profile plot, formal statistical 

tests can be used to determine whether there is a statistically significant result for the 

within-subjects effect for Time. Table 5.2 presents the Tests of Within-Subjects 

Effects for VHGT scores in English, which shows that there is significant effect for 

Time F (2, 96) = 32.508, p = 0.000, p ≤ .01, np2 = 0.371, power = 1.000. This can be 

interpreted to mean that both instruction embedded with ICT, and instruction 

employing traditional paper-based methods, resulted in improved mean scores over 

time for VHGT scores in English. 

Time-group interaction effect 

To follow on from the initial judgements based on the profile plot, formal statistical 

tests can be used to determine whether there is a statistically significant interaction 

between time and group. Table 5.2 presents the Tests of Within-Subjects Effects for 

VHGT scores in English.  

The results of the within-subjects effects shows that there is a significant interaction 

between Time and Group, F (2, 96) = 4.288, p = 0.021, p ≤ .05, np2 = 0.072, power = 

0.695. This establishes that the changes in mean scores for VHGT in English over 

time are not equivalent across the two groups, which can be interpreted to mean that 

instruction embedded with ICT is superior to instruction employing traditional, 

paper-based methods at the delayed post-test. 



 

  154 

Table 5.2: Tests of within-subject effects for VHGT in English 

Source 
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Time Sphericity Assumed 8.708 2 4.354 32.508 .000 .371 65.016 1.000 

Greenhouse-Geisser 8.708 1.751 4.974 32.508 .000 .371 56.916 1.000 

Huynh-Feldt 8.708 1.837 4.742 32.508 .000 .371 59.704 1.000 

Lower-bound 8.708 1.000 8.708 32.508 .000 .371 32.508 1.000 

Time  * 

Group 

Sphericity Assumed 1.149 2 .574 4.288 .016 .072 8.575 .737 

Greenhouse-Geisser 1.149 1.751 .656 4.288 .021 .072 7.507 .695 

Huynh-Feldt 1.149 1.837 .625 4.288 .019 .072 7.875 .710 

Lower-bound 1.149 1.000 1.149 4.288 .043 .072 4.288 .530 

Error(Time) Sphericity Assumed 14.733 110 .134      

Greenhouse-Geisser 14.733 96.296 .153      

Huynh-Feldt 14.733 101.01 .146      

Lower-bound 14.733 55.000 .268      

The above results need to be investigated further since the research study tested 

subjects at three separate points in time. Pairwise Comparisons for the interaction 

between time and group will allow further interpretation of the significant result 

obtained above. Pairwise Comparisons for this interaction are presented in Table 5.3 

below. 

Table 5.3: Pairwise comparisons for the interaction between time and group for VHGT 

in English 

Time (I) Group (J) Group 

Mean 

Difference 

(I-J) 

Std. 

Error 
Sig.b 

95% Confidence Interval 

for Differenceb 

Lower Bound Upper Bound 

1 Treatment Control -.011 .178 .951 -.369 .346 

Control Treatment .011 .178 .951 -.346 .369 

2 Treatment Control .215 .161 .188 -.108 .537 

Control Treatment -.215 .161 .188 -.537 .108 

3 Treatment Control .389* .157 .016 .075 .704 

Control Treatment -.389* .157 .016 -.704 -.075 

Based on estimated marginal means 

b. Adjustment for multiple comparisons: Bonferroni. 

Table 5.3 shows that there are no statistically significant interactions between the 

time and group at Time1 (pre-test), or at Time2 (post-test), however, it does show 

that there is a statistically significant interaction between time and group at Time3 
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(delayed post-test), p = 0.016, p ≤ .05. While it is a little surprising to see that the 

delayed post-test scores for the treatment group showed further improvement, other 

researchers have found similar results. In a study by Jitendra et al. (2009), which 

evaluated the effectiveness of an instructional intervention on middle school students’ 

understanding of ratio and proportion, a statistically significant difference in students’ 

problem solving skills favoring the treatment condition was found. In addition, 

delayed post-test results indicated that the benefits of the treatment increased 4 

months after the intervention. This finding that the effect size for the delayed post-

test was larger than what was found at post-test, supported prior findings of Jitendra 

and colleagues (Jitendra et al., 1998, 2007a, 2007b; Xin et al., 2005). 

Other studies with similar results, where students performed significantly better on a 

delayed post-test, include: Adams et al. (2014), which evaluated the effectiveness of 

an instructional intervention on middle school students understanding of decimals; 

Baroody, Eiland, and Reid (2014), which evaluated the effectiveness of computer-

assisted instruction on first grader’s fluency with basic subtraction and larger 

addition combinations; and Meyer et al. (2002) which evaluated the effectiveness of 

instructional intervention on the reading comprehension of fifth-grade children. 

Furthermore, in a study by Dyson, Jordan, and Glutting (2013), which evaluated the 

effectiveness of an instructional intervention on the number sense attainment of low-

income kindergartners at risk for mathematics difficulties, a statistically significant 

difference was found. This difference favoring the treatment condition was 

maintained and did increase, although not statistically significant, at delayed post-test. 

Of particular interest is the fact that the data plot of Dyson et al.’s (2013, p. 175) 

findings appears remarkably similar to the data plot obtained in the current research 

study. 

The results from the current research, and the studies discussed above, are 

encouraging since an important test of the effectiveness of an intervention is 

information about the “delayed or long-term effects” of the intervention (Gersten et 

al., 2005, p. 159). 

In summary, results from formal statistical analysis show that; 
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 A statistically significant result suggests that both instruction embedded with 

ICT, and instruction employing traditional, paper-based methods resulted in 

improved mean scores over time for VHGT scores in English. 

 A statistically significant result for time-group interaction suggests that 

instruction, which is embedded with ICT, resulted in higher mean scores at 

delayed post-test and is superior to instruction that employed traditional paper-

based methods for VHGT scores in English.  

5.5 Results for VHGT in Japanese 

A mixed-design analysis of variance (ANOVA) model was also used to compare the 

statistical data for the VHGT in Japanese. The mixed-design ANOVA involved one 

between-subjects factor (group) with 2 levels (treatment and control), and one 

within-subjects factor (time) with 3 levels (pre-test, post-test, and delayed post-test). 

This means that a control group and a treatment group where both tested, using the 

same testing instrument, at three separate time intervals.  

Prior to the analysis, a basic square root transform was used for all values in order to 

stabilize the variances between groups (Field, 2009). The descriptive statistics for the 

Mixed-Design ANOVA for the VHGT in Japanese are presented in Table 5.4. 

Table 5.4: Descriptive statistics for VHGT in Japanese 

 Group Mean Std. Deviation N 

Pre-test Treatment 3.7579 .72055 29 

Control 3.7139 .60159 28 

Total 3.7363 .65923 57 

Post-test Treatment 4.1528 .64827 29 

Control 4.0418 .49334 28 

Total 4.0982 .57498 57 

Delayed post-test Treatment 4.1745 .63937 29 

Control 4.0200 .65161 28 

Total 4.0986 .64434 57 

The mixed-design ANOVA used in this study makes a number of assumptions about 

the data set that is being tested. The data set collected for the VHGT in Japanese for 

this study meets the assumptions of the mixed-design ANOVA model and the 

statistical tests carried out are presented in Appendix C.  
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5.5.1 Profile Plot 

A profile plot can provide a useful graphical summary of the data, and the results of 

the VHGT in Japanese can be seen in Figure 5.2. 

 
Figure 5.2: Profile plot of interaction between time and group for VHGT in Japanese 

Figure 5.2 displays the interaction between Time and Group for VHGT in Japanese. 

The lighter line graph (below) represents the control group, and the darker line graph 

(above) represents the treatment group. By examining the profile plot we can see that 

the mean scores for the treatment group and the control group both increase from the 

pre-test (Time 1) to the post-test (Time 2). The profile plot suggests that there is a 

statistically significant result for both groups at the post-test. 

From the post-test (Time 2) to the delayed post-test (Time 3), the mean scores for 

both groups appear to flatten out, and remain constant. The profile plot suggests that 

there is not a statistically significant result for both groups at the delayed post-test 

stage (Time 3). 
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5.5.2 Within-subjects effect 

To follow on from the initial judgements based on the profile plot, formal statistical 

tests can be used to determine whether there is a statistically significant result for the 

within-subjects effect for Time. Table 5.5 presents the Tests of Within-Subjects 

Effects for VHGT scores in Japanese, which shows that there is significant effect for 

Time F (2, 96) = 20.057, p = 0.000, p ≤ .01, np2 = 0.267, power = 1.000. This can be 

interpreted to mean that both instruction embedded with ICT, and instruction 

employing traditional paper-based methods resulted in improved mean scores over 

time for VHGT scores in Japanese. 

5.5.3 Time-Group interaction effects 

To follow on from the initial judgements about the data shown in the profile plot, 

formal statistical tests can be used to determine whether there is a statistically 

significant interaction between time and group. Table 5.5 presents the Tests of 

Within-Subjects Effects for VHGT scores in Japanese.  

Table 5.5: Tests of within-subjects effects for VHGT in Japanese 

Source 

T
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e III 
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S
q
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P
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P
o

w
er
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Time Sphericity Assumed 4.960 2 2.480 20.057 .000 .267 40.114 1.000 

Greenhouse-

Geisser 

4.960 1.754 2.827 20.057 .000 .267 35.189 1.000 

Huynh-Feldt 4.960 1.841 2.695 20.057 .000 .267 36.917 1.000 

Lower-bound 4.960 1.000 4.960 20.057 .000 .267 20.057 .993 

Time  * 

Group 

Sphericity Assumed .088 2 .044 .357 .701 .006 .714 .106 

Greenhouse-

Geisser 

.088 1.754 .050 .357 .673 .006 .626 .103 

Huynh-Feldt .088 1.841 .048 .357 .683 .006 .657 .104 

Lower-bound .088 1.000 .088 .357 .553 .006 .357 .090 

Error(Time) Sphericity Assumed 13.600 110 .124      

Greenhouse-

Geisser 

13.600 96.494 .141      

Huynh-Feldt 13.600 101.23 .134      

Lower-bound 13.600 55.000 .247      

The results show that there is no significant interaction between Time and Group, F 

(2, 96) = 0.357, p = 0.673, p > .05, np2 = 0.006, power = 0.103. This indicates that 

the changes in scores for VHGT in Japanese over time are equivalent across the two 
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groups. These results indicate that instruction embedded with ICT is not superior to 

instruction employing traditional, paper-based methods for VHGT scores in Japanese. 

Table 5.6 presents the pairwise comparisons for Time for VHGT scores in Japanese. 

This table shows how the means compare against each other for each time point, and 

shows if they differ significantly against each other. The results from this table 

indicate that the increase in mean scores for the VHGT in Japanese is significant 

from pre-test to post-test, and from pre-test to delayed post-test. 

Table 5.6: Pairwise comparisons for time for VHGT in Japanese 

(I) Time (J) Time 
Mean Difference 

(I-J) 

Std. 

Error 
Sig.b 

95% Confidence Interval for 

Differenceb 

Lower Bound Upper Bound 

Pre-test Post-test -.361* .061 .000 -.512 -.211 

Delayed 

post-test 
-.361* .077 .000 -.552 -.171 

Post-test Pre-test .361* .061 .000 .211 .512 

Delayed 

post-test 
3.079E-5 .058 1.000 -.143 .143 

Delayed 

post-test 

Pre-test .361* .077 .000 .171 .552 

Post-test -3.079E-5 .058 1.000 -.143 .143 

Based on estimated marginal means 

b. Adjustment for multiple comparisons: Bonferroni. 

In summary, results from formal statistical analysis show that; 

 A statistically significant result suggests that both instruction embedded with 

ICT, and instruction employing traditional, paper-based methods resulted in 

improved mean scores over time for VHGT scores in Japanese. 

 A statistically significant result suggests that the improved mean scores for 

VHGT scores in Japanese were maintained at delayed post-test for both 

instruction embedded with ICT, and instruction employing traditional, paper-

based methods.Course interest survey (CIS) 

A bilingual CIS was administered to a control group and a treatment group 

consisting of two separate classes in the same year level, as a pre-test. The two 

groups then received a teaching sequence that consisted of twelve sessions of 45 

minutes each that spread across approximately 2 weeks. The treatment group 

received DGS-based math lessons, while the control group received the same math 
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lessons; however, with pen and paper based tasks. At the completion of the teaching 

sequence the bilingual CIS was administered as a post-test.  

As explained in the previous chapter, the CIS has a response scale that ranges from 1 

to 5. According to this scale, the minimum score is 34 on the 34-item survey, and the 

maximum is 170 with the midpoint of 102. 

5.5.4 Results for CIS 

A Mixed-Design ANOVA was used to compare the data for the bilingual CIS, and it 

involved one between-subjects factor (group) with 2 levels (treatment and control), 

and one within-subjects factor (time) with 2 levels (pre-test and post-test). Prior to 

the analysis, a basic square root transform was used for all values in order to stabilize 

the variances between groups (Field, 2009). The descriptive statistics for the Mixed-

Design ANOVA for the bilingual CIS are presented in Table 5.7. 

Table 5.7: Descriptive statistics for bilingual CIS 

 Group Mean Std. Deviation N 

Pre-test Treatment 11.009217 .8476035 29 

Control 11.094539 .6671262 28 

Total 11.051130 .7587153 57 

Post-test Treatment 11.479669 .6627817 29 

Control 11.102975 .7270245 28 

Total 11.294626 .7145491 57 

The mixed-design ANOVA used in this study makes a number of assumptions about 

the data set that is being tested. The data set collected for the bilingual CIS for this 

study meets the assumptions of the mixed-design ANOVA model and the statistical 

tests carried out are presented in Appendix D.  

5.5.5 Profile plot 

A profile plot can provide a useful graphical summary of the data, and the results of 

the bilingual CIS can be seen in Figure 5.3. 

Figure 5.3 below displays the interaction between Time and Group for the bilingual 

CIS. The lighter line graph (flat) represents the control group, and the darker line 

graph (increasing) represents the treatment group. By examining the plot we can see 

that the mean scores for the treatment group increase from the pre-test (Time 1) to 

the post-test (Time 2). In contrast, the mean scores for the control group show little 
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change from the pre-test (Time 1) to the post-test (Time 2). The profile plot would 

suggest that we might expect a statistically significant interaction between Time and 

Group at the post-test (Time 2). This would mean that instruction that is embedded 

with ICT promotes student motivation for learning geometry more than instruction 

that employs traditional, paper-based methods. 

 
Figure 5.3: Profile plot of interaction between time and group for bilingual CIS 

5.5.6 Time-Group interaction effects 

To follow on from the initial judgements about the data shown in the profile plot, 

formal statistical tests can be used to determine whether there is a statistically 

significant interaction between time and group. Table 5.10 presents the Tests of 

Within-Subjects Effects for the bilingual CIS. 

The results of the within-subjects effects show that there is a significant interaction 

between Time and Group, F (2, 55) = 11.682, p = 0.001, p ≤ .001, np2 = 0.175, 

power = 0.919. This establishes that the changes in mean scores for the bilingual CIS 

over time are not equivalent across the two groups, which can be interpreted to mean 

that instruction that is embedded with ICT, in a bilingual context, promotes student 
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motivation for learning geometry more than instruction that employs traditional 

paper-based methods. To further investigate the interaction between Time and Group, 

the Pairwise Comparisons for this interaction are reported in Table 5.8. 

Table 5.8: Tests of within subjects effects for bilingual CIS 

Source 

Type 

III Sum 

of 

Squares 

df 
Mean 

Square 
F Sig. 

Partial 

Eta 

Squared 

Noncent. 

Parameter 

Observed 

Powera 

Time Sphericity 

Assumed 
1.633 1 1.633 12.551 .001 .186 12.551 .936 

Greenhouse-

Geisser 
1.633 1.000 1.633 12.551 .001 .186 12.551 .936 

Huynh-Feldt 1.633 1.000 1.633 12.551 .001 .186 12.551 .936 

Lower-bound 1.633 1.000 1.633 12.551 .001 .186 12.551 .936 

Time  

* 

Group 

Sphericity 

Assumed 
1.520 1 1.520 11.682 .001 .175 11.682 .919 

Greenhouse-

Geisser 
1.520 1.000 1.520 11.682 .001 .175 11.682 .919 

Huynh-Feldt 1.520 1.000 1.520 11.682 .001 .175 11.682 .919 

Lower-bound 1.520 1.000 1.520 11.682 .001 .175 11.682 .919 

Error 

(Time) 

Sphericity 

Assumed 
7.158 55 .130      

Greenhouse-

Geisser 
7.158 55.000 .130      

Huynh-Feldt 7.158 55.000 .130      

Lower-bound 7.158 55.000 .130      

In summary, results from formal statistical analysis show that q statistically 

significant result established that changes in mean scores for the bilingual CIS over 

time are not equivalent across the two groups, which establishes that instruction that 

is embedded with ICT, in a bilingual context, promotes student motivation for 

learning geometry more than instruction that employs traditional,  

5.6 Conclusion 

This chapter employed a quantitative analysis of the VHGT and CIS through the use 

of a Mixed-Design ANOVA model. The use of this model is based on a number of 

assumptions regarding the data set; these criteria were explored, and it was 

confirmed that the data set for this research study meet these criteria. The chapter 

sought to gain insight into how teaching practices that integrate Dynamic Geometry 

Software (DGS), in a bilingual elementary school in Japan, contribute to student 
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understanding of geometry. The analysis also sought to gain insight into how 

teaching practices that integrate DGS, in a bilingual elementary school in Japan, 

promote student motivation for learning geometry. 

Chapters 6 and 7 will provide extensive qualitative procedures that incorporate the 

SOLO Model, student case studies, classroom observations, and artifacts of students 

work. These qualitative procedures are designed to complement and extend the 

quantitative findings from this chapter by providing comparative qualitative results 

related to the learning of geometry across languages, and different contexts. The 

investigation in this chapter was guided by the following research questions; 

Research Question 1 stated, in what ways do teaching practices that integrate 

Dynamic Geometry Software (DGS), in a bilingual elementary school in Japan, 

contribute to student understanding of geometry? The results of the Mixed-Design 

ANOVA models indicate the following: 

 A statistically significant result suggests that both instruction embedded with 

ICT, and instruction employing traditional, paper-based methods resulted in 

improved mean scores, at post-test, for VHGT scores in English. 

 A statistically significant result for time-group interaction suggests that 

instruction, which is embedded with ICT, resulted in higher mean scores at 

delayed post-test and is superior to instruction that employed traditional, 

paper-based methods for VHGT scores in English. A statistically significant 

result established that the improved mean scores for VHGT in English were 

maintained at delayed post-test for instruction employing traditional, paper-

based methods. 

 A statistically significant result suggests that both instruction embedded with 

ICT, and instruction employing traditional, paper-based methods resulted in 

improved mean scores, at post-test, for VHGT scores in Japanese. 

 A statistically significant result suggests that the improved mean scores for 

VHGT in Japanese were maintained at delayed post-test for both instruction 

embedded with ICT, and instruction employing traditional, paper-based 

methods. 

Research Question 2 stated, In what ways do teaching practices that integrate DGS, 

in a bilingual elementary school in Japan, promote student motivation for learning 
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geometry? The results of the Mixed-Design ANOVA model indicate that statistically 

significant result established that instruction that is embedded with ICT, in a 

bilingual context, promotes student motivation for learning geometry more than 

instruction that employs traditional, paper-based methods. 
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CHAPTER 6 QUALITATIVE RESEACH FINDINGS: 
WRITING PROMPT TASK 

6.1 Introduction 

This chapter is the first of two chapters that will the present and discuss the 

qualitative findings of the study. This chapter presents findings related to Writing 

Prompt Tasks. The research questions that guide the investigation in this chapter are: 

1. In what ways do teaching practices that integrate Dynamic Geometry 

Software (DGS) in a bilingual elementary school in Japan contribute to 

student understanding of geometry? 

3. In what manner does the application of the van Hiele teaching phases assist 

the equitable integration of subject-content and language-content in a 

bilingual elementary school in Japan? 

4. Does the SOLO Model offer a framework to explain the contribution of the 

integration of technology in the bilingual context to students understanding 

of geometry? 

The results are presented in three sections. The first section presents the results of 

‘open coding’ where students’ responses to the Writing Prompt Task were grouped 

according to ‘likeness’ elements based upon the task analysis and students’ use of L1 

or L2. The second section presents the results of ‘focused coding’ where students’ 

responses were interpreted from the perspective of the SOLO Model. The final 

section, titled Conclusions, discusses and ties the findings together. 

6.2 Open coding 

To code is to assign a truncated, symbolic meaning to each datum for purposes of 

qualitative analysis (Saldana, 2013). A more formalized definition of a code being: 

A code in qualitative data analysis is most often a word or short phrase that 

symbolically assigns a summative, salient, essence-capturing, and/or evocative 

attribute for a portion of language-based or visual data. The data can consist of 

interview transcripts, participant observation field notes, journals, documents, 

literature, artifacts, photographs, (p. 585) video, websites, e-mail 

correspondence, and so on. The portion of data to be coded can ... range in 
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magnitude from a single word to a full sentence to an entire page of text to a 

stream of moving images ... Just as a title represents and captures a book or film 

or poem’s primary content and essence, so does a code represent and capture a 

datum’s primary content and essence. (Saldana, 2013, p.3) 

Esterberg (2002) suggests that there are two types of coding: open coding and 

focused coding. Qualitative interview data is first analyzed by open coding 

transcripts which means that transcripts are read and the researcher makes a note of 

whatever categories or themes appear that relate to their overall research. However, 

at this stage, it is important that the original research questions or expectations about 

what the researcher thinks they will find do not cloud the researcher’s ability to see 

categories or themes. Once multiple rounds of open coding have been completed, 

then focused coding can begin. Focused coding involves collapsing or narrowing 

themes and categories identified in open coding, each collapsed/merged theme or 

category is given a name (or code), and passages of data are identified that fit each 

named category or theme (Esterberg, 2002).  

The qualitative analysis components of the main study consisted of post-coding of 

responses in four stages: 

6.2.1 Stage 1: Task analysis 

In order to determine the complexity of a response it was necessary to complete a 

task analysis for the writing prompt task, which entailed a consideration of all 

possible plausible elements of a response, or an 'expert' response as based on 

information gained. The possible plausible elements of a response are described in 

detail in the qualitative findings section of this chapter, and task analysis appears in 

the Appendix E. The task analysis was based on information gained from previous 

research focused upon students' understandings of geometrical concepts (Pegg, 1992, 

p. 28-32; Pegg & Davey, 1989, p. 20-25; Pegg & Davey, 1991; Serow, 2007, p. 652-

653; Serow, 2002, p.169-189; Usiskin, 1982). 

6.2.2 Stage 2: Open coding  

Responses were grouped according to ‘likeness’ elements based upon the task 

analysis and and students’ use of L1 or L2. A response was assigned to a group 

based on the most appropriate/relevant explanation(s) contained in the response. 
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6.2.3 Stage 3: Focused coding – SOLO Model 

In the third stage of analysis, the responses were interpreted from the perspective of 

the SOLO Model. Descriptors for modes and levels were applied to the responses 

and once coding was completed, generalized descriptors were proposed to describe 

the development in understanding, which was identified for the question in the 

second stage of analysis. The SOLO Model has been recognized as a useful 

framework for classifying and interpreting levels of student understanding in a 

variety of learning areas (Bennet, 1987; Levins, 1992; Panizzon, 1999). In the field 

of mathematics, the SOLO Model has been used to research a wide variety of 

concepts including, multiplication (Watson & Mulligan, 1990), mathematical 

patterns (Fujita & Yamamoto, 2011), statistics (Watson, Collis & Moritz, 1997), 

volume of prisms (Campbell, Watson & Collis, 1992), fractions (Watson, Campbell 

& Collis, 1993, algebra (Coady & Pegg, 1996), and geometry (Davey & Pegg, 1989, 

1992; Serow, 2002). 

The usefulness of SOLO Model as a framework lies in its approach where the 

structure of the observed student's response is analysed, so the focus is on the quality 

of the given response (Serow, 2002).  

The SOLO interpretation of responses is more useful than notions of stages of 

development as such for educators and researchers to describe the level of reasoning 

on school-related tasks because it points a way to advance and does not merely 

describe a presumably static state (Collis, 1984, p. 14). The SOLO Model provides a 

language that can be used to code or categorize students' responses in a systematic 

way that represents various stages of development of understanding (Serow, 2002). 

6.2.4 Stage 4: Coder reliability check 

The consistency of groupings and codings were checked for reliability. In order to 

measure the congruity of the system used to code students’ responses it was 

necessary to calculate both intrarater and interrater reliability. In an attempt to 

measure intrarater reliability the consistency of the researcher's coding between 

responses is assessed. Interrater reliability requires a primary co-marker to use the 

described marking scheme and then compare their coding s against the principal 

researcher's codings. This assessment is discussed below. 
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Firstly, intrarater reliability was established through the random selection of one 

quarter of the students' Writing Prompt Tasks. The percentage of responses, which 

were categorised by the primary co-marker into the same SOLO levels in both the 

initial codings and subsequent codings, was 92.5%. 

Next, a secondary co-marker then coded the random selection of one quarter of the 

students' Writing Prompt Tasks. The measure of agreement between the principal 

researcher and the secondary co-marker was 91%. 

Throughout the coding process, the consistency of the SOLO Model was also 

established via consultation between researcher and co-marker when rare difficulties 

occurred with categorisation of particular responses. Overall, the following measures 

ascertained coding reliability for the SOLO model. 

6.2.5 Writing Prompt Task 

The Writing Prompt Task was administered as a pre-test, in English, to a control 

group and a treatment group consisting of two separate classes in the same year level. 

The two groups then received a teaching sequence that consisted of twelve sessions 

of 45 minutes each that spread across approximately 2 weeks. The treatment group 

received DGS-based maths lessons, while the control group received the same maths 

lessons; however, with pen and paper based tasks. At the completion of the teaching 

sequence the Writing Prompt Task was administered as a post-test, in English, to the 

control group and the treatment group. This section contains the findings of these 

Writing Prompt Tasks. 

The responses were grouped according to the identification of the properties and 

features of a geometrical figure (e.g. square), and the links or relationships between 

the figure in question and other quadrilaterals. The nineteen groups were coded A to 

G, with a progression representing an increase in sophistication; group Y and Z 

represent unrelated or contradictory responses. The open coding group descriptors 

are explained in Table 6.1 below. 

Table 6.1: Open coding group descriptors 

Grouping Descriptor 

Group Z The response that was not related to the properties or features of the figure in 

question, e.g. square, rhombus, etc. Or there was no response at all. 

Group Y The response contained contradictory information, which made it unclear 
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whether the reference for the task was the figure in question (e.g. square, 

rhombus, etc) or a broader grouping (e.g. quadrilaterals, and/or classes of 

quadrilaterals) due to a language/translation error [resulting from the 

English/Japanese combination]. If the response provided enough information 

and qualified links in mathematical terms between figures then it was grouped 

elsewhere (e.g. Group G.L1 or Group G.L2). However, if the links to the figure 

in question were vague or unclear then the response was grouped here.  

 

A language error for square and quadrilateral may arise from the word四角い 

shikakui. In Japanese 四角 shikaku translates to quadrilateral. However, the 

adjective 四角い shikakui often refers to ‘rectangular’ or ‘square-ish’. It 

appears likely that when students first attempt to translate四角 shikaku into 

English they lack the vocabulary quadrilateral and in lieu of this word opt for 

the higher frequency, easier word square. This error seems to have the potential 

to result in the word四角 shikaku taking on a vague meaning in the 

English/Japanese classroom, similar to Pegg and Davey’s findings regarding 

the term corner (Pegg & Davey, 1989, p.21). NB: 四角形 shikakukei also 

translates to quadrilateral; 四角形の分類 shikakukei no bunrui translates to 

classification/classes of quadrilaterals; 正方形 seihoukei translates to square. 

Group A The response contained a reasonable attempt to draw the figure in question 

(e.g. square, rhombus, etc.) by making use of ideas and features consistent with 

the figure (e.g. straight lines, parallel sides, right angles, etc.). The response 

contained an extremely limited written response (in Japanese or English) or no 

written response at all. 

Group B.L1 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

described the figure, e.g. square, based merely on overall appearance. For 

example, for a square, “is not a circle”; “is like … box, computer”, etc. The 

response did not identify a single feature of a square. 

Group B.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response described the figure, e.g. square, based merely on 

overall appearance. For example, for a square, “is not a circle”; “is like … box, 

computer”, etc. The response did not identify a single feature of a square. 

Group C.L1 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

focuses on a single quantifiable feature to describe the figure. A ‘feature’ 

differs from a ‘property’ as it is based on the form or shape of the figure, and 

derives from a student’s need to rely on ikonic support when identifying a 

figure. For example: a property of a square is that all angles are equal to 90, as 

opposed to a student identified feature of a square being that it has four corners 

(angles). If a student, determines that a figure is a square because it has four 

corners (angles), then the feature has been determined by the shape, in the 

students thinking, and has thus taken on the role of a pseudo-property. The 

properties of the figure play no explicit role in the identification of the figure 

(Pegg & Davey, 1998). The response is characterised by a strong reliance on 

visual cues. The student does not understand geometrical class structure, and 

the figure is perceived as an individual shape, not as a member of a class of 

figures. The figure has developed a workable identity, which is encapsulated 
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by its individual name. Use of the word square, rectangle, and rhombus relates 

only to the specific shape provided in the task, and is not used to describe or 

represent a class of shapes (Serow, 2002). 

Group C.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response focuses on a single quantifiable feature to describe the 

figure. A ‘feature’ differs from a ‘property’ as it is based on the form or shape 

of the figure, and derives from a student’s need to rely on ikonic support when 

identifying a figure. For example: a property of a square is that all angles are 

equal to 90, as opposed to a student identified feature of a square being that it 

has four corners (angles). If a student, determines that a figure is a square 

because it has four corners (angles), then the feature has been determined by 

the shape, in the students thinking, and has thus taken on the role of a pseudo-

property. The properties of the figure play no explicit role in the identification 

of the figure (Pegg & Davey, 1998). The response is characterised by a strong 

reliance on visual cues. The student does not understand geometrical class 

structure, and the figure is perceived as an individual shape, not as a member 

of a class of figures. The figure has developed a workable identity, which is 

encapsulated by its individual name. Use of the word square, rectangle, and 

rhombus relates only to the specific shape provided in the task, and is not used 

to describe or represent a class of shapes (Serow, 2002). 

Group D.L1 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

focuses on multiple quantifiable features to describe the figure. A ‘feature’ 

differs from a ‘property’ as described above. The properties of the figure play 

no explicit role in the identification of the figure (Pegg & Davey, 1998). The 

response is characterised by a strong reliance on visual cues. The student does 

not understand geometrical class structure, and the figure is perceived as an 

individual shape, not as a member of a class of figures. The figure has 

developed a workable identity, which is encapsulated by its individual name. 

Use of the word square, rectangle, and rhombus relates only to the specific 

shape provided in the task, and is not used to describe or represent a class of 

shapes (Serow, 2002). 

Group D.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response focuses on multiple quantifiable features to describe 

the figure. A ‘feature’ differs from a ‘property’ as described above. The 

properties of the figure play no explicit role in the identification of the figure 

(Pegg & Davey, 1998). The response is characterised by a strong reliance on 

visual cues. The student does not understand geometrical class structure, and 

the figure is perceived as an individual shape, not as a member of a class of 

figures. The figure has developed a workable identity, which is encapsulated 

by its individual name. Use of the word square, rectangle, and rhombus relates 

only to the specific shape provided in the task, and is not used to describe or 

represent a class of shapes (Serow, 2002). 

Group E.L1 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

focuses on all known quantifiable features to describe the figure. The response 

may also contain mention or reference to an actual property of the figure. 
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However, any mention of a property is unclear or inconsistent, and ‘features’ 

clearly have the explicit role of identifying and describing the figure. A 

‘feature’ differs from a ‘property’ as described above. The response is 

characterised by a strong reliance on visual cues. The student does not 

understand geometrical class structure, and the figure is perceived as an 

individual shape, not as a member of a class of figures. The figure has 

developed a workable identity, which is encapsulated by its individual name. 

Use of the word square, rectangle, and rhombus relates only to the specific 

shape provided in the task, and is not used to describe or represent a class of 

shapes (Serow, 2002).  

Group E.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response focuses on all known quantifiable features to describe 

the figure. The response may also contain mention or reference to an actual 

property of the figure. However, any mention of a property is unclear or 

inconsistent, and ‘features’ clearly have the explicit role of identifying and 

describing the figure. A ‘feature’ differs from a ‘property’ as described above. 

The response is characterised by a strong reliance on visual cues. The student 

does not understand geometrical class structure, and the figure is perceived as 

an individual shape, not as a member of a class of figures. The figure has 

developed a workable identity, which is encapsulated by its individual name. 

Use of the word square, rectangle, and rhombus relates only to the specific 

shape provided in the task, and is not used to describe or represent a class of 

shapes (Serow, 2002).  

Group F.L1 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

focuses on a single quantifiable property to describe the figure. A ‘feature’ 

differs from a ‘property’ as described above. The response is characterised by 

the figure being assigned a property that places the figure into a class of 

quadrilaterals that should be recognised by a generic name (the generic name 

may or may not be stated in the response). The response may contain tentative 

statements and/or diagrams related to the class of quadrilateral. The student’s 

response shows that an understanding of geometrical class structure is in the 

early stages of development i.e. that the figure in question can be a member of 

a larger class of figures. This understanding however, is supported by strong 

visual cues. So, links across classes may occur when similarities are 

accentuated by visual cues i.e. square to rectangle, rectangle to parallelogram; 

but not when differences are accentuated by visual cues i.e. square to 

parallelogram, rectangle to rhombus (Serow, 2002). There is no reference to 

subsets within classes of quadrilaterals.  

Group F.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response focuses on a single quantifiable property to describe 

the figure. A ‘feature’ differs from a ‘property’ as described above. The 

response is characterised by the figure being assigned a property that places the 

figure into a class of quadrilaterals that should be recognised by a generic name 

(the generic name may or may not be stated in the response). The response may 

contain tentative statements and/or diagrams related to the class of 

quadrilateral. The student’s response shows that an understanding of 

geometrical class structure is in the early stages of development i.e. that the 

figure in question can be a member of a larger class of figures. This 
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understanding however, is supported by strong visual cues. So, links across 

classes may occur when similarities are accentuated by visual cues i.e. square 

to rectangle, rectangle to parallelogram; but not when differences are 

accentuated by visual cues i.e. square to parallelogram, rectangle to rhombus 

(Serow, 2002). There is no reference to subsets within classes of quadrilaterals.  

Group G.L1 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

focuses on multiple quantifiable properties to describe the figure. A ‘feature’ 

differs from a ‘property’ as described above. The response may contain 

unprompted statements and diagrams that demonstrate that the student is 

tentatively and/or inconsistently deconstructing the figure, leading to an 

improved awareness of properties. The response is characterised by the figure 

being assigned properties that would allow the figure to be placed into classes 

of quadrilaterals that the student should recognise by their generic names (the 

generic names may or may not be stated in the response). The response may 

contain tentative statements and/or diagrams related to different classes of 

quadrilateral. The response demonstrates an ability to describe more than one 

property at a time in relation to the figure; however, each property is 

considered in isolation and relates directly back to the figure (Serow, 2002). 

The response is not overly reliant on visual cues, and chosen properties are 

described in terms of their necessity. The student’s response shows that an 

understanding of geometrical class structure is developing i.e. that the figure in 

question can be a member of classes of figures. There is no reference to subsets 

within classes of quadrilaterals.  

Group G.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response focuses on multiple quantifiable properties to describe 

the figure. The response may contain unprompted statements and diagrams that 

demonstrate that the student is tentatively and/or inconsistently deconstructing 

the figure, leading to an improved awareness of properties. A ‘feature’ differs 

from a ‘property’ as described above. The response is characterised by the 

figure being assigned properties that would allow the figure to be placed into 

classes of quadrilaterals that the student should recognise by their generic 

names (the generic names may or may not be stated in the response). The 

response may contain tentative statements and/or diagrams related to different 

classes of quadrilateral. The response demonstrates an ability to describe more 

than one property at a time in relation to the figure; however, each property is 

considered in isolation and relates directly back to the figure (Serow, 2002). 

The response is not overly reliant on visual cues, and chosen properties are 

described in terms of their necessity. The student’s response shows that an 

understanding of geometrical class structure is developing i.e. that the figure in 

question can be a member of classes of figures. There is no reference to subsets 

within classes of quadrilaterals.  

Group H.L1  The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response was written entirely in, or relied heavily on Japanese (1st 

language) despite the cue by the English language question. The response 

focuses on all known quantifiable properties to describe the figure. The 

response may contain unprompted statements and diagrams that clearly 

demonstrate that the student is confidently deconstructing the figure, leading to 

an awareness of multiple properties, such as diagonals. The response may 

contain links between the figure in question and other figures, across classes of 

quadrilateral, based upon the identification of similar properties. However, 
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while links are formed across classes, subsets are not described i.e., the square 

as a subset of the class of rectangles. The student’s response shows that whilst 

an understanding of geometrical class structure has developed (i.e. that the 

figure in question can be a member of classes of figures), there are still some 

inconsistencies and that some links may still be tentative. For example, a 

student may be unwilling to use the word parallelogram to describe the square, 

despite the formation of a link between these parallelograms based upon 

“parallel sides” and “opposite sides equal.”  

Group H.L2 The reference for the task is the figure in question, e.g. square, rhombus, etc. 

The response relied mainly on English (2nd language) as cued by the English 

language question, or contained equal, matching answers in both English and 

Japanese. The response focuses on all known quantifiable properties to 

describe the figure. The response may contain unprompted statements and 

diagrams that clearly demonstrate that the student is confidently deconstructing 

the figure, leading to an awareness of multiple properties, such as diagonals. 

The response may contain links between the figure in question and other 

figures, across classes of quadrilateral, based upon the identification of similar 

properties. However, while links are formed across classes, subsets are not 

described i.e., the square as a subset of the class of rectangles. The student’s 

response shows that whilst an understanding of geometrical class structure has 

developed (i.e. that the figure in question can be a member of classes of 

figures), there are still some inconsistencies and that some links may still be 

tentative. For example, a student may be unwilling to use the word 

parallelogram to describe the square, despite the formation of a link between 

these parallelograms based upon “parallel sides” and “opposite sides equal.”  

Group I.L1 The reference for the task is upon a link or ordering between one or more 

properties, or relationships, between the figure in question, e.g. square, 

rhombus, etc. and other figures. The response was written entirely in, or relied 

heavily on Japanese (1st language) despite the cue by the English language 

question. The response focuses on, or demonstrates that there is a clear 

understanding of, all known quantifiable properties to describe the figure, 

including references to diagonals. The response demonstrates an unprompted 

acceptance of a class of figures containing subsets – while the notion of class 

inclusion is accepted and utilized, it may or may not be justified adequately. 

The response links the figure in question to another figure, across classes of 

quadrilateral, based upon either a focus upon a single relationship between a 

pair of properties, or a relationship between a pair of figures. For example, a 

square is a rectangle because the set of all properties of a rectangle is included 

in the set of properties of a square (Pegg & Davey, 1998).  

Group I.L2 The reference for the task is upon a link or ordering between one or more 

properties, or relationships, between the figure in question, e.g. square, 

rhombus, etc. and other figures. The response relied mainly on English (2nd 

language) as cued by the English language question, or contained equal, 

matching answers in both English and Japanese. The response focuses on, or 

demonstrates that there is a clear understanding of, all known quantifiable 

properties to describe the figure, including references to diagonals. The 

response demonstrates an unprompted acceptance of a class of figures 

containing subsets – while the notion of class inclusion is accepted and 

utilized, it may or may not be justified adequately. The response links the 

figure in question to another figure, across classes of quadrilateral, based upon 

either a focus upon a single relationship between a pair of properties, or a 

relationship between a pair of figures. For example, a square is a rectangle 

because the set of all properties of a rectangle is included in the set of 

properties of a square (Pegg & Davey, 1998).  
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Table 6.2, presents the results based on the open coding descriptors for the pre-test 

and the post-test. The results show that in the pre-test for the second language of 

English, only 7.4 per cent of responses from the Treatment group and 7.7 per cent of 

responses from the Control Group, were focusing on multiple quantifiable properties 

and may have demonstrated tentative and/or inconsistent deconstruction of the figure. 

Respectively, in the post-test, these figures were 22.2 per cent and 23.1 per cent. In 

the post-test a larger percentage of students were focusing on multiple quantifiable 

properties, and demonstrating tentative and/or inconsistent deconstruction of the 

figure. Furthermore, in the pre-test for the second language of English, only 3.7 per 

cent of responses from the Treatment group and 0 per cent of responses from the 

Control Group, focused on all known quantifiable properties to describe the figure. 

These responses may also have contained unprompted statements and diagrams that 

clearly demonstrated that the student was confidently deconstructing the figure, 

leading to an awareness of multiple properties, such as diagonals. Respectively, in 

the post-test for the second language of English, these figures were 37.0 per cent and 

42.3 per cent. In the post-test a larger percentage of students were focusing on all 

known quantifiable properties, and clearly demonstrating confident deconstruction of 

the figure, leading to an awareness of multiple properties, such as diagonals. 

Table 6.2: Distribution of groupings for writing prompt task from pre-test to post-test 

Group Pre-test Post-test 

Treatment Control Treatment Control 

N % N % N % N % 

Z 2 7.4 4 15.4 0 0 0 0 

Y 6 22.2 4 15.4 0 0 0 0 

A 0 0 2 7.7 0 0   

B.L1 1 3.7 0 0 0 0 0 0 

B.L2 0 0 0 0 0 0 0 0 

C.L1 0 0 0 0 0 0 0 0 

C.L2 1 3.7 3 11.6 0 0 0 0 

D.L1 3 11.1 1 3.8 0 0 1 3.8 

D.L2 7 26.0 7 26.9 7 26.0 2 7.7 

E.L1 0 0 0 0 0 0 0 0 
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E.L2 1 3.7 2 7.7 0 0 0 0 

F.L1 0 0 0 0 0 0 0 0 

F.L2 0 0 0 0 1 3.7 2 7.7 

G.L1 0 0 1 3.8 1 3.7 0 0 

G.L2 2 7.4 2 7.7 6 22.2 6 23.1 

H.L1 3 11.1 0 0 1 3.7 1 3.8 

H.L2 1 3.7 0 0 10 37.0 11 42.3 

I.L1 0 0 0 0 0 0 0 0 

I.L2 0 0 0 0 1 3.7 3 11.6 

Total 27 100 26 100 27 100 26 100 

Examples of the open coding group descriptors are presented below, except for 

Group Z, which are responses that were not related to the properties or features of a 

square, or contained no response at all. 

6.2.6 Group Y 

As explained above, Group Y responses contained contradictory information, which 

made it unclear whether the reference for the task was the figure in question, that is, 

a square; or whether, due to a language/translation error [resulting from the 

English/Japanese combination] the reference for the task was not a square but rather 

a quadrilateral, and/or classes of quadrilaterals. As can be seen from Table 6.2, at 

pre-test, this group represents 22.2 per cent of the treatment group and 15.4 per cent 

of the control group. Four examples from this group are presented below. 
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Figure 6.1: Group Y response example 1 

Example 1 is an explanation for quadrilaterals despite the most prominent drawing 

being a square. The subject’s written explanation and additional drawings are all an 

attempt to describe quadrilaterals, as highlighted by: 

Group Y Example 1:  It’s 4 side shape it some time be all same lengs 

[lengths] but some tipe [types], it is different lengs [lengths] … angle could be 

90°. But it doesn’t have to be 90° … It’s has many kinds of it … 

The explanation in Example 1 is obviously contradictory in reference to the stated 

task, which is to describe the properties of a square.  
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Figure 6.2: Group Y response example 2 
NB: English translations contained within the example 

Example 2 is also an explanation for quadrilaterals. The written explanations are 

limited, and the student does not explicitly state features or properties, and there is no 

explanation for the relationship between the three figures drawn (square, rectangle, 

trapezoid). The descriptions in Example 2 are based merely on overall appearance of 

the figures, and the response relies heavily on the drawings. The explanation in 

Example 2 is obviously contradictory in reference to the stated task, which is to 

describe the properties of a square.  

Despite the frequency of Group Y responses at pre-test, there were no Group Y 

responses at post-test. The reason for the existence of this group at pre-test remains 

unclear. It could be the result of language errors that arise from the word 四角 

shikaku taking on a vague meaning in the English/Japanese classroom, similar to 

Pegg and Davey’s findings regarding the term corner (Pegg & Davey, 1989, p.21). 

Alternatively, it could be the result of previous learning and or characteristics that are 

specific to the setting and/or subjects. 

6.2.7 Group A 

Group A responses contained a reasonable attempt to draw the figure in question (e.g. 

square, rhombus, etc.) by making use of ideas and features consistent with the figure 

(e.g. straight lines, parallel sides, right angles, etc.). The response contained an 

extremely limited written response (in Japanese or English) or no written response at 

all. An example from this group is presented below. 

 
Figure 6.3: Group A response example 1 
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6.2.8 Group B 

Group B responses were characterized by the reference for the task being the figure 

in question, e.g. square, rhombus, etc. However, the response described the figure, 

e.g. square, based merely on overall appearance. For example, for a square, “is not a 

circle”; “is like…box, computer”, etc. The response did not identify a single feature 

of a square. An example from this group is presented below. 

 
Figure 6.4: Group B response Example 1 
NB: English translations contained within the example 

While Example 1 does contain a language error in Japanese (i.e. use of the word 

quadrilateral instead of square) unlike Group Y responses there are no other 

contradictory details or information contained in the response. The response contains 

three pictures of a square, and describes the figure based merely on overall 

appearance, and does not identify a single feature or property. 

6.2.9 Group C 

Group C responses focused on one prominent feature, such as, “it has four sides”, or 

“it has four angles”. A ‘feature’ differs from a ‘property’ as it is based on the form or 

shape of the figure, and derives from a student’s need to rely on ikonic support when 

identifying a figure. For example: a property of a square is that all angles are equal to 

90, as opposed to a student identified feature of a square being that it has four 

corners (angles). If a student, determines that a figure is a square because it has four 
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corners (angles), then the feature has been determined by the shape, in the student’s 

thinking, and has thus taken on the role of a pseudo-property. An example from this 

group is presented below. 

 
Figure 6.5: Group C Response Example 1 
NB: English translations contained within the example 

In Group C Example 1 the subject states that a square has four angles but does not 

qualify the statement with 90° or equal size. The feature of four angles, in the 

student’s thinking, has taken on the role of a pseudo-property, as in Group C 

Example 1 below: 

Group C Example 1: fore [four] angle 

The subject then has four sub-points to this statement about four angles where they 

state: 

Group C Example 1: look like no soft it hard 

   Is shape 

   Use the math 

Is many shape like (picture of square, trapezoid, parallelogram) 

Neither of these sub-points successfully qualifies the feature of four angles. If the 

fourth sub-point “Is many shape like (picture of square, trapezoid, parallelogram)” 
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had been written as a main point instead of as a sub-point then this response would 

have been classified as a Group Y response. 

6.2.10 Group D 

Group D responses focused on multiple quantifiable features to describe the figure. 

A ‘feature’ differs from a ‘property’ as described above. The properties of the figure 

play no explicit role in the identification of the figure (Pegg & Davey, 1998). For 

example, “There is 4 side. There is 4 angle.” An example from this group is 

presented below. 

 
Figure 6.6: Group D response Example 1 
NB: English translations contained within the example 

In Group D Example 1 the subject states that a square has four sides and four angles 

but does not qualify these statements with additional information. These features, in 

the student’s thinking, have taken on the role of pseudo-properties. 

6.2.11 Group E 

Group E responses focused on all known quantifiable features to describe the figure, 

such as, “it has four sides”, “it has four angles”. The response may also contain 

mention or reference to an actual property of the figure. However, any mention of a 

property is unclear or inconsistent, and ‘features’ clearly have the explicit role of 
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identifying and describing the figure. A ‘feature’ differs from a ‘property’ as 

described above. An example from this group is presented below. 

 
Figure 6.7: Group E Response Example 1 

In Group E Example 1 the subject states, 

Group E Example 1: Side is strate (straight) 

Inside square there 2 triangle 

There 4 side 

Same size side 

There 4 corner 

In this response the student refers to sides being the same size. However, the other 

‘features’ clearly have the explicit role of identifying and describing the figure. 

6.2.12 Group F 

Group F responses focused on a single quantifiable property to describe the figure. A 

‘feature’ differs from a ‘property’ as described above. The response is characterised 

by the figure being assigned a property that places the figure into a class of 

quadrilaterals that should be recognised by a generic name (the generic name may or 

may not be stated in the response). The response may contain tentative statements 

and/or diagrams related to the class of quadrilateral. The student’s response shows 

that an understanding of geometrical class structure is in the early stages of 

development i.e. that the figure in question can be a member of a larger class of 
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figures. This understanding however, is supported by strong visual cues. An example 

from this group is presented below. 

 
Figure 6.8: Group F response Example 1 

In Group F Example 1 the subject describes the property of a square that all sides are 

of equal length by stating, “The square is 4 sides & 4 sides are same line.” The 

student supports this explanation with strong visual cues, by drawing and labelling a 

square that has all sides of equal length. The student also provides a drawing of a 

figure that is not a square because it does not have all sides of equal length. 

6.2.13 Group G 

Group G responses focused on multiple quantifiable properties to describe the figure. 

A ‘feature’ differs from a ‘property’ as described above. The response may contain 

unprompted statements and diagrams that demonstrate that the student is tentatively 

and/or inconsistently deconstructing the figure, leading to an improved awareness of 

properties. The response is characterised by the figure being assigned properties that 

would allow the figure to be placed into classes of quadrilaterals that the student 

should recognise by their generic names (the generic names may or may not be stated 

in the response). The response may contain tentative statements and/or diagrams 

related to different classes of quadrilateral. An example from this group is presented 

below. 
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Figure 6.9: Group G response Example 1 
NB: English translations contained within the example 

In Group G Example 1 the subject describes the properties of a square, all sides are 

equal length and all angles are 90°, by stating, “Square is a four equal side. And 

square’s corner is always 90°.” The response also contains unprompted statements 

and diagrams that demonstrate that the student is tentatively deconstructing the 

figure, leading to an improved awareness of properties. The student demonstrates 

that they are developing an understanding of symmetry, and of diagonals, by stating, 

“If cut a square in half there are two patern (patterns) one is cut straight. It will be 

two rectangle. Two is cut in ななめ (at an angle, or diagonally). It will be two 

isosceles right triangle”. 

6.2.14 Group H 

Group H responses focused on all known quantifiable properties to describe the 

figure. The response may contain statements and diagrams that clearly demonstrate 

that the student is confidently deconstructing the figure, leading to an awareness of 

multiple properties, such as diagonals. The response may contain links between the 

figure in question and other figures, across classes of quadrilateral, based upon the 

identification of similar properties. However, while links are formed across classes, 

subsets are not described i.e., the square as a subset of the class of rectangles. The 
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student’s response shows that whilst an understanding of geometrical class structure 

has developed (i.e. that the figure in question can be a member of classes of figures), 

there are still some inconsistencies and that some links may still be tentative. An 

example from this group is presented below. 

 
Figure 6.10: Group H response Example 1 
NB: English translations contained within the example 

In Group H Example 1 the subject, in addition to describing all known quantifiable 

properties of a square, provides evidence that clearly demonstrates that they are 

deconstructing the figure, which has lead to an improved awareness of properties 

including diagonals are equal in length.  

6.2.15 Group I 

Group I responses focused on, or demonstrated that there is, a clear understanding of 

all known quantifiable properties to describe the figure, including references to 

diagonals. The response demonstrates an unprompted acceptance of a class of figures 

containing subsets – while the notion of class inclusion is accepted and utilized, it 

may or may not be justified adequately. The response links the figure in question to 

another figure, across classes of quadrilateral, based upon either a focus upon a 

single relationship between a pair of properties, or a relationship between a pair of 

figures. For example, a square is a rectangle because the set of all properties of a 
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rectangle is included in the set of properties of a square (Pegg & Davey, 1998). An 

example from this group is presented below. 

 
Figure 6.11: Group H response Example 1 

In Group H Example 1 the subject demonstrated a clear understanding of all known 

quantifiable properties to describe the figure, including references to diagonals. And 

the response demonstrates an unprompted acceptance of a class of figures containing 

subsets, as evidenced by the statement: The square is a type of rectangle. 

6.3 Focused coding – the SOLO Model 

Overall, the comparison between the task analysis (See Appendix E) and the groups 

of coded work samples illustrated a pattern of growth from the Group A response to 

the Group I response. The response groups appear to form a developmental sequence 

leading to the identification and justification of relationships between figures based 

on an unprompted acceptance of a class of figures containing subsets – while the 

notion of class inclusion is accepted and utilized, it may or may not be justified 

adequately. 

The SOLO Model may be applied to the response groupings to create a framework 

based upon the structure of the response groupings. A small number of the coded 
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group responses fall within the ikonic mode. In the ikonic mode students base their 

descriptions on pictures of geometric shapes that they have in their mind, which they 

then convert into words to describe ‘the look’ of the shape. The majority of the coded 

group responses fall within the concrete symbolic mode. Within this mode the 

responses can be categorized within two cycles, with levels within each cycle. The 

first cycle differs from the ikonic mode because students have identified a prominent 

feature(s) of the figure and the response does no rely on just ‘the look’ of the figure. 

This cycle may have some ikonic support since students often relate to real 

experiences when formulating their responses. The second cycle starts when students 

can identify (and quantify in mathematical terms) a property of the figure. The 

remaining responses fall within the formal mode as a real world reference is no 

longer required and the focus has shifted to relationships connecting properties, 

which form the bases of generalisations. 

A summary of the break down of responses in terms of levels for the concrete 

symbolic and formal mode are provided in Table 6.3. 

Table 6.3: The SOLO Model and the properties of geometric figures 

 Concrete Symbolic Mode Formal Mode 

Levels First Cycle Second Cycle  

Relational Features have an 

encompassing quality 

but no attempt is 

made to qualify them 

in mathematical 

terms. Tentative links 

may be made with 

other figures.  

Properties have an 

encompassing quality and 

are qualified in 

mathematical terms. 

Tentative links are  

made with other figures. 

Confident deconstruction 

of the figure is clearly 

evident. 

 

Multistructural Two or more features 

are identified. 

Two or more properties, 

qualified in mathematical 

terms, are identified. 

Tentative and/or 

inconsistent 

deconstruction of the 

figure is evident. 

 

Unistructural One feature is 

identified. 

One property, qualified in 

mathematical terms, is 

identified. 

The response 

demonstrates an 

unprompted 

acceptance of a class 

of figures containing 

subsets – while the 

notion of class 
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inclusion is accepted 

and utilized, it may 

or may not be 

justified adequately. 

A detailed summary of the Open Coding Group Descriptors in terms of their SOLO 

classification is contained in Table 6.4. 

Table 6.4: The SOLO Model and open coding group description 

Level Grouping Descriptor 

Ikonic Group A The response contained a reasonable attempt to draw the 

figure in question (e.g. square, rhombus, etc.) by making 

use of ideas and features consistent with the figure (e.g. 

straight lines, parallel sides, right angles, etc.). The 

response contained an extremely limited written 

response (in Japanese or English) or no written response 

at all. 

Ikonic Group B The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response described the 

properties of the figure, e.g. square, based merely on 

overall appearance. For example, for a square, “is not a 

circle”; “is like…box, computer”, etc. The response did 

not identify a single property or feature of a square. 

Concrete 

Symbolic – 

Unistructural 

(First Cycle)  

Group C The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response was written entirely 

in, or relied heavily on Japanese (1st language) despite 

the cue by the English language question. The response 

focuses on a single quantifiable feature to describe the 

figure. A ‘feature’ differs from a ‘property’ as it is based 

on the form or shape of the figure, and derives from a 

student’s need to rely on ikonic support when 

identifying a figure. For example: a property of a square 

is that all angles are equal to 90, as opposed to a 

student identified feature of a square being that it has 

four corners (angles). If a student, determines that a 

figure is a square because it has four corners (angles), 

then the feature has been determined by the shape, in the 

students thinking, and has thus taken on the role of a 

pseudo-property. The properties of the figure play no 

explicit role in the identification of the figure (Pegg & 

Davey, 1998). The response is characterised by a strong 

reliance on visual cues. The student does not understand 

geometrical class structure, and the figure is perceived 

as an individual shape, not as a member of a class of 

figures. The figure has developed a workable identity, 

which is encapsulated by its individual name. Use of the 

word square, rectangle, and rhombus relates only to the 

specific shape provided in the task, and is not used to 

describe or represent a class of shapes (Serow, 2002). 

Concrete 

Symbolic – 

Group D The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response relied mainly on 
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Level Grouping Descriptor 

Multistructural 

(First Cycle) 

English (2nd language) as cued by the English language 

question, or contained equal, matching answers in both 

English and Japanese. The response focuses on multiple 

quantifiable features to describe the figure. A ‘feature’ 

differs from a ‘property’ as described above. The 

properties of the figure play no explicit role in the 

identification of the figure (Pegg & Davey, 1998). The 

response is characterised by a strong reliance on visual 

cues. The student does not understand geometrical class 

structure, and the figure is perceived as an individual 

shape, not as a member of a class of figures. The figure 

has developed a workable identity, which is 

encapsulated by its individual name. Use of the word 

square, rectangle, and rhombus relates only to the 

specific shape provided in the task, and is not used to 

describe or represent a class of shapes (Serow, 2002). 

Concrete 

Symbolic – 

Relational 

(First Cycle) 

Group E The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response relied mainly on 

English (2nd language) as cued by the English language 

question, or contained equal, matching answers in both 

English and Japanese. The response focuses on all 

known quantifiable features to describe the figure. The 

response may also contain mention or reference to an 

actual property of the figure. However, any mention of a 

property is unclear or inconsistent, and ‘features’ clearly 

have the explicit role of identifying and describing the 

figure. A ‘feature’ differs from a ‘property’ as described 

above. The response is characterised by a strong reliance 

on visual cues. The student does not understand 

geometrical class structure, and the figure is perceived 

as an individual shape, not as a member of a class of 

figures. The figure has developed a workable identity, 

which is encapsulated by its individual name. Use of the 

word square, rectangle, and rhombus relates only to the 

specific shape provided in the task, and is not used to 

describe or represent a class of shapes (Serow, 2002). 

Concrete 

Symbolic – 

Unistructural 

(Second 

Cycle) 

Group F  The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response was written entirely 

in, or relied heavily on Japanese (1st language) despite 

the cue by the English language question. The response 

focuses on a single quantifiable property to describe the 

figure. A ‘feature’ differs from a ‘property’ as described 

above. The response is characterised by the figure being 

assigned a property that places the figure into a class of 

quadrilaterals that should be recognised by a generic 

name (the generic name may or may not be stated in the 

response). The response may contain tentative 

statements and/or diagrams related to the class of 

quadrilateral. The student’s response shows that an 

understanding of geometrical class structure is in the 

early stages of development i.e. that the figure in 

question can be a member of a larger class of figures. 

This understanding however, is supported by strong 
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Level Grouping Descriptor 

visual cues. So, links across classes may occur when 

similarities are accentuated by visual cues i.e. square to 

rectangle, rectangle to parallelogram; but not when 

differences are accentuated by visual cues i.e. square to 

parallelogram, rectangle to rhombus (Serow, 2002). 

There is no reference to subsets within classes of 

quadrilaterals. 

Concrete 

Symbolic – 

Multistructural 

(Second 

Cycle) 

Group G  The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response was written entirely 

in, or relied heavily on Japanese (1st language) despite 

the cue by the English language question. The response 

focuses on multiple quantifiable properties to describe 

the figure. A ‘feature’ differs from a ‘property’ as 

described above. The response may contain unprompted 

statements and diagrams that demonstrate that the 

student is tentatively and/or inconsistently 

deconstructing the figure, leading to an improved 

awareness of properties. The response is characterised 

by the figure being assigned properties that would allow 

the figure to be placed into classes of quadrilaterals that 

the student should recognise by their generic names (the 

generic names may or may not be stated in the 

response). The response may contain tentative 

statements and/or diagrams related to different classes of 

quadrilateral. The response demonstrates an ability to 

describe more than one property at a time in relation to 

the figure; however, each property is considered in 

isolation and relates directly back to the figure (Serow, 

2002). The response is not overly reliant on visual cues, 

and chosen properties are described in terms of their 

necessity. The student’s response shows that an 

understanding of geometrical class structure is 

developing i.e. that the figure in question can be a 

member of classes of figures. There is no reference to 

subsets within classes of quadrilaterals. 

Concrete 

Symbolic – 

Relational 

(Second 

Cycle) 

Group H  The reference for the task is the figure in question, e.g. 

square, rhombus, etc. The response was written entirely 

in, or relied heavily on Japanese (1st language) despite 

the cue by the English language question. The response 

focuses on all known quantifiable properties to describe 

the figure. The response may contain statements and 

diagrams that clearly demonstrate that the student is 

confidently deconstructing the figure, leading to an 

awareness of multiple properties, such as diagonals. The 

response may contain links between the figure in 

question and other figures, across classes of 

quadrilateral, based upon the identification of similar 

properties. However, while links are formed across 

classes, subsets are not described i.e., the square as a 

subset of the class of rectangles. The student’s response 

shows that whilst an understanding of geometrical class 

structure has developed (i.e. that the figure in question 

can be a member of classes of figures), there are still 
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Level Grouping Descriptor 

some inconsistencies and that some links may still be 

tentative. For example, a student may be unwilling to 

use the word parallelogram to describe the square, 

despite the formation of a link between these 

parallelograms based upon “parallel sides” and 

“opposite sides equal.” 

Formal – 

Unistructural 

(First Cycle) 

Group I The reference for the task is upon a link or ordering 

between one or more properties, or relationships, 

between the figure in question, e.g. square, rhombus, 

etc. and other figures. The response was written entirely 

in, or relied heavily on Japanese (1st language) despite 

the cue by the English language question. The response 

focuses on, or demonstrates that there is a clear 

understanding of, all known quantifiable properties to 

describe the figure, including references to diagonals. 

The response demonstrates an unprompted acceptance 

of a class of figures containing subsets – while the 

notion of class inclusion is accepted and utilized, it may 

or may not be justified adequately. The response links 

the figure in question to another figure, across classes of 

quadrilateral, based upon either a focus upon a single 

relationship between a pair of properties, or a 

relationship between a pair of figures. For example, a 

square is a rectangle because the set of all properties of a 

rectangle is included in the set of properties of a square 

(Pegg & Davey, 1998). 

By applying the SOLO Model onto the open coding groups the distribution data from 

Table 6.2 can be re-represented as per Table 6.5 below. 

Table 6.5: SOLO Model – distribution of groupings for writing prompt task 

Group 

Pre-test Post-test 

Treatment Control Treatment Control 

N % N % N % N % 

Z 2 7.4 4 15.4 0 0 0 0 

Y 6 22.2 4 15.4 0 0 0 0 

Ikonic 0 0 2 7.7 0 0 0 0 

Ikonic.L1 1 3.7 0 0 0 0 0 0 

Ikonic.L2 0 0 0 0 0 0 0 0 

CS.U1.L1 0 0 0 0 0 0 0 0 

CS.U1.L2 1 3.7 3 11.6 0 0 0 0 

CS.M1.L1 3 11.1 1 3.8 0 0 1 3.8 

CS.M1.L2 -  7 26.0 7 26.9 7 26.0 2 7.7 
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CS.R1.L1  0 0 0 0 0 0 0 0 

CS.R1.L2 1 3.7 2 7.7 0 0 0 0 

CS.U2 L1 0 0 0 0 0 0 0 0 

CS.U2.L2 0 0 0 0 1 3.7 2 7.7 

CS.M2.L1 0 0 1 3.8 1 3.7 0 0 

CS.M2.L2 2 7.4 2 7.7 6 22.2 6 23.1 

CS.R2.L1 3 11.1 0 0 1 3.7 1 3.8 

CS.R2.L2 1 3.7 0 0 10 37.0 11 42.3 

F.U1.L1 0 0 0 0 0 0 0 0 

F.U1.L2 0 0 0 0 1 3.7 3 11.6 

Total 27 100 26 100 27 100 26 100 

(CS=Concrete Symbolic / F=Formal / U=Unistructural / M=Multistructural / R=Relational / 

1=First Cycle / 2=Second Cycle/ L1=First language Japanese; L2 =Second language English) 

The data in Table 6.5 represents and demonstrates a number of important findings 

which will be discussed below. 

6.3.1 Extending the SOLO Model 

Firstly, the data provides evidence that that SOLO Model can be used as a 

framework to explain students’ responses about their understanding of geometry in a 

bilingual context. It has always been claimed that the structure of the SOLO Model 

offers flexibility and versatility in categorizing students’ responses (Pegg, Gutierrez, 

& Huerta, 1998), and Table 6.5 (and the groupings and codings connected to it), 

represent further evidence towards this claim. In turn, these SOLO categorizations 

have implications for mathematics teaching and learning, specifically geometry, in 

bilingual classrooms. In the SOLO Model, the target of assessment is the quality of 

the structure of learners’ responses, this idea avoids the problem associated with 

Piaget’s theory (and van Hiele’s) which is décalage – that is. a student is not 

expected to respond consistently at a given level across a number of topic areas or 

within the same topic on different occasions (Pegg et al., 1998). In the SOLO Model, 

the assumptions are that students’ responses “are sensitive to the motivation of the 

leaner, the amount of experience with the material, the learners’ interpretation of 

stimulus, and so on” (Pegg et al., 1998, p. 286). Based on the data provided in the 
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Table 6.5 it can be argued that these assumptions also hold true for students learning 

geometry in a bilingual context.  

As previously explained, the SOLO Model allows students’ responses to be coded in 

terms of 1) the type of thinking involved (referred to by modes), and 2) the quality of 

the response (referred to by levels within a mode). Figure 6.12 illustrates a single 

cycle of the SOLO Model with uni-structural, multi-structural and relational levels. 

 
Figure 6.12: The SOLO Model: Modes, learning cycles and forms of knowledge 
Source: Pegg, Guiterrez & Huerta, 1998, p. 283 

Continued research into the SOLO Model revealed that at least two cycles exist in 

each mode (Campbell et al., 1992; Pegg, 1992). An example of this for a typical 

growth pattern for geometry within the concrete symbolic mode can be seen in 

Figure 6.13. 
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Figure 6.13: Diagrammatic representation of SOLO levels associated with the concrete 

symbolic mode 

Source: Pegg, Guiterrez & Huerta, 1998, p. 284) 

The two cycles that exist in Figure 6.13, can be distinguished by comparing the 

relational responses R1 and R2; “R1 represents an end product resulting from 

combing various aspects, which culminate in pupils being able to provide a single 

property in a non-prompted situation. An R2 response represents an end product of 

combining several properties so that relationships between these properties as well as 

between figures are made explicit” (Pegg, Guiterrez & Huerta, 1998, p. 285). Further 

to this, Figure 6.13 shows that there are two possible pathways that continue on from 

R2 (i.e. an improvement on an R2 response), “one path is to provide a U3 response, 

which would be an initial response in an hypothesized third cycle in the concrete 

symbolic mode. A second path would be to provide a U1 level response in the formal 

mode. In this latter case one might expect to see the beginning emergence of the use 

of necessary and sufficient conditions” (Pegg et al., 1998, p. 285). 

The results from the current research serve to highlight Pegg et al.’s (1998, p. 286) 

claim that, “the categorizations possible with the current formulation of the SOLO 

Model are extensive. Not only are there at least six levels within the concrete 

symbolic mode but there are similar numbers of levels in the other modes.” There are 

three possibilities regarding the SOLO Model that arise from the current research 

data in terms of categorizing growth in geometric understanding in a bilingual 

context. The SOLO Model has always adopted the position that ‘there are “natural” 

stages in the growth of learning any complex material or skill’ (Biggs & Collis, 1982, 

p. 15), and the model seeks to describe this growth sequence while providing 

teachers with the opportunity for both flexibility and diversity. Based on this, three 



 

  194 

possibilities exist for a bilingual classroom for categorizing the responses of students 

in terms of structural characteristics and language.  

Before beginning the discussion regarding these possibilities, a number of caveats 

and reminders will be raised related to both the SOLO Model, and language 

development.  

1) The SOLO Model (Biggs & Collis, 1982) started from a study of learning 

outcomes in high school content domains. The study found that students learn 

quite diverse material in stages of ascending structural complexity that display a 

similar sequence across tasks. The SOLO Model makes it possible, in the course 

of a student's learning a subject, to identify in broad terms the stage at which the 

student is currently operating (Hattie et al., 1996). This provides a direct and 

realistic means of identifying the most appropriate type of curriculum objectives 

for students (Pegg & Davey, 1989; Moseley et al., 2005). 

2) In the SOLO Model, the levels do not replace each other, rather they add to the 

repertoire of available responses. As a result of this, in different contexts, a 

leaner may ‘regress’ to an earlier level of response or utilize a level that exceeds 

what is required for a task, which allows for the adoption of a ‘multi-modal’ 

approach to the task at hand (Biggs & Collis, 1991). 

3) In the SOLO Model, each level refers to a demand on the amount of working 

memory or attention span, since at higher levels tasks have more aspects to 

consider (including both hypothetical and actual), and there are also more 

relationships between these aspects (Moseley et al., 2005). 

4) Many formal assessments available do not adequately measure a child’s full 

knowledge, but rather a child’s knowledge in the language of the test (Brisk, 

2006). It is often the case that children have the content knowledge, but lack the 

language to make it recognizable in a second language classroom (Michael-Luna, 

2013). There are very few assessment tools normed on bilingual populations 

(Barrueco et al., 2009). Teachers in bilingual contexts should align the goals of 

the assessment with the choice of assessment, i.e. is the assessment for 

supporting and learning, measuring progress, and identifying special needs 

(Lyster & Ballinger, 2011; Pena & Halle, 2011). 
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The relationship between language and mathematics education in bilingual settings is 

clearly complex. Language development and cognitive development are separate yet 

closely related phenomenon (Rueda & Stillman, 2012). This research study, 

especially the discussion to follow, is not an attempt to provide a model to explain 

language development. Rather the focus is on a how bilingual learners communicate 

mathematically, grounding analyses of classroom discussions in ethnographic 

observations of classroom interactions. 

Figure 6.14 represents the first possibility and is a diagrammatic representation of 

SOLO levels for the concrete symbolic mode. This possibility assumes that there are 

more levels within each mode, and that these additional levels represent the quality 

of the response distinguished by, first language (L1) and second language (L2). A 

response given in English (L2) represents a progression from a response given in 

Japanese (L1). This is not a value judgment regarding language, rather it is based on 

the fact that in this research study, English was the language of instruction in the 

classroom, and would therefore be seen as an expected learning outcome for the 

students. This first possibility, assumes that students will be able to 

demonstrate/produce responses for the first cycle in both languages before being able 

to demonstrate/produce response in the second cycle. To explore the meaning of the 

levels shown, Figure 6.14 will be discussed in terms of the examples provided by 

Pegg et al. (1998, p. 284–285). 

“An early response in the concrete symbolic mode involved building and elaborating 

upon some single feature associated with the figure. In practice this turns out usually 

to be sides ... ‘The shape has 4 sides’ is an example of unistructural response of the 

first cycle (U1) in the concrete symbolic mode” (p. 284). So in terms of Figure 6.14, 

a student would be expected to be able to produce the statement, ‘The shape has 4 

sides’ in their L1 first, followed by their L2 before being able to produce the next 

level of response coded as multistructural in their L1. 
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Figure 6.14: First possibility – diagrammatic representation of SOLO levels associated 

with the concrete symbolic mode 

Figure 6.15 represents a second possibility and is a diagrammatic representation of 

SOLO levels for the concrete symbolic mode. This possibility does not assume 

additional levels within each mode; instead it assumes that there are additional cycles. 

When explaining cycles (and the differences between them), Pegg et al. (1998) used 

examples such as comparisons between R1 responses with U2 responses, and R1 

responses with R2 responses. Their description of the difference between R1 

responses and R2 responses states: 

R1 represents an end product resulting from combing various aspects which 

culminate in pupils being able to provide a single property in a non-promoted 

situation. An R2 response represents an end product of combining several 

properties so that relationships between these properties as well as between 

figures are made explicit. (p. 285). 

In terms of Figure 6.15, a student would be expected to be able to produce an R1 

statement in their L1 (for example, A square has all the sides around it the same 

length (p. 284)) before being able to produce a U1 statement in their L2 (for example, 

The shape has 4 sides (p.  284)). However, the student would also be expected to 

demonstrate/produce cycle one statements in both L1 and L2 before being able to 

produce cycle two statements in their L1. 
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Figure 6.15: Second possibility - diagrammatic representation of SOLO levels 

associated with the concrete symbolic mode 

Figure 6.16 represents a third possibility and is a diagrammatic representation of 

SOLO levels for the concrete symbolic mode. Similar to the second possibility, the 

third assumes that there are additional cycles. However, in the third possibility, a 

student would be expected to be able to demonstrate/produce first cycle and second 

cycle statements in their L1 before being able to produce first cycle statements in 

their L2. So, to use an example from Pegg and Davey (1989), a student would be 

expected to be able to demonstrate/produce a statement about a square in their L1, 

such as, Is a flat shape with 4 equal sides and 4 right angles. This one has sides 5 

cms long. A square is a special type of rectangle. (p. 25), before being able to 

demonstrate/produce a statement in their L2, such as, The shape has 4 sides (Pegg et 

al., 1998, p. 284). 
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Figure 6.16: Third possibility - diagrammatic representation of SOLO levels associated 

with the concrete symbolic mode 

While the three possibilities that come from the SOLO Model have various strengths 

and weaknesses, none of them align comfortably with current thinking and research 

into bilingual students or classrooms. The data in Table 6.5 (and the groupings and 

codings connected to it), also suggests that a more dynamic model is required than 

offered in the three possibilities presented above. Nevertheless, the possibilities 

presented in figures 6.14, 6.15, and 6.16 remain as possible future directions for 

research. In Chapter 3 of this thesis, Clarkson’s (2009) Model for language use (See: 

Figure 3.3) in mathematics learning for multilingual students was discussed in order 

to explore some of the linkages and contexts of language usage in the mathematics 

classroom. Clarkson (2009) suggested this model to assist teachers to develop 

teaching strategies that would encourage students to explore, debate and think deeply 

with mathematical ideas. The data in Table 6.5 supports the notion of incorporating 

the ideas/dynamics of Clarkson’s language Model (2009) into the SOLO Model in 

order to provide a framework for expected student learning outcomes for a bilingual 

classroom. This idea is conducive with Pegg et al.’s (1998) assertion that: 

[T]he categorizations possible within the current formulation of the SOLO 

taxonomy are extensive. Not only are there at least six levels within the 

concrete symbolic mode but there are similar number of levels in the other 

modes. … (and) the taxonomy has multiple dimensions. Not only is there the 

opportunity to describe the quality of responses within a mode but the 
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interaction of other modes allows for an explanation of diversity and 

individuality in learners’ responses that has not previously been available. (p. 

286). 

Figure 6.17 below, represents an attempt to combine the two models. The main aim 

of this combination is to allow for an explanation of diversity and individuality in 

learners’ responses. In Figure 6.17, expected students’ outcomes begin with the 

unistructural level in the first cycle (bottom left of red square), and can progress 

along multiple pathways (diverse and individual) to the relational level in the second 

cycle (top right of blue square). Student growth in the concrete symbolic mode 

represents a growth from the more ‘concrete’ to the more ‘abstract’, and this growth 

is, in part, determined by the availability of working memory for the completion of 

the task (Pegg, 1997a). Figure 6.17 is a diagrammatic representation of student 

growth and language use, as demonstrated by the structure of student responses, from 

the more ‘concrete’ to the more ‘abstract’. The latter represents what Clarkson 

(2009) views as the transition from casual/informal communication to more 

structured communication to the use of the mathematical register; or what Cummins 

(1979) distinguishes as the transition from BICS to CALP, with the mathematics 

register being located in the realm of CALP. Progression from unistructural 

responses in first cycle to relational responses in the second cycle represents a 

progression similar to Cummins’s (1979a) progression from BICS to CALP, in terms 

of geometry, as the mathematics register is located within the realm of CALP. 
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Figure 6.17: Diagrammatic representation of student observed learning outcomes in a 

bilingual geometry model for the concrete symbolic mode 

6.4 The Bilingual Geometry Model 

The Bilingual Geometry Model (BGM) in Figure 6.17, and the combining of the 

SOLO Model and Clarkson’s Model will now be discussed in relation to student 

work samples. Of relevance to this discussion, as background knowledge regarding 

the research setting, is a teaching practice for classroom management. A common 

practice in many classrooms is the creation of an agreement, a contract, or a set of 

rules, which clearly and explicitly describes the expectations of classroom 

behaviours (Killen, 2013). The participants in this study where students from two 

intact classes for whom the researcher was a teacher. The researcher and students 

established clear and explicit expectations for classroom behavior in the form of a 

classroom essential agreement, and this agreement included expectations for 

language usage. The essential agreement was created approximately six months prior 

to the commencement of the research study, and two parts which directly concerned 

language usage were that: studentsagree to use English as much as possible; and 

students understand that it is ok to use Japanese to help them learn, but it is not ok to 

use Japanese to be lazy. 
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Clarkson (2009) suggested that, informal or exploratory talk inevitably occurs in a 

student’s first language, and that teachers should encourage different types of 

language in the classroom. This may lead to ‘broken communication’ when teacher 

and student don’t share the student’s first language; however, it will help the student 

move to more formal mathematical talking and writing which often involves a switch 

to the language of the classroom (Clarkson, 2009). The idea of encouraging different 

types of language in the classroom and the switching of the classroom language can 

be extended in many ways, as illustrated by the nine work samples below. 

 
Figure 6.18: Language sample 1 

Language Sample 1 is an example of student notes and a short reflection about 

learning. In this sample, the student demonstrates their understanding of the idea that 

they can switch to their first language if needed but that they should be trying to use 

English language as much as possible. In the reflection the student writes, Today I 

share the answer of shape. I ちょっと言うのがこわかた because sentence is 

very short, next time I think long time and …  Depending on the circumstances in the 

classroom (e.g. teacher’s ability in students’ L1 and L2), this practice may lead to 

‘broken communication’; however, it inevitably will help the student move to more 

formal mathematical talking and writing. If this student had been restricted to just 

English, it could have resulted in the student becoming demotivated and not 
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producing anything at all. An example of the latter can be seen in Language Sample 

2 below. 

Language Sample 2 and Language Sample 3 were produced by the same student. In 

Language Sample 2 the student has decided to take notes and write their reflection in 

their first language. This student demonstrates that they have the English receptive 

skills (listening and reading) required to function and participate in the classroom (i.e. 

taking notes from English language instruction and discussion) and complete work 

(i.e. English language worksheets and GeoGebra activities with English language 

settings on the App). However, the student demonstrates that they struggle with 

productive skills in English (speaking and writing) and often decides to complete 

work in Japanese, as can be seen in Language Sample 2. The student understands the 

expectations of the classroom, and does move towards trying to write their 

mathematical ideas in English, as can be seen in Language Sample 3.  

 
Figure 6.19: Language sample 2 
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Figure 6.20: Language sample 3 

The student that produced these two work samples, was categorized as M1.L1 in the 

concrete symbolic mode, as can be seen by their pre-test Writing Prompt response in 

Figure 6.21. 

 
Figure 6.21: Pre-test writing prompt for language samples 2–3 
NB: English translations contained within the example 

The student’s response was, “４つのかくがある。 ４つの辺がある。”, which 

translates to “There are four angles. There are four sides.” The response focused on 

multiple features. However, the response did not attempt, or unsuccessfully 

attempted, to qualify these features or properties in mathematical terms. The 

categorization M1.L1 in the concrete symbolic mode is consistent with the student’s 

pre-test scores on both the English and Japanese VHGT, which were Level 1.  
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For the student that produced Language Sample 2 and Language Sample 3, the 

structure of their observed learning outcomes would exist in the mid-section of the 

first cycle in the concrete symbolic mode (see Figure 6.22). The student represents 

an example of the situation that Michael-Luna (2013) describes where a child has the 

content knowledge, but lacks the language to make it recognizable in a second 

language classroom. 

 
Figure 6.22: Struture of observed learning outcomes (a cropped version of Figure 6.17) 

An important practice that makes a bilingual person an integrated whole is code 

switching. Code switching refers to individual ‘preferences’ for one language or 

another; preferences, which are generally, related to a speaker’s language knowledge 

and abilities and/or to their language loyalties or language values (Auer, 1998 cited 

in Budach, 2013). Language Sample 4 and Language Sample 5 are examples of 

‘code switching’ style preferences for language. In these examples, students 

communicate their ability to be able to explain concepts more easily in their first 

language. In Sample 4, the student writes, “ … because I know it in Japanese but I 

have to change into english. I want to try or more study about english.” 
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Figure 6.23: Language sample 4 

In Sample 5, the student writes, “Q5 is difficult to me. but, I understand the Question 

and I can Answer if I was speak in Japanese. So I want to study more English.” 

 
Figure 6.24: Language sample 5 

In the past code switching was seen as a hindrance or barrier to learning; however, 

this has been refuted as illustrated by the claim by Clarkson (2007, p. 191): 

Bilingual students have, at times, been thought to be at a disadvantage in 

learning mathematics because of an assumed interference between their two 

languages … this is a naive view to take. Although some bilingual students do 

have a harder time, others seem to be at an advantage. (p. 191) 
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Civil (2012) believes that much of the mathematical thinking of bilingual students 

can be missed because their communication is limited to only one language. She 

argues that by encouraging practices such as code switching and revoicing the 

teacher is tapping into more resource and learning opportunities (Civil, 2012). 

The Bilingual Geometry Model in Figure 6.17 above, attempts to cater for the 

dynamism of ‘code switching’ style preferences and behaviors for language. A 

strength of the SOLO Model is that:  

[T]he categorizations possible within the current formulation of the SOLO 

taxonomy are extensive … the taxonomy has multiple dimensions. Not only is 

there the opportunity to describe the quality of responses within a mode but the 

interaction of other modes allows for an explanation of diversity and 

individuality in learners’ responses that has not previously been available.” 

(Pegg et al., 1998, p. 286). 

Language Sample 6 and Language Sample 7, produced by the same student, illustrate 

the move from casual/informal communication in English, to use of mathematical 

register in English. Language Sample 6 is a pre-test Writing Prompt Task. 

 
Figure 6.25: Language sample 6 

This pre-test Writing Prompt Task, would represent ‘Casual/informal communication’ 

(from Clarkson’s Model). This response was placed in open-coding Group D, which 

in the SOLO Model is M1.L2 in the concrete symbolic mode - The response focused 

on multiple features and unsuccessfully attempted, to qualify one the features into a 

property in mathematical terms (i.e. “All lines are 5cm and its same” could be an 

attempt to express, “All sides are equal”). 
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Language Sample 7 is the post-test Writing Prompt Task from the same student and 

this would represent the ‘Use of mathematical register’ in English (from Clarkson’s 

Model), with the students participation in actual teaching sequence representing the 

More structured communication in English (from Clarkson’s Model). This response 

focused on multiple properties, and contained evidence of deconstruction of the 

figure as evidenced by diagonals. Language Sample 7, a second cycle response, is 

“less drawn out (less verbose) or convoluted and more precise” (Pegg et al., 1998, p. 

285) than the cycle one response in Language Sample 6. The student has replaced 

corner with vertices, uses vocabulary such as parallel and diagonals. Language 

Sample 6 and Language Sample 7 demonstrate how Figure 6.26 can help explain the 

diversity and individuality in a student’s response in a bilingual context. 

 
Figure 6.26: Language sample 7 

Language Sample 8 and Language Sample 9, produced by the same student, illustrate 

a similar dynamic to the one explained above with Language Sample 6 and 7.  

 
Figure 6.27: Language sample 8 
NB: English translations contained within the example 
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This pre-test Writing Prompt Task, would represent ‘Casual/informal communication’ 

(from Clarkson’s Model). This response was placed in open-coding Group D, which 

in the SOLO Model is M1.L1 in the concrete symbolic mode as the response focused 

on multiple features. In Language Sample 8 the student is expressing their 

knowledge about the features of squares and is relying heavily on their first language 

to explain the key ideas, which in this case are angles and sides.  

Language Sample 9 is the post-test Writing Prompt Task from the same student and 

this would represent the ‘Use of mathematical register’ in L1 (from Clarkson’s 

Model), with the students participation in actual teaching sequence representing the 

More structured communication in L2 (English) (from Clarkson’s Model). This 

response was placed in open-coding Group H, which in the SOLO Model is R2.L1 in 

the concrete symbolic mode - The response focused on all known properties, and 

contained clear and confident deconstruction of the figure. In Language Sample 9 the 

student is still relying heavily on their first language to explain the key ideas, which 

in this case are four angles are 90° and all sides are equal, parallel, and diagonals 

have same length.  

 
Figure 6.28: Language sample 9 
NB: English translations contained within the example 

Language Sample 8 and Language Sample 9 demonstrate how Figure 6.17 can help 

explain the diversity and individuality in a student’s response in a bilingual context. 
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Throughout the course of this research study, with both the treatment group and the 

control group, there were many instances of students restating their peers’ comments 

in more academic language without hindering the mathematical discussion being 

carried out, as is consistent with the findings of Planas and Morera (2011). There 

were also many examples of students being very committed to the learning of their 

second language (Language Sample 4 ad Language Sample 5) so as to improve 

overall academic success, which is consistent with the findings of Civil (2012) and 

Setati (2008). 

The role of both language practices and specific mathematical practices are 

extremely important for the learning of mathematics in bilingual contexts. Barwell 

(2009) contends that for both monolingual and multilingual teachers, a major 

challenge is to keep the twofold focus on mathematics and language through 

classroom norms that move actions in the direction of autonomous and reflective 

learning. Clarkson’s (2009) Model for language use in mathematics learning for 

multilingual students provides a useful framework for the bilingual classroom. 

When the linkages and contexts of students’ language usage in a bilingual 

mathematics classroom are considered in light of the ‘dynamic’ SOLO Model 

proposed in Figure 6.17, a number of implications for teaching and learning follow. 

These implications will be discussed in Chapter 8, the final chapter of this thesis.  

6.5 Reconceptualizing the van Hiele theory 

Secondly, the data in Table 6.5 also provides further evidence to support earlier 

research regarding a reconceptualization of the van Hiele levels. 

6.5.1 Modification to Level 2 suggested by Pegg (1995). 

Pegg (1995, 1997) first suggested a modification to the van Hiele theory by splitting 

Level 2 - which he described as, “Level 2A: Figures are identified in terms of a 

single property (usually sides). Level 2B: Figures are identified in terms of properties, 

which are seen as independent of one another.” (1997, p. 391). Pegg (1997) 

supported his modification to the van Hiele levels through the use of the SOLO 

Model; and he summarized the link between the level descriptors of the SOLO 

Model and the van Hiele theory as follows, “unistructural responses (C.S. mode) are 

consistent with Level 2A thinking; multi structural responses (C.S. mode) with Level 
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2B thinking; and, relational responses (C.S. mode) with Level 3 thinking” (p. 394). 

Subsequent research by Serow (2002) supported the existence of these levels, and in 

turn the important psychological shift in thinking which these two levels represent 

(Pegg & Baker, 1999). The data in Table 6.5 and the results from this current study 

provide yet further evidence for the modification to van Hiele’s Level 2. Responses 

requiring Level 2A thinking were identified as U2 (CS) and were characterized by 

the figure in question being the reference for the task, and the response focusing on a 

single quantifiable property to describe the figure, e.g. “A square has all sides of 

equal length”. Responses requiring Level 2B thinking were identified as M2 (CS) and 

were characterized by the figure in question being the reference for the task, and the 

response focusing on multiple quantifiable properties to describe the figure, for 

example, “A square is a figure where all sides are of equal length, and all angles are 

equal to 90°”. 

6.5.2 Transitional Level 1/2 by Pegg and Baker (1999) 

The identification of Level 2A represents an important discovery in terms of student 

thinking. Level 2A is located between the intuitive/visual thinking observed at Level 

1, where invariant features of a figure take no overt part in problem-solving activities 

(Pegg & Baker, 1999), and Level 2 thinking, in which properties determine a figure. 

The modification to Level 2 initiated further research that investigated the existence 

of a Transitional Level between Level 1 and Level 2A. Research by Pegg and Baker 

(1999), and later by Serow (2002), established the existence of Transitional Level 1/2 

and this transitional level can be described as, “the use of a single property to link 

figures as U1(CS), the use of multiple properties to link figures M1(CS), and R1(CS) 

being the use of all known properties to form links among different figures.” (Serow, 

2002, p. 289). The data in Table 6.5 and the results from this current study provide 

yet further evidence for the Transitional Level1/2. Responses requiring Transitional 

Level 1/2 thinking were identified as M1(CS) and R1(CS) and were characterized by 

cycle one thinking and responses. 

6.5.3 Revisiting the importance of language in the van Hiele Theory 

Language has always had an important role in the van Hiele Theory, and is a central 

element in van Hiele’s ideas concerning ‘level reduction’. Burger and Shaughnessy 

(1986), found evidence of ‘level reduction’ in their research and explained that 
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students, reasoning at different van Hiele levels, “used differ language and different 

problem-solving processes” (p. 46). They argued that ‘level reduction’ as suggested 

by van Hiele, was indeed a real phenomenon in mathematics teaching, which would 

result in frustration and discouragement, and a lack of understanding between teacher 

and student (Burger & Shaughnessy, 1986). The work of Dina van Hiele-Geldof (van 

Hiele, 1986) provides a teaching framework that has the potential to address the 

hurdle of “level reduction” and provide direction for role of language in the 

classroom. While most research regarding the van Hiele theory focuses on the van 

Hiele levels as opposed to the five teaching phases (Pegg et al., 1998), the van Hiele 

teaching phases have been shown to be an effective design framework for 

sequencing geometry activities (See: Serow 2002, 2008). 

The phases are, “organised in such a way that they acknowledge the assumptions 

underpinning the van Hiele levels, while providing students with the opportunity to 

exhibit insight” (Serow, 2008, p. 445). The phases facilitate student progress through 

careful teacher guidance, the opportunity to discuss relevant issues, and the gradual 

development of more technical language (Serow, 2008).  

Based on the literature review conducted in Chapters 1, 2, and 3 of this thesis, it can 

be concluded that the vast majority of research regarding the van Hiele phases has 

been conducted in monolingual settings. The phases provided the structure for the 

teaching sequence used in this research study, and the data in Table 6.5 (and the 

groupings and codings connected to it), combined with the quantitative results from 

Chapter 5, show that the van Hiele phases are an effective design framework for 

sequencing geometry activities in a bilingual context. It is important to note, however, 

that the dynamic created by a bilingual classroom means that language takes on an 

even more vital role.  

Serow (2002) provided a detailed description of the purpose of each phase, including 

example classroom activities. It is worth reviewing the linguistic aspects provided in 

the descriptions of each phase, especially in light of the dynamism proposed in 

Figure 6.17 which represents an attempt to combine the SOLO Model and 

Clarkson’s language Model. The key linguistic elements, according to Serow (2002, 

p. 11-12) are as follows: 
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First phase, named Information: … for students to become familiar with the working 

domain through discussion and exploration. Discussions take place between teacher 

and students and stress the content to be used. 

Second Phase, Directed Orientation: … students are given the opportunity to 

exchange views. Through this discussion there is a gradual implicit introduction of 

more formal language. 

Third Phase, Explicitation: … the purpose involves the student becoming conscious 

of the new ideas and expressing these in accepted mathematical language. The 

concepts now need to be made explicit using accepted language. Care is taken to 

develop the technical language with understanding through the exchange of ideas 

Fourth Phase, Free Orientation: … Through their problem solving, the students' 

language develops further as they begin to identify cues to assist them. 

Fifth Phase, Integration: … Summaries concern the new understandings of the 

concepts involved and incorporate language of the new level. 

From Serow’s (2002) descriptions it can be seen that language plays a central role 

within all five phases. When these descriptions are considered in light of a bilingual 

classroom and the proposed Figure 6.17 a number of implications for teaching and 

learning follow. These implications will be discussed in Chapter 8, the final chapter 

of this thesis.    

6.6 Conclusion 

The purpose of this chapter was to begin the presentation and discussion of the 

qualitative findings with the aim of providing a deeper analysis of changes in 

students’ levels of mathematical thinking, and language use. This chapter sought to 

gain insight into whether the SOLO Model offers a framework to explain the 

contribution of the integration of technology in the bilingual context to students 

understanding of geometry. Overall, the levels and modes identified in the types of 

responses, in both open-codes and SOLO Model codes, have assisted in a deeper 

interpretation of the response categories. Through the application of the SOLO 

Model, a framework emerged which highlighted a pattern of growth in student 

observed outcomes. By considering the structure of the responses, a hierarchical 
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framework has emerged which sheds light on the development of student 

understanding of geometry developed in a bilingual context. The investigation was 

guided by the following research questions; 

Research Question 1 stated, inwhat ways do teaching practices that integrate DGS in 

a bilingual elementary school in Japan contribute to student understanding of 

geometry? The student responses observed and coded from the Writing Prompt 

Tasks indicate the following: 

 The results obtained by applying the SOLO Model codings onto the open 

coding-groups, represented in Table 6.5 support the quantitative finding from 

Chapter 5 that student achievement improved from pre-test to post-test 

regardless of whether teaching instruction was embedded with ICT, in the 

form of DGS, or whether teaching instruction employed traditional, paper-

based instruction. The difference in contribution between teaching practices 

that integrate DGS, and traditional, paper-based instruction, appears to be 

connected to student motivation (which will be discussed in Chapter 7), and 

time. Regarding time, the results for a delayed post-test for the VHGT where 

presented in Chapter 5, which established that student achievement continued 

to show improvement from post-test to delayed post-test on the VHGT test in 

English, for students taught by instruction that was embedded with ICT.  

Research Question 3 stated, In what manner does the application of the van Hiele 

teaching phases assist the equitable integration of subject-content and language-

content in a bilingual elementary school in Japan? The student responses observed 

and coded from the Writing Prompt Tasks indicate the following: 

 The van Hiele teaching phases provided the structure for the teaching sequence 

used for both the control group and the treatment group in this research study. 

The results obtained in Table 6.5 (and the groupings and codings connected to 

it), supported by the quantitative results from Chapter 5 (student achievement 

improved from pre-test to post-test regardless of whether teaching instruction 

was embedded with ICT), provide evidence that the van Hiele phases are an 

effective design framework for sequencing geometry activities in a bilingual 

context. 

 The results obtained in Table 6.5, and the quantitative results from Chapter 5, 

support earlier research by Serow (2002, 2008) that established that the van 
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Hiele phases represent a framework that can facilitate the cognitive 

development of students through the transition between levels as described in 

the van Hiele Theory. The central role of language within all five phases, as 

described by Serow (2002), has been supported by the findings of the current 

study, and the implications for teaching and learning in a bilingual context that 

follow from this will be discussed in Chapter 8. 

Research Question 4 stated, Does the SOLO Model offer a framework to explain the 

contribution of the integration of technology in the bilingual context to students 

understanding of geometry? The student responses observed and coded from the 

Writing Prompt Tasks indicate: 

 The results presented and discussed in this chapter, culminating in the results 

presented in Table 6.5 establish that the SOLO Model does provide a suitable 

framework within which to understand and explain the responses of students 

that have been taught geometry in a bilingual context. 

 Further to the above, the results from the current study provide support to Pegg 

et al.’s (1998, p. 286) claim that, “the categorizations possible with the current 

formulation of the SOLO Model are extensive. Not only are there at least six 

levels within the concrete symbolic mode but there are similar numbers of 

levels in the other modes.” The results obtained from SOLO Model codings 

presented in Table 6.5, support the notion of incorporating the ideas/dynamics 

of Clarkson’s Language Model (2009) into the SOLO Model in order to 

provide a framework for expected student learning outcomes for a bilingual 

classroom. Figure 6.17, represents an attempt to combine the two models, and 

further evidence related to this extension on the SOLO Model will be discussed 

in the case studies presented in the next chapter, Chapter 7. 

 The results obtained from SOLO Model codings presented in Table 6.5, 

provide evidence in support of research by Pegg (1995, 1997), and subsequent 

research by Pegg and Baker (1999), and Serow (2002) that established a 

modification to the van Hiele theory by splitting Level 2 into two levels, 

“Level 2A: Figures are identified in terms of a single property (usually sides). 

Level 2B: Figures are identified in terms of properties, which are seen as 

independent of one another.” (Pegg, 1997, p. 391). 
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 The results obtained from SOLO Model codings presented in Table 6.5, 

provide evidence in support of research by Pegg and Baker (1999), and 

subsequent research by Serow (2002) that established a further modification to 

the van Hiele theory through the existence of Transitional Level 1/2, described 

as, “the use of a single property to link figures as U1(CS), the use of multiple 

properties to link figures M1(CS), and R1(CS) being the use of all known 

properties to form links among different figures.” (Serow, 2002, p. 289).  

 The results obtained from SOLO Model codings presented in Table 6.5, 

provide new findings that add to the generic developmental pathway of class 

inclusion identified by Serow (2002). Specifically, the unprompted ability to 

deconstruct a figure, and the role this ability plays in leading to an improved 

awareness of properties. This research study provides empirical evidence to 

show that at van Hiele Level 2B, or M2 (CS), student responses may contain 

unprompted statements and diagrams that demonstrate that a student is 

tentatively and/or inconsistently deconstructing a figure. Furthermore, at van 

Hiele Level 3, or R2 (CS), student responses may contain statements and 

diagrams that clearly demonstrate that a student is deconstructing a figure, 

leading to an awareness of multiple properties, such as diagonals and 

symmetry. The ability to deconstruct a figure represents an important milestone 

on the developmental pathway; a sign that a student has ‘graduated’ from a 

reliance on visual cues, and now acknowledges different properties, and is 

developing an understanding of the relationships among properties. 
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CHAPTER 7 QUALITATIVE RESEACH FINDINGS: 
CASE STUDIES, AND ARTIFACTS OF 
STUDENTS’ WORK 

7.1 Introduction 

This chapter will continue the presentation and discussion of the qualitative findings 

of the research study. It presents the research findings of six students’ responses by 

considering case studies and aims to provide a deeper analysis of changes in students’ 

levels of mathematical thinking, language use, and motivation. To assist the 

investigation, the following research questions will guide the discussion in this 

chapter: 

1) In what ways do teaching practices that integrate Dynamic Geometry 

Software (DGS) in a bilingual elementary school in Japan contribute to 

student understanding of geometry? 

2) In what ways do teaching practices that integrate DGS in a bilingual 

elementary school in Japan promote student motivation for learning 

geometry? 

3) In what manner does the application of the van Hiele teaching phases assist 

the equitable integration of subject-content and language-content in a 

bilingual elementary school in Japan? 

4) Does the SOLO Model offer a framework to explain the contribution of the 

integration of technology in the bilingual context to students understanding of 

geometry? 

This chapter is divided into eight sections. The first six sections are the student case 

studies. The structure of each case study includes: a review of each student’s 

performance on the VHGT, a discussion regarding each student’s pre-interview and 

post-interview responses using the open coding group descriptors from Chapter 6, a 

discussion regarding each student’s interview transcripts, a discussion based on 

classroom observations and artifacts of student work for each student. The case 

studies were chosen carefully to add richness to the data analysis; most of the cases 

represent outliers and wllo additional factors of explanation to be investigated. This 

was deemed important because too often ananlysis concerntates solely on 

commonalities and does not look at the importance of diversity. Section seven is a 
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discussion about student motivation in a bilingual mathematics classroom based on 

artifacts of students’ work. The final section, Conclusions, ties together the findings 

that have emerged from this chapter. 

7.2 Case study 1: Nathan 

Nathan was a student in Year 5, Japanese Term 2 (aged 11 years) when interviewed. 

From the pre-test stage, Nathan demonstrated a high level of geometric 

understanding, and confidence in regard to the use of English as a second language 

in the math’s classroom. General classroom observations regarding Nathan highlight 

that he is extremely confident in his own ability and easily bored when not 

challenged or motivated. He was selected as a case study because the quality of his 

responses is rare for a child in his age group (See, Pegg & Davey, 1989). 

7.2.1 Results from interview - Subject 1: Nathan (Geometric figure: 
Square) 

Nathan’s results from the VHGT are displayed in Table 7.1. 

Table 7.1: Nathan's VHGT scores 

VHGT In English van Hiele level VHGT In Japanese van Hiele level 

Pre-test Level 2 Pre-test Level 3 

Post-test Level 3 Post-test Level 3 

Delayed post-test Level 3 Delayed post-test Level 3 

Using the VHGT as a guide, it would be expected that Nathan should be able to 

demonstrate a high level of geometric understanding from the initial pre-test 

interview, and that there may be a change, over time, in the subject’s academic 

English language usage for geometry. Below are Nathan’s written responses for the 

pre-test interview and the post-test interview. Due to interview time constraints 

Nathan was shown his pre-test written responses and asked to make any additions or 

subtractions to it using a different colored pencil. 
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Figure 7.1: Nathan's pre-test interview response 

 
Figure 7.2: Nathan's post test interview response 

Using the open coding group descriptors from Table 6.1 Nathan’s pre-test written 

response and interview response would be placed in Group H.L2 because the 

response focused on all known quantifiable properties to describe the figure, and it 

contained statements and diagrams that clearly demonstrate that the student is 

deconstructing the figure, leading to an awareness of multiple properties, such as 
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diagonals. However, the response did not contain any tentative statements about the 

possibility of subsets within a class of figures. In terms of the SOLO Model, 

Nathan’s response would be considered as an R2L2 response in the concrete 

symbolic mode, and would be located in van Hiele level 3 as described by Pegg 

(1995, 1997) and Serow (2002). The response is also consistent with Nathan’s pre-

test score on the Japanese VHGT. However, his English VHGT pre-test score, and 

the presence of the word ‘diagonals’ in Japanese on his pre-test interview response 

would suggest that Nathan maybe operating at a lower SOLO level in English when 

compared to Japanese. 

Nathan’s post-test written response and interview response would be placed in Group 

I.L2 because they demonstrate an unprompted acceptance of a class of figures 

containing subsets, and while the notion of class inclusion is accepted and utilized, it 

may or may not be justified adequately. In terms of the SOLO Model, Nathan’s 

response would be considered as a U1L2 response in the formal mode, and would be 

located in van Hiele Transitional Level 3/4 as established by Serow (2002). This is a 

rare response for children of this age group (Pegg & Davey, 1989). 

The acceptance of class inclusion is illustrated in the following: 

Interviewer: Ok. Right … ahhh …  then you’ve got the … Ahh you’ve written 

that the diagonals will be the same length. Ahh, you’ve written the area formula 

for the square. A square is a type of rectangle … what do you mean by that? 

Nathan: Ahh, I searched in the … I don't remember so much, but I saw in the 

Internet that the square is a type of rectangle … so, I wrote it there … 

Interviewer: What do you think it means? 

<Nathan considers the question> 

Nathan: So the rectangle is in … Ahhh … so the rectangle has four … our, ahh 

four straight, ahhh four … two pair of straight sides and four right angles and 

the thing that's different is just about the four, ahhh this thing … 

Interviewer: Which, which thing? 

Nathan: Ahhh, the four same straight sides and the diagonals will be the same 

and it is perpendicular … is the different thing so maybe there’s no so much 

difference … ahh between the square and the rectangle. 
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Interviewer: Ok. What’s the main difference do you think? 

<Nathan considers the question> 

Interviewer: Or think about it this way, if you were explaining to the class about 

the shape but you said that they’re very similar. How could you make sure that 

the class doesn't mistake this shape as a rectangle? What do you definitely need 

to tell them so that they know it’s a square? 

Nathan: This. 

Interviewer: Which? Can you read it? 

Nathan: Four same … it has four same straight sides … no, ahh, four same 

length … it has four straight same length sides. 

Nathan has shown growth in his knowledge of English content words for geometry, 

and is gaining in confidence with the explanations relating to the subject, as can be 

seen in the following extract; 

Interviewer: What did you … ahh, you changed the Japanese word to an 

English word … diagonals. All right, let me ask you some questions. Ahhh, so 

it has four … same straight sides. When you say same, what do you mean by 

same? 

Nathan: Same length. 

Interviewer: Same length. Can you add that? 

<Nathan follows instruction> 

Interviewer: Ok. Ahh … four right angles. Has two pair of parallels … so 

you’ve drawn that there. <Interviewer points to where the Subject’s picture 

indicates parallel lines> 

Interviewer: Ahh, it is perpendicular. What do you mean by it is perpendicular? 

Nathan: Perpendicular … so … so when the diagonals meet, when they meet 

the … where this part goes to uhhh to ninety degrees.  

Nathan’s interview written responses, interview transcripts, VHGT scores, and 

SOLO classifications provide evidence that support the linkages and contexts of 

students’ language usage in a bilingual mathematics classroom proposed in Figure 

6.17 in Chapter 6. Nathan’s case provides a very good example of the kind of 
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dynamism that exists in a bilingual context. In Nathan’s case, the structure of his 

observed learning outcomes exist in the mid-top right corner of the second cycle at 

pre-test, and progress to the formal mode at post-test.  

 
Figure 7.3: Linkages and contexts of Nathan's observed outcomes (a cropped version of 

Figure 6.17) 

7.2.2 Classroom observations, and artifacts of student work – Subject 
1: Nathan (Square) 

Six artifacts of Nathan’s work, taken from the beginning to the end of the treatment 

teaching sequence, are provided below for reference. From the pre-test stage, Nathan 

demonstrated a high level of geometric understanding, and confidence in regard to 

the use of English as a second language in the math’s classroom. Nevertheless, he is 

easily bored when not challenged or motivated. The latter can be easily identified 

from his own work samples. In Sample 1, Nathan shows his confidence and slight 

frustration and not being challenged at the start of the teaching sequence when he 

writes, “I think it was too easy so I want to do more chalenging thing on geogebra 

next time.” 
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Figure 7.4: Nathan - sample1 

However, it does not take long before Nathan’s curiosity was peaked, and he showed 

signs of becoming engaged and motivated by the lesson content. In Sample 2, 

Nathan writes, “I looks fun to do the activity in the future in MIE.” [MIE refers to 

Math in English] 

 
Figure 7.5: Nathan – sample 2 
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Nathan becomes challenged by the content, and happily expresses his sense of 

achievement as he starts to complete some of the tasks. In Sample 3, he writes, “My 

work was successful in my opinion. Also this was difficult and little bit chanlenging 

(challenging) for me but when it was finished I felt acomplished (accomplished).” 

and in Sample 4, “Today I was able to do 6 question about the shapes. I think it was 

a little bit chalenging (challenging).” 

 
Figure 7.6: Nathan – sample 3 
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Figure 7.7: Nathan – sample 4 

Sample 5 from Nathan highlights clearly the engagement and motivational potential 

of DGS based math content. Sample 5 is a reflection based on group work, and 

Nathan writes, “In the talk everyone was consentrating and participating so the talk 

went very smoothly … ”. 
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Figure 7.8: Nathan – sample 5 

The last work sample provided for Nathan, Sample 6, is a final reflection that he 

completed at the end of the teaching sequence. Subjects were told that they could 

reflect about anything that happened during the teaching sequence. Nathan took this 

as an opportunity to show some of the things that he had learnt; of interest is the 

unprompted hierarchy that Nathan draws at the bottom of the page that demonstrates 

his acceptance of class inclusion (although it is not justified adequately). This work 

sample is consistent with Nathan’s post-test written response and interview response, 

which were considered as a U1L2 response in the formal mode, located in van Hiele 

Transitional Level 3/4. A Transitional Level 3/4 response, specifically a U1 response 

in the formal mode, is characterized by, “The unistructural response discussed the 

possibility of the inclusion of a subset within an established class of figures … in the 

quadrilateral context, it is envisaged that, similar to the triangle context, these 

response would include tentative or unjustified statements concerning the class 

inclusion notion … this being, the class of parallelograms inclusive of subsets.” 

(Serow, 2002, p. 294). 
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Figure 7.9: Nathan – sample 6 

In summary, Nathan’s work samples provide the following evidence. Work samples 

1-4 show that teaching practices that integrate DGS, in a bilingual context, promote 

student motivation for learning geometry. Work sample 5, produced by Nathan 

during the Directed Orientation phase, where students are given the opportunity to 

exchange views, is evidence that the van Hiele teaching phases assist the equitable 

integration of subject-content and language-content, in a bilingual context. Work 

sample 6 is evidence that teaching practices that integrate Dynamic Geometry 

Software (DGS), in a bilingual context, contribute to student understanding of 

geometry. It also provides evidence of the Transitional Level 3/4 (U1, M1, and R1 

response in the formal mode) as established by the research of Serow (2002). 

7.3 Case study 2: Helen 

Helen was a student in Year 5, Japanese Term 2 (aged 11 years) when interviewed. 

As a student, she is conscientious and reasonably confident in a bilingual math 

classroom. However, despite her confidence she sometimes struggles with new math 

concepts. During this research study, Helen showed a good level of geometric 

understanding that remained consistent and unchanged across time. She was selected 
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as a case study based on the fact that her observed learning outcomes remained 

unchanged over time. 

7.3.1 Results from interview - Subject 2: Helen (Geometric figure: 
Square) 

Helen’s results from the VHGT are displayed in Table 7.2. 

Table 7.2: Helen's VHGT scores 

VHGT In English van Hiele level VHGT In Japanese van Hiele level 

Pre-test Level 2 Pre-test Level 2 

Post-test Level 2 Post-test Level 2 

Delayed post-test Level 2 Delayed post-test Level 2 

Using the VHGT as a guide, it would be expected that Helen should demonstrate van 

Hiele Level 2 geometric understanding from the pre-test. There would not be too 

much change expected over time, in terms of her geometric understanding although 

there may be some change in her academic English language usage for geometry. 

Below are Helen’s written responses for the pre-test interview and the post-test 

interview. Due to interview time constraints Helen was shown her pre-test written 

responses and asked to make any additions or subtractions to it using a different 

colored pencil. 

 
Figure 7.10: Helen's pre-test interview response 
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Figure 7.11: Helen's post-test interview response 

Using the open coding group descriptors from Table 6.1, Helen’s pre-test written 

response and interview response would be placed in Group G.L2 because the 

response focused on multiple quantifiable properties to describe the figure, and the 

response contained unprompted statements and diagrams that demonstrate that the 

student is tentatively deconstructing the figure, leading to an improved awareness of 

properties. The response did not contain any tentative statements about the 

possibility of subsets within a class of figures. In terms of the SOLO Model, Helen’s 

response would be considered as a M2L2 response in the concrete symbolic mode, 

and would be located in van Hiele level 2B as described by Pegg (1995, 1997) and 

Serow (2002). The response is also consistent with Helen’s pre-test scores on the 

English VHGT and the Japanese VHGT. Of interest, is the fact that although Helen 

struggles with her written English response (i.e. lack of vocabulary), she is still able 

to express her mathematical content knowledge to a reasonable degree. 

Helen’s post-test written response appears to be more sophisticated than her pre-test 

written response, in terms of the explanation that she gives regarding the unprompted 

‘deconstruction’ of the figure. Her explanation is clearer, as evidenced by her 

additional statements, “If you write diagonal line in the shape, it come up 4 triangle 
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… If there 4 triangle come up, that triangle middle angle is 90°, but other 2 angle is 

45°.” This type of response would normally be coded as a Group H.L2 response; 

SOLO R2L2 response in the concrete symbolic mode. However, her verbal 

explanations at post-test interview show that, despite her written response, Helen 

considers properties in isolation and relates them directly back to the figure, and 

furthermore, Helen demonstrates that minimum is understood to be less (Serow, 

2002). The following transcript provides evidence of the latter.  

Interviewer: … What things do you definitely need to explain to the class, and 

what things could you take out? 

<Helen considers question> 

Helen: We don't need this one. 

Interviewer: You don't need that one. So which do you need? 

Helen: Umm, there is four side that same measure and there is four angle and 

that angle is ninety degrees. 

Helen decides to eliminate four of the six bullet points recorded on her written 

response, including the property that diagonals bisect each other at 90°. The 

importance/relevance of a property to Helen seems to relate back to the visual cues 

of the figure. Helen’s deconstruction of the figure demonstrates that her 

understanding of diagonals is still tentative, and she is still developing her awareness 

of properties. As a result, Helen’s post-test written response and interview response 

considered together, would be placed in Group G.L2; SOLO M2L2 response in the 

concrete symbolic mode. 

Helen’s interview written responses, interview transcripts, VHGT scores, and SOLO 

classifications provide evidence that support the linkages and contexts of students’ 

language usage in a bilingual mathematics classroom proposed in Figure 6.17 in 

Chapter 6. In Helen’s case, the structure of her observed learning outcomes exist, and 

remain, in the mid-section of the second cycle. Her observable learning appears to be 

the links between M2L1 and M2L2. 
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Figure 7.12: Linkages and contexts of Helen's observed outcomes (a cropped version of 

Figure 6.17) 

7.3.2 Classroom observations, and artifacts of student work – Subject 
2: Helen (Square) 

Six artifacts of Helen’s work, taken from the beginning to the end of the treatment 

teaching sequence, are provided below for reference. General classroom observations 

regarding Helen highlight that she is a conscientious student, that is reasonably 

confident in a bilingual math classroom, but that sometimes struggles with new math 

concepts. In Sample 1 and Sample 2, Helen demonstrates her enthusiasm and 

motivation for the teaching sequence and the use of DGS, despite its difficulty, with 

statements such as, “So I want to use this app for other class or home too.” and “It’s 

difficult because there are many app in geogbra. So next class I want to do more 

sumuzly (smoothly). So I want to know more about geogebra.”.  
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Figure 7.13: Helen - sample 1 

 
Figure 7.14: Helen – sample 2 

In Sample 3, below, Helen relates a problem that is mentioned by many students and 

will be discussed in more detail in a section regarding language that appears later in 

this chapter. Helen writes, “First I didn’t know meaning about how to explain but I 

try to write sentences. It not exactly correct but I try so I think it ok. Next I want to 

try to write more explanation.” It is not completely clear whether Helen is referring 

to difficulties with written explanations in the second language of English, or 

difficulties with written explanations about her geometric thinking, or both. 
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Figure 7.15: Helen - sample 3 

The next two work samples provided for Helen, Sample 4 and Sample 5, are a final 

reflection that she completed at the end of the teaching sequence. Subjects were told 

that they could reflect about anything that happened during the teaching sequence. 

Helen took this as an opportunity to show some of the things that she had learnt; of 

interest are her notes about the shapes from the Tangram in Sample 4 as she focuses 

mainly on the number of sides and the number of angles for each shape. For the 

parallelogram, she makes notes about diagonals and the creations of triangles within 

the shape. She continues with this idea of deconstructing shapes in Sample 5, which 

specifically relates to Tangram tasks that were completed. The latter, is consistent 

with her interview responses for square, and reflects her thinking about these shapes. 
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Figure 7.16: Helen - sample 4 

 
Figure 7.17: Helen – sample 15 

The final work sample provided for Helen, Sample 6, relates to a discussion in 

Helen’s interview, about corners. From pre-test written response to post-test written 

response Helen changed the text ‘There is 4 corner and the corner is 90°’ to ‘There is 
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4 angle and the angle is 90°’. However, she left her first point remain which was 

‘There is 4 corner’. As can be seen from the interview transcript below the use of the 

word ‘corner’ is consistent with the findings of Pegg and Davey (1989) who found 

that several words (including ‘corner’) were very common in students’ language and 

that this language transcended state and national borders. 

Interviewer: Ok, thank you very much. I am going to ask you some questions. 

Umm … on the picture here, can you show me where the corners are? 

<Helen circles four vertices> 

Interviewer: Those four points. And then you said that there are angles, can you 

show me where the angles are? 

<Helen indicates four angles by highlighting right angles> 

Interviewer: And also, down at the bottom, you added, there is four points. Can 

you show me? 

<Helen indicates four points> 

Interviewer: Can you think of any other word that we can use to describe, 

where these two lines meet at that point. <Interviewer points to a vertex of the 

square> 

<Helen considers question> 

Helen: It's say in class right? 

<Interviewer nods in the affirmative> 

Interviewer: If you can’t remember that's ok. 

Helen: I forgot. 

As can be seen from Helen’s interview transcripts and written response the word 

‘corner’ takes on many meanings. Sample 6, shows Helen’s notes after a whole class 

reading of a math storybook, which like many books for children uses the word 

corner. This topic, regarding the word ‘corner’, is discussed in more detail in 

Appendix F.  
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Figure 7.18: Helen – sample 6 

In summary, Helen’s work samples provide the following evidence. Work samples 

1-2 provides evidence that teaching practices that integrate DGS, in a bilingual 

context, promote student motivation for learning geometry. Work samples 3-5, 

produced by Helen during the Directed Orientation phase and the Explicatory phase, 

highlight the importance of language and are evidence that the van Hiele teaching 

phases assist the equitable integration of subject-content and language-content, in a 

bilingual context. Furthermore, the samples have a clear connection to a finding of 

Pegg and Davey (1989) which was: 

[S]tudents would benefit from practice in expressing themselves, writing 

grammatical sentences, spelling mathematical words … the very act of 

reflecting and having to express an opinion that has not been rote learnt, 

students were forced to bring their ideas together – laying the groundwork for 

growth to the next level. (p. 26). 

Work sample 6 is evidence of a finding of Pegg and Davey (1989) which was, “when 

functioning at a higher level some students continued to use the term ‘corner’ but in 

a this case it lost its vagueness of meaning and it was used as a synonym for either 

angle or vertex” (p. 21). 
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7.4 Case study 3: Brian 

Brian was a student in Year 5, Japanese Term 2 (aged 10 years) when interviewed. 

He is an enthusiastic student, who is always happy and ready to share his ideas in a 

bilingual math classroom. Brian sometimes struggles to express his opinions clearly 

in English; however, his self-confidence and determination usually make up for any 

lack in language ability. At times he can be easily distracted and go off task. During 

this research study, he showed a good level of geometric understanding by the post-

test stage. He was selected as a case study because his pre-test VHGT scores 

(English and Japanese) were inconsistent with his pre-test interview. 

7.4.1 Results from interview - Subject 3: Brian (Geometric figure: 
Rectangle) 

Brian’s results from the VHGT are displayed in Table 7.3. 

Table 7.3: Brian's VHGT scores 

VHGT In English van Hiele level VHGT In Japanese van Hiele level 

Pre-test No Fit Pre-test Level 1 

Post-test Level 2 Post-test Level 2 

Delayed post-test Level 2 Delayed post-test Level 2 

Using the VHGT as a guide, it would be expected that Brian should demonstrate van 

Hiele Level 2 geometric understanding at post-test. Some change over time, in terms 

of his geometric understanding would be expected from pre-test, and there may be 

some change in his academic English language usage for geometry. Below are 

Brian’s written responses for the pre-test interview and the post-test interview. Due 

to interview time constraints Brian was shown his pre-test written responses and 

asked to make any additions or subtractions to it using a different colored pencil. 
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Figure 7.19: Brian's pre-test interview response 

 
Figure 7.20: Brian's post test interview response 

Using the open coding group descriptors from Table 6.1, Brian’s pre-test written 

response and interview response would be placed in Group G.L2 because the 

response focused on multiple quantifiable properties to describe the figure, and it 
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contained statements and diagrams that demonstrate that the student is tentatively 

and/or inconsistently deconstructing the figure, leading to an improved awareness of 

properties. The response did not contain any tentative statements about the 

possibility of subsets within a class of figures. In terms of the SOLO Model, Brian’s 

response would be considered as a M2L2 response in the concrete symbolic mode, 

and would be located in van Hiele level 2B as described by Pegg (1995, 1997) and 

Serow (2002). Brian’s response identifies the following properties: all angles are 90°; 

opposite sides are parallel; and, the diagonals bisect each other and are congruent. 

However, he does include additional unnecessary features based on visual cues of the 

figure, which is similar to Serow’s finding for Multistructural responses in the 

concrete symbolic mode, “Justifications such as “they need it so that they know it is 

a square” were typical of this category.” (2002, p. 292) Brian’s written and interview 

responses are, however, inconsistent with his pre-test score on both the English and 

Japanese VHGT. This inconsistency highlights the difference in potential between 

the SOLO Model, and a ‘closed’, standardized test such as the VHGT.  

Brian’s pre-test interview response, like Nathan’s in Case Study 1, contains mention 

of diagonals in Japanese. 

Interviewer: Ok, can you read the list for me please? 

Brian: There is four sides. And, there is four angles. And all four angle are right 

angle. There have two pairs line that never cross. Two lines longer are same but, 

another two line are not same longer than another two lines. <The last point is 

written in Japanese> Hitotsu no taikakusen wa, mou hitotsu no taikakusen to 

onaji nagasa. <Translates to: diagonals have equal length> 

Interviewer: What’s the last part again, one more time? 

Brian: Hitotsu no taikakusen wa, mou hitotsu no taikakusen to onaji nagasa. 

<Translates to: diagonals have equal length> 

Interviewer: What does that mean? 

Brian: <Pointing to the rectangle, the subject gestures for diagonals> From here, 

this connect, this connect line and this connect to this corner’s lines are same. 

Interviewer: Can you draw them for me? Use the ruler. 

<Brian adds diagonals to the picture> 
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The importance/relevance of a property to Brian, like Helen in Case study 2, seems 

to relate back to the visual cues of the figure. Brian’s deconstruction of the figure 

demonstrates that his understanding of diagonals is still tentative, and he is still 

developing his awareness of properties. Brian’s post-test written response and 

interview response would also be placed in Group G.L2; SOLO M2L2 response in 

the concrete symbolic mode. Apart from some changes in vocabulary (e.g. parallel, 

diagonal) there has not been too much change to his response. It is interesting to note 

that Brian, like Helen, has the idea of ‘corner’ deeply ingrained. 

Interviewer: Ok. All right, now, I am going to ask you some questions. What 

have you got, <Interviewer points to Brian’s list> there are four sides. There are 

four angles. What do you mean by angles, can you show me on the picture?  

Brian: This. 

Interviewer: Ok. Do you know any other words? 

Brian: Corner. 

Interviewer: Corner. Can you write that down for me somewhere? 

<Brian follows instruction> 

Brian: Do you know any other words? 

<Brian considers question> 

Interviewer: Angles, corner. 

<Brian considers question> 

<Brian shakes head in the negative> 

Interviewer: No, that's all right. Ahh so, there are four angles and all four angles 

are right angles. What are right angles? 

Brian: E—ninety degrees. 

Interviewer: Ok, can you just write that there. 

Brian’s interview written responses, interview transcripts, post-test VHGT scores, 

and SOLO classifications provide evidence that support the linkages and contexts of 

students’ language usage in a bilingual mathematics classroom proposed in Figure 

6.17 in Chapter 6. Similar to Helen (Case Study 2), the structure of his observed 
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learning outcomes exist, and remain, in the mid-section of the second cycle. His 

observable learning appears to be the links between M2L1 and M2L2. 

 
Figure 7.21: Linkages and contexts of Brian's observed outcomes (a cropped version of 

Figure 6.17) 

7.4.2 Classroom observations, and artifacts of student work – Subject 
3: Brian (Rectangle) 

Five artifacts of Brian’s work, taken from the beginning to the end of the treatment 

teaching sequence, are provided below for reference. Based on the VHGT scores and 

Writing Prompt Tasks, Brian showed a good level of geometric understanding by the 

post-test stage, although for the most part his thinking remained consistent and 

unchanged across time. General classroom observations regarding Brian highlight 

that he is an enthusiastic student, who is always happy and ready to share his ideas in 

a bilingual math classroom. He sometimes struggles to express his opinions clearly 

in English; however, his self-confidence and determination makes up for any lack in 

language ability. At times he can be easily distracted and go off task. Sample 1, 

similar to Helen, shows Brian’s notes after a whole class reading of a math storybook. 

The concepts of ‘corner’ and ‘angle’ are clearly two separate, yet connected, ideas 

for Brian; this topic will be discussed in more detail in a section regarding the word 

‘corner’ that appears later in this chapter.  
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Figure 7.22: Brian – sample 1 

Sample 2 for Brian of interest is an unprompted hierarchy of shapes that he creates 

after a discussion in class about parallelograms. The criteria for his hierarchy, though 

starting with a square (“boss square”), remain unqualified and unclear. This work 

sample may be an indication that Brian is starting to demonstrate an acceptance of 

class inclusion (although it is not justified adequately). Unfortunately, none of this 

was apparent in his interviews. 
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Figure 7.23: Brian – sample 2 

In Sample 3, Brian states, “I though it is difficult to explain “why you know that 

…(shape)” but it is easy to make shape.” Again, similar to Helen, it is not completely 

clear whether Brian is referring to difficulties with written explanations in the second 

language of English, or difficulties with written explanations about his geometric 

thinking, or both. A detailed discussion about this will appear in a section regarding 

language later in this chapter. 
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Figure 7.24: Brian – sample 3 

In Sample 4, Brian refers to the value of group discussions, and the taking on of new 

ideas. A classroom observation about the style of group discussions is that they take 

place in both English and in Japanese. Again, a more detailed discussion about this 

will appear in a section regarding language later in this chapter. Brian states, “Today 

we talked with another group. And I though that everybody have different way to 

explain reason of worksheet. before talking, I think it is difficault (difficult) to 

explain but after I though it have lot of way. Today I think I was inquirers (an 

inquirer).” 
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Figure 7.25: Brian – sample 4 

The last work sample provided for Brian, Sample 5, is a final reflection that he 

completed at the end of the teaching sequence. Subjects were told that they could 

reflect about anything that happened during the teaching sequence. Of interest are his 

notes about the shapes from the Tangram as he focuses mainly on the number of 

sides and the number of angles for each shape. For the parallelogram, he makes notes 

about opposite sides being parallel and congruent. The latter, is consistent with his 

interview responses for rectangle where he mainly focused on sides and angles, and 

reflects his thinking about these shapes. 
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Figure 7.26: Brian – sample 5 

In summary, Brian’s work samples provide the following evidence. Work sample 1 

is further evidence of Pegg and Davey’s (1989) finding regarding the term ‘corner’. 

Work samples 2 – 4, produced during the Directed Orientation phase and the 

Explicatory phase, highlight the importance of language and are evidence that the 

van Hiele teaching phases assist the equitable integration of subject-content and 

language-content, in a bilingual context. Work sample 5 is further evidence of both 

the importance of language in the phases, and Pegg and Davey’s (1989) finding 

regarding the act of reflecting and having to express an opinion that has not been rote 

learnt.  

7.5 Case study 4: Andrew 

Andrew was a student in Year 5, Japanese Term 2 (aged 11 years) when interviewed. 

In this research study, he showed a high level of geometric understanding by the 

post-test stage, however there was a clear distinction between his results in Japanese 

and in English. Andrew is an enthusiastic student, who is always happy and ready to 

share his ideas in a bilingual math classroom. He struggles to express his opinions 

clearly in English, and this is an area of frustration for him as he generally has a good 

understanding of most topics. At times he can be easily distracted and go off task. 

Andrew was selected as a case study as his work samples provide an interesting 

insight into the importance of language learning (from a student’s perspective) in a 
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mathematics classroom. He was selected as a case study as he may provide a good 

‘yardstick’ for students learning math content in a second language. 

7.5.1 Results from interview - Subject 4: Andrew (Geometric figure: 
Rectangle) 

Andrew’s results from the VHGT are displayed in Table 7.4 below. 

Table 7.4: Andrew's VHGT scores 

VHGT In English van Hiele level VHGT In Japanese van Hiele level 

Pre-test Level 2 Pre-test Level 1 

Post-test Level 2 Post-test Level 3 

Delayed post-test Level 2 Delayed post-test Level 3 

It is unusual to see that Andrew’s pre-test VHGT in Japanese was lower than his pre-

test in English, especially in light of the increase in scores in Japanese on the post-

test and delayed post-test. Using the VHGT as a guide, it would be expected that 

Andrew should demonstrate van Hiele Level 2 geometric understanding in English at 

post-test, and Level 3 geometric understanding in Japanese. However, it is unclear as 

to whether Andrew will be able to transfer this knowledge through English using the 

mathematics register. Below are Andrew’s written responses for the pre-test 

interview and the post-test interview. Due to sufficient interview time availability 

Andrew was asked to complete the post-test written response without referring to his 

pre-test written response.  

 
Figure 7.27: Andrew's pre-test interview response 
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Figure 7.28: Andrew's post-test interview response 

Using the open coding group descriptors from Table 6.1, Andrew’s pre-test written 

response would be placed in Group G.L2 because the response focused on multiple 

quantifiable properties to describe the figure, and it contained statements and 

diagrams that demonstrate that the student is tentatively and/or inconsistently 

deconstructing the figure, leading to an improved awareness of properties. The 

response did not contain any tentative statements about the possibility of subsets 

within a class of figures. In terms of the SOLO Model, Andrew’s response would be 

considered as a M2L2 response in the concrete symbolic mode, and would be located 

in van Hiele level 2B as described by Pegg (1995, 1997) and Serow (2002). 

Andrew’s response identified that opposite sides are equal in length, and that 

diagonals bisect each other and are congruent (diagrammatically and in Japanese on 

the written response, but later he attempted to explain in English at interview). The 

response is consistent with Andrew’s pre-test score on the English VHGT. However, 

it is not consistent with his Japanese VHGT pre-test score, which, based on all other 

evidence collected for Andrew, appears to be an anomaly. For example, the level of 

Andrew’s knowledge becomes apparent at the pre-test interview, and it appears that 

if he were able to explain himself in Japanese then his response may more likely be a 

Group H.L1 Category response or higher (which in terms of the SOLO Model would 

be considered R2 in the concrete symbolic mode, or even U1 in the formal mode). In 

the pre-test interview, he attempts to discuss the link between quadrilaterals and 
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diagonals. While he struggles with his English explanation and the mathematics 

register, he does manage to explain that congruent diagonals are a property of 

rectangles, and that for parallelograms the diagonals do not have to be congruent and 

may be different in length. He makes a point of explaining that diagonals are 

important when classifying quadrilaterals. The latter is contained in the following 

transcript from Andrew’s pre-test interview, 

Interviewer: Ok. All right, anything else that you can think of? 

Andrew: Mmm, rectangle has like … Japanese is taikakusen <Translates to 

diagonal> <Andrew draws additional picture to illustrate his explanation>  

Interviewer: Uh-hu 

Andrew: Like … taikakusen’s size is same … <Andrew draws additional 

picture to illustrate his explanation> … taikakusen is to important … of … like 

… hmm, like … four … shikakukei <translates to quadrilateral> …  is like to 

… say … 

Interviewer: What’s shikakukei?  

Andrew: Like four corner, four side, four point. 

Interviewer: Ok. 

Andrew: If two all same are taikakusen … and like heikoushihenkei <translates 

to parallelogram> in different taikakusen part … <Andrew draws additional 

pictures to illustrate his explanation> 

Interviewer: Un-hu. Do you know what this is in English? 

Andrew: Rhombus. 

Interviewer: Ok. 

Andrew: Not rhombus, uhhmm … eee … 

<Andrew pauses to think> 

Andrew: Rhombus is like this one? <Draws a free-hand picture of a rhombus … 

I don't know 

Interviewer: That's all right. 
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Andrew’s post-test written response, like his pre-test written response appears rather 

lacking in detail, especially after his discussion about diagonals and quadrilaterals at 

pre-test interview. His post-test written response would be placed in Group D.L2 

because it only identifies multiple features, not properties. Furthermore, unlike his 

pre-test written response, Andrew’s post-test written response contains no reference 

to diagonals. At post-test interview however, he does discuss deconstructing a 

rectangle into triangles and squares and refers to tangram activities from the teaching 

sequence, as can be seen from the following, 

Interviewer: Ok. Now, this part here you say … ahh, what’s this part here, can 

you explain this one, I have one more hint, to connect square and square. What 

does that mean? 

Andrew: That … ahh, square this side and square this side, to connect … 

Interviewer: Un-huh. 

Andrew: … and to change rectangle. 

Interviewer: Ahh, so if you join two squares together, they will make a 

rectangle. Do you know any other shapes that can join together to make a 

rectangle? 

Andrew: Triangle.  

Interviewer: How many triangles? 

Andrew: Four. 

Interviewer: Four triangles? 

Andrew: Yeah … to one triangle, to triangle, three triangle, four triangle.  

Interviewer: Ahh, so if you split the squares into two triangles then that will 

make a rectangle as well. 

Andrew: Yeah. 

Andrew’s case is extremely interesting, as it highlights the complexity and diversity 

involved with individual students. His interview written responses, interview 

transcripts, VHGT scores, and SOLO classifications provide evidence that support 

the linkages and contexts of students’ language usage in a bilingual mathematics 

classroom proposed in Figure 6.17 in Chapter 6. Andrew’s case provides a very good 
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example of the kind of dynamism that exists in a bilingual context. The structure of 

his observed learning outcomes for Japanese appear to be located in the top right 

section of the second cycle, possibly even U1 in the formal mode.  

 
Figure 7.29: Linkages and contexts of Andrew's observed outcomes in Japanese (a 

cropped version of Figure 6.17) 

The structure of his observed learning outcomes for English appear to be located in 

the mid to lower section of the second cycle, with instances of him operating at the 

lower cycle. Andrew’s observed learning outcomes for English spread over a wider 

range in terms of Figure 6.17 in Chapter 6. When both languages are viewed together 

Andrew’s case illustrates the dynamism and complexity that exists in a bilingual 

classroom. 

 
Figure 7.30: Linkages and contexts of Andrew's observed outcomes in English (a 

cropped version of Figure 6.17) 
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7.5.2 Classroom observations, and artifacts of student work – Subject 
4: Andrew (Rectangle) 

Six artifacts of Andrew’s work, taken from the beginning to the end of the treatment 

teaching sequence, are provided below for reference. Based on the VHGT scores and 

Writing Prompt Tasks, Andrew showed a high level of geometric understanding by 

the post-test stage, but there was a clear distinction between his performance in 

Japanese as opposed to that in English. Andrew is always happy and ready to share 

his ideas in a bilingual math classroom, however, struggles to express his opinions 

clearly in English, and this is an area of frustration for him. At times he can be easily 

distracted and go off task. As will be seen from his work samples, the importance of 

language learning is a consistent theme for Andrew, as too is his ability to complete 

tasks in a timely manner.  

Sample 1, shows some of Andrew’s brief notes at the beginning of the teaching 

sequence. When listing the things he learned, he includes “words”. 

 
Figure 7.31: Andrew - sample 1 
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Figure 7.32: Andrew - sample 2 

In Sample 2, Andrew expresses his motivation for Geogebra tasks, “Today I learn 

Geogebra system I’m not finish but very fun … ” but also goes on to lament the fact 

that he did not complete all of the tasks correctly or in time, “ … make difflent 

(different) but it is not good I try very hard”. 

 
Figure 7.33: Andrew - sample 3 
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In Sample 3, Andrew makes a point of mentioning that he learnt some new English 

sentences but doesn’t state specifically what they were. 

The last three work samples provided for Andrew, Sample 4, Sample 5, and Sample 

6, are Andrew’s final reflection that he completed at the end of the teaching sequence. 

Subjects were told that they could reflect about anything that happened during the 

teaching sequence. Of interest is the fact that despite his struggles with language, he 

is able to produce reasonable notes in English about the shapes from the Tangram, 

explaining features or properties of the shapes.  

 
Figure 7.34: Andrew - sample 4 
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Figure 7.35: Andrew – sample 5 

In Sample 6, Andrew comments that some tasks were difficult to complete but 

caveats this with the fact that he is motivated and learnt, “many shapes name or 

shapes types, shapes point, sides, digreease (degrees). I want learn more shapes.”  

 
Figure 7.36: Andrew - sample 6 

In summary, Andrews work samples provide the following evidence. Work sample 1 

was produced during the Information phase, where students become familiar with the 



 

  255 

working domain through discussion and exploration, and discussions between 

teacher and students stress the content to be used. This sample is evidence that the 

van Hiele teaching phases assist the equitable integration of subject-content and 

language-content, in a bilingual context. Work sample 2 is evidence that teaching 

practices that integrate DGS, in a bilingual context, promote student motivation for 

learning geometry. Work sample 3 was produced during the Directed Orientation 

phase and highlights the importance of language and is evidence that the van Hiele 

teaching phases assist the equitable integration of subject-content and language-

content, in a bilingual context. Work samples 4-6 are further evidence of both the 

importance of language in the phases, and Pegg and Davey’s (1989) finding 

regarding the act of reflecting and having to express an opinion that has not been rote 

learnt.  

7.6 Case study 4: Mary 

Mary was a student in Year 5, Japanese Term 2 (aged 11 years) when interviewed. 

From the pre-test stage, Mary demonstrated a high level of geometric understanding, 

and confidence in regard to the use of English as a second language in the 

mathematics classroom. She is highly intelligent, has a natural curiosity for things, 

and enjoys expressing her ideas but is neither over confident, nor extraverted. She 

was selected as a case study because the quality of her responses is rare for a child in 

her age group (See: Pegg & Davey, 1989). 

7.6.1 Results from interview - Subject 5: Mary (Geometric figure: 
Rhombus) 

Mary’s results from the VHGT are displayed in Table 7.5 below. 

Table 7.5: Mary's VHGT scores 

VHGT In English van Hiele level VHGT In Japanese van Hiele level 

Pre-test Level 3 Pre-test Level 3 

Post-test Level 3 Post-test Level 3 

Delayed post-test Level 3 Delayed post-test Level 3 

Using the VHGT as a guide, Mary appears to be rather exceptional in that she is at 

Level 3 in English and Japanese from the pre-test stage. It would be expected that 

she should be able demonstrate van Hiele Level 3 geometric understanding from the 

initial pre-test interview, and that she is very proficient with math vocabulary in 
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English, especially geometry. Below are Mary’s written responses for the pre-test 

interview and the post-test interview. Due to interview time constraints Mary was 

shown his pre-test written responses and asked to make any additions or subtractions 

to it using a different colored pencil. 

 
Figure 7.37: Mary's pre-test interview response 

 
Figure 7.38: Mary's post-test interview response 
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Using the open coding group descriptors from Table 6.1, Mary’s pre-test written 

response and interview response would be placed in Group G.L2  (SOLO Model 

M2L2 in the concrete symbolic mode) because the response focused on multiple 

quantifiable properties to describe the figure (All sides are equal in length, opposite 

angles are congruent, and the diagonals bisect each other at 90°), and the response 

contained unprompted statements and diagrams that demonstrate that she was 

inconsistently deconstructing the figure, leading to an improved awareness of 

properties. Mary’s deconstruction was inconsistent because her description included 

the statement, “The diagonal line has different length” which is not a property of a 

rhombus, and is restrictive in that it would prohibit the development of the rhombus 

subset within classes of quadrilaterals, i.e. square. Mary’s response also failed to 

mention the property that opposite sides are parallel. Mary’s post-test written 

response and interview response would also be placed in Group G.L2 because apart 

from some changes in vocabulary (e.g. diagonal) there has been very little change to 

her response.  

Mary has a high level of geometric understanding; her results for the Writing Prompt 

Task for square were coded as H.L2 for the pre-test and I.L2 for the post-test, and 

her work samples presented below will also show further evidence of this. However, 

her SOLO categorizations for the rhombus (above) do not correspond to her VHGT 

scores and are lower than her codings for square. This scenario also found by Pegg 

and Davey (1989), “In cases where two levels were needed to describe a students’ 

responses the higher level was associated with the more ‘common’ shapes; for 

example square and rectangle. This probably reflects the fact that these students have 

had more experience with these shapes.” (p. 20). Furthermore, during her pre-test 

interview she ignored prompts that attempted to elicit links and relationships 

between a rhombus and other figures, and the reason for this appears to be based on 

the interaction that happened between her and the interviewer at the start of the 

interview. It appears as though Mary, at pre-test interview, was initially checking the 

requirements of the task and because she did not receive clear, confirmation 

regarding class inclusion that she then deemed this not to be required, and therefore 

resisted later attempts to elicit links. This provides evidence for Pegg et al.’s (1998) 

claim that, “responses are sensitive to the motivation of the learner, the amount of 
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experience with the material, the leaners’ interpretation of the stimulus item” (p. 286). 

The transcript of the interaction is, 

<Mary begins task> 

Mary: It’s the properties so … 

Interviewer: Yep. 

Mary: Would saying that this shape is a parallelo … this shape is a quadrilateral, 

would that be one of the properties? 

Interviewer: You could put that down if you think that’s important. Anything 

that you think would help explain that shape … I will ask you some questions 

once you finish so just put down anything you’re … that you think is important 

now. 

<Mary continues task> 

Mary’s depth of knowledge and level of geometric understanding can been seen in 

her work samples that follow. 

7.6.2 Classroom observations, and artifacts of student work – Subject 
5: Mary (Rhombus) 

Four artifacts of Mary’s work, taken from the beginning to the end of the treatment 

teaching sequence, are provided below for reference. From the pre-test stage, Mary 

demonstrated a high level of geometric understanding, and confidence in regard to 

the use of English as a second language in the math’s classroom. General classroom 

observation regarding Mary highlight that she is highly intelligent, has a natural 

curiosity for things, enjoys expressing her ideas but is neither over confident, nor 

extraverted. Only four artifacts are presented for Mary because her final reflection, 

Sample 3 and Sample 4, is very detailed and most of the analysis will be spent on 

that. Sample 1 and Sample 2, go to show that Mary was motivated and enjoyed the 

teaching sequence, as expressed by Sample 1, “It was fun because … ” and Sample 2, 

“It is fun to learn about Tangrams … ” 
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Figure 7.39: Mary – sample 1 

 
Figure 7.40: Mary – sample 2 

The last two work samples provided for Mary, Sample 3 and Sample 4, are her final 

reflection that she completed at the end of the teaching sequence. Subjects were told 

that they could reflect about anything that happened during the teaching sequence. 

Of interest in Mary’s case is the sheer amount of detail that she is able to produce 

especially about the properties of the shapes from Tangrams, for example in Sample 

3, “The properties of a square was it has 4 sides of the same length, there are 2 sets 
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of parallel lines, it’s diagonal line is the same length, which meets in the middle of 

the shape, it has 4 of a 90° angle and some other.” 

Also of interest is that Mary expresses her motivation and engagement in this 

teaching sequence on a number of occasions, for example in Sample 3, “This was fun 

because it was a great chance to learn about the properties of the shape.”, and “It was 

exciting to learn what shape it could make ... ”, and in Sample 4, “…it is fun to make 

shapes, I thought that this picture-making will help unwind your imagination, and I 

thought it is very important to make shapes and think how to make it.” 

Of most interest however, is the unprompted hierarchy of shapes that Mary draws at 

the bottom of the page in Sample 4. This demonstrates her acceptance of class 

inclusion and she goes on to attempt to explain it: 

I learned about family trees of shapes, which is Shapes -> polygon…and it 

keeps going. I though that squares are inside rectangles because square has 1 

more property, which is ‘All the sides have the same length.’ Below is the 

picture of what I think the family tree is like. I made my family tree, thinking 

the same properties. If a shape has more property that than the other, it becomes 

that it is inside the other shape. 

 This work sample provides evidence for the Transitional Level 3/4 (U1, M1, and R1 

response in the formal mode) as established by the research of Serow (2002). A van 

Hiele Level 3 response (R2 response in the concrete symbolic mode) is characterized 

by, “The single reference remains the figure in question, but when probed, there is 

mention of the possibility of a link. This group of responses may also include a 

tentative link between the quadrilateral in question and another quadrilateral, thus 

incorporating a link between two figures.” (Serow, 2002, p. 294). A Transitional 

Level 3/4 response, specifically a U1 response in the formal mode, is characterized 

by, “The unistructural response discussed the possibility of the inclusion of a subset 
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within an established class of figures….in the quadrilateral context, it is envisaged 

that, similar to the triangle context, these response would include tentative or 

unjustified statements concerning the class inclusion notion…this being, the class of 

parallelograms inclusive of subsets.” (p.294). 

 
Figure 7.41: Mary – sample 3 
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Figure 7.42: Mary – sample 4 

In summary, Mary’s work samples provide the following evidence. Work samples 1-

2 were produced during the Information phase, where students become familiar with 

the working domain through discussion and exploration, and the samples provide 

evidence that the van Hiele teaching phases assist the equitable integration of 

subject-content and language-content, in a bilingual context. Work samples 1-2 also 

provide evidence that teaching practices that integrate DGS, in a bilingual context, 

promote student motivation for learning geometry. Work samples 3-4 are further 

evidence of both the importance of language in the phases, and Pegg and Davey’s 

(1989) finding regarding the act of reflecting and having to express an opinion that 

has not been rote learnt. Work samples 3-4 also provide evidence of the Transitional 

Level 3/4 (U1, M1, and R1 response in the formal mode) as established by the 

research of Serow (2002). 

7.7 Case study 5: Jane 

Jane was a student in Year 5, Japanese Term 2 (aged 10 years) when interviewed. 

During this research study, she demonstrated a limited level of geometric 

understanding, but did show some growth over time. However, despite this growth 
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and the growth observed in her VHGT scores in English at post-test, Jane continued 

to rely heavily on the overall appearance of figures. Despite being a conscientious 

student, who can confidently express herself in English as a second language, she 

does struggle in the math classroom. As a result of this, she is not very motivated by 

the subject of math and is usually cautious when presented with new mathematical 

concepts. Jane was selected as a case study as she provides an interesting comparison 

to Andrew (Case Study 4) in terms of motivation and language ability.  

7.7.1 Results from Interview - Subject 6: Jane (Geometric figure: 
Parallelogram) 

Jane’s results from the VHGT are displayed in Table 7.6 below. 

Table 7.6: Jane's VHGT scores 

VHGT In English van Hiele level VHGT In Japanese van Hiele level 

Pre-test Level 1 Pre-test Level 1 

Post-test Level 2 Post-test Level 1 

Delayed post-test Level 2 Delayed post-test Level 2 

Using the VHGT as a guide, it would be expected that Jane should demonstrate a 

limited level of geometric understanding from the initial pre-test interview. Some 

change over time, in terms of his geometric understanding would be expected and 

there may be some change in her academic English language usage for geometry. 

Below are Jane’s written responses for the pre-test interview and the post-test 

interview. Due to sufficient interview time availability Jane was asked to complete 

the post-test written response without referring to their pre-test written response.  
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Figure 7.43: Jane's pre-test interview response 

 
Figure 7.44: Jane's post-test interview response 

Using the open coding group descriptors from Table 6.1, Jane’s pre-test written 

response and interview response would be placed in Group D.L2 because the 

response focused on multiple features and was characterised by a strong reliance on 

visual cues. In Jane’s case, she focused on sides, and her first written explanation 

appeared to be an attempt to qualify the property that opposite sides are congruent. 

However, her second written explanation blends with her first and includes the 

requirement that one pair of opposite sides needs to be longer than the other pair. 

These two written explanations blend to become a feature that takes on the role of a 
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pseudo-property, and the importance of this feature to Jane becomes more apparent 

during the pre-test interview as can be seen in the interview transcript below, 

Interviewer: So the four sides are the same length? 

Jane: No, the … the opposite sides are the same length. 

Interviewer: Ahhh, ok. So, those ones are the same length … <Pointing to the 

picture> 

Jane: Yeah 

Interviewer: … and, those ones are the same length. 

Jane: Yeah. 

Interviewer: Ok, umm … the next one is … what does it say? 

Jane: The one in the top is long … 

Interviewer: The one in the top is long. 

Jane: And the opposite side is the same. 

Interviewer: Can you explain that … a bit more? 

Jane: The … the top one is more longer than the side … and it's the same length 

as the opposite side … 

Interviewer: Ok, now what I want you to do … Get your piece of paper 

<Interviewer demonstrates using another piece of paper> and turn it like that for 

me. <Interviewer rotates the piece of paper ninety degrees> 

<Jane follows instruction> 

Interviewer: Now look at your shape now … is that still a parallelogram? 

<Subject considers question> 

Jane: No. 

Interviewer: It’s not a parallelogram? Why not? 

<Jane considers question> 

Jane: Well, I think of the parallelogram… 

Interviewer: Yeah, just tell me what you think  
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Jane: … is the side is more short … shorter. 

Interviewer: Uh-huh. 

Jane: And the … the side … these sides are more shorter, and the top and the 

bottom are more longer. 

Interviewer: Yep, that's fine, so that would not be a parallelogram <Pointing to 

Jane’s rotated picture> … but <rotates the picture back ninety degrees to its 

original position> … that's ok as a parallelogram?  

Jane: Yes. 

Interviewer: Yep, ok. And what’s the next one say? 

Jane: The side is shorter and is the same as the opposite. 

Interviewer: Can you explain that please? 

Jane: These two sides are more shorter than the top and the bottom. 

Interviewer: Ok, yep, now is there anything else that that shape has or is there 

something important about that shape that you would want to add to the 

explanation? 

<Jane considers question> 

Jane: It’s sideways … kinda … like … it’s not like a square like, it’s …  … it’s 

not … It’s not straight … it’s like … kinda of like … kinda of like sideways … 

In terms of the SOLO Model, her responses would be M1L2 in the concrete symbolic 

mode. Jane’s responses provide evidence for the Transitional van Hiele Level 1/2 

(U1,M1, and R1 responses in the concrete symbolic mode) as established by the 

research of Pegg and Baker (1999), and Serow (2002). Transitional Level 1/2 

responses are described by Serow (2002, p.290) as, “characterized by a strong 

reliance on visual cues, or tracing of the figure physically from which properties 

were assigned. It was necessary for the student to check the validity of the property 

belonging to the figure through visual means.”, and “It was evident the focus was 

upon the figure determining the property. While the term ‘property’ was used in the 

description characteristic of the response, properties were perceived as features that 

are determined by the figure.” Jane was relying heavily on the overall appearance of 

the figure (Ikonic support), and it was evident that in Jane’s case the figure was 

determining the feature/pseudo-property. 
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Jane’s post-test written response could be placed in Group E.L2 (SOLO R1L2 in the 

concrete symbolic mode) because while the response contains on one property (in 

Jane’s case it was the property that opposite sides are congruent), the response 

focuses on all known features to describe the figure and ‘features’ clearly have the 

explicit role of identifying and describing the figure. Jane’s written description, “The 

sides are parrel (parallel)” was deemed not to be sufficient enough to be considered 

and explanation of the property that opposite sides are parallel. Jane’s post-test 

interview response is characterised by a strong reliance on visual cues, and is 

characteristic of a Group E.L2 (SOLO R1L2 in the concrete symbolic mode). Jane 

does not understand geometrical class structure, and the figure is perceived as an 

individual shape, not as a member of a class of figures. The figure has developed a 

workable identity, which is encapsulated by its individual name. Use of the word 

square, rectangle, and rhombus relates only to the specific shape provided in the task, 

and is not used to describe or represent a class of shapes (Serow, 2002). 

Interviewer: Ok, all right. Now, the bottom one you said, the horizontal side is 

kind of sideways. Can you show me the …  sides that you mean? 

Jane: This side. 

Interviewer: This side. 

Jane: It’s like, kinda of … not like, it’s not like a perfect side, it’s not very 

straight, but it’s kinda sideways.  

Interviewer: All right. Now does it always have to be sideways in a 

parallelogram? 

<Jane considers question> 

Jane: Yes. 

Interviewer: Ok. Now, if I turn this shape this way. <Interviewer rotates the 

shape ninety degrees> 

Jane: Is that still a parallelogram? 

<Jane considers question> 

Jane: No. 

Interviewer: No? Why not? 
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Jane: Well I think this shape is a rhombus. 

Interviewer: Ok. Why do you think it is a rhombus? 

Jane: Well because …  

Jane: … because it, it has four sides and the umm … it’s a … a rhombus kinda 

looks like a, a diamond … this one looks like a diamond too, so, I thought it 

was a rhombus. 

Jane’s case provides another good example of the kind of dynamism that exists in a 

bilingual context, and evidence toward the students’ language usage in a bilingual 

mathematics classroom proposed in Figure 6.17 in Chapter 6. Jane provides clear 

evidence for van Hiele Transitional Level 1/2 (SOLO Model U1L2 in the concrete 

symbolic) as established by Serow (2002). This level represents the transition from 

Level 1 to Level 2 in the van Hiele theory, and the first cycle of concrete symbolic 

mode in the SOLO Model. The latter is important as the idea of ‘transition’ leads to 

the notion of working memory which is connected to two points: the amount of 

information that can be retained simultaneously for a task; and, the amount of 

information processing required for a solution to a task (Pegg, 2010). The proposal 

of Figure 6.17 and the data obtained in the research study, suggests that a third point 

can be added which is: the amount of language processing required for a solution to a 

task. Working memory is limited in capacity and duration, and as an individual 

becomes more expert in a task the more efficient their use of working memory 

becomes (Pegg, 2010). The importance and relevance of these ideas will be 

discussed in more detail in the final chapter of this thesis. 

7.7.2 Classroom observations, and artifacts of student work – Subject 
6: Jane (Parallelogram) 

Four artifacts of Jane’s work, taken from the beginning to the end of the treatment 

teaching sequence, are provided below for reference. From the pre-test stage, Jane 

demonstrated a reasonable level of geometric understanding, and did show some 

growth over time. However, despite this growth and the growth observed in her 

VHGT scores in English at post-test, Jane continued to rely heavily on the overall 

appearance of figures. General classroom observation regarding Jane, reflect that 

while she is confident with English as a second language, she does struggle in the 
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math classroom. As a result of this, she is not very motivated by the subject of math 

and is usually cautious when presented with new mathematical concepts.  

Sample 1 shows that Jane was motivated and enjoyed the teaching sequence, as 

expressed by, “It was fun to make it, by learning the shapes and lines. The intresting 

(interesting) thing was we could do many things with the app.” It also shows that 

Jane often struggles to complete work, something that she is very conscious of, “I did 

not finish on time and did not complete it so I would next time like to keep time 

management.” 

 
Figure 7.45: Jane – sample 1 

Sample 2, is another example of Jane being unable to complete her work on time. 

She mentions ‘a bunch of problems’ but does not state specifically what they were. 

Again she states a desire to complete her work, “Today we a made a tangram. Some 

of the people were finished but I wasn’t finish. I had a buch (bunch) of problems and 

did not finish until Tan3. I was sad so next time I would like to keep time 

management and complete the work on time!” 
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Figure 7.46: Jane – sample 2 

The last two work samples provided for Jane, Sample 3 and Sample 4, are her final 

reflection that she completed at the end of the teaching sequence. Subjects were told 

that they could reflect about anything that happened during the teaching sequence. 

Of interest in Jane’s case is that despite the volume of text, there is a lot of repetition 

regarding isosceles triangles, and as a result there is limited detail regarding the 

properties of figures. She does focus on the number of sides and the number of 

corners for most figures, and qualifies these things with whether the sides are equal 

length or parallel. Unfortunately, the one shape that she does not write about is the 

parallelogram, Tan6, which was the figure from her interview. However, looking at 

her explanation in Sample 3 for Tan4, the square, she writes, There are 4 sides and 4 

corners. The 4 sides are equal and the sides are parrel (parallel). This explanation is 

very similar to her post-test written response and interview response, which was 

discussed above. 

Jane’s final reflection, also gives insight into her knowledge of fractions, which was 

an extension worksheet for tangrams. She understands that the tangram template was 

made on a grid of 36 squares, so the tangram as a whole would be 36/36. However, 

she expresses this idea as 1/36. Further to this, her explanation that Tan1 as fraction 
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is 1/9, shows that while she understands that Tan1 accounts for 9 of the 36 grid 

squares, she doesn't interpret this to be 1/4.  

 
Figure 7.47: Jane – sample 3 

 
Figure 7.48: Jane – sample 4 



 

  272 

In summary, Jane’s work samples provide the following evidence. Work samples 1-2 

were produced during the Information phase, where students become familiar with 

the working domain through discussion and exploration, and the samples provide 

evidence that the van Hiele teaching phases assist the equitable integration of 

subject-content and language-content, in a bilingual context. Work samples 1-2 also 

provide evidence that teaching practices that integrate DGS, in a bilingual context, 

promote student motivation for learning geometry. Work samples 3-4 are further 

evidence of both the importance of language in the phases, and Pegg and Davey’s 

(1989) finding regarding the act of reflecting and having to express an opinion that 

has not been rote learnt.  

7.8 Motivation in a bilingual mathematics classroom 

In Chapter 5, the results for the quantitative data obtained from the CIS, established 

that instruction that is embedded with ICT, in a bilingual context, promotes student 

motivation for learning geometry when compared to instruction that employs 

traditional, paper-based methods. The next section will discuss student motivation 

from a qualitative perspective based on artifacts of students’ work obtained from the 

Treatment Group.  

Student engagement in mathematics is important because engagement levels 

influence cognitive development, social development and academic achievement 

(Finn, 1993). Furthermore, some researchers suggest that students who are engaged 

at school are more likely to find learning rewarding and continue with higher 

education (Marks, 2000). From a holistic point of view, according to Sullivan, 

Mousley and Zevenbergen (2005) low engagement in mathematics can limit people’s 

ability to understand life experiences from a mathematical perspective. Through ICT, 

learners can become more actively involved in the learning processes of the 

classroom. ICT therefore provides both learners and teachers with more educational 

affordances and possibilities. The effective use of ICT in the classroom requires 

more than just a knowledge of available technology and how to use it, but also a 

knowledge of how to integrate technology with pedagogy (Handal et al., 2012; 

Grandgenett, 2008). The following work samples provide a window into the subjects’ 

thoughts and feelings about the use of DGS, and the teaching sequence that 

employed the van Hiele teaching phases. 
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The first work samples, Motivation Sample 1 and Motivation Sample 2, demonstrate 

students’ reactions towards the use of tangrams. In Motivation Sample 1, the subject 

writes, “Tangram PUZZLE is I think very fun because There is about 4 shape so I 

think we can make many other shape.” In Motivation Sample 2, the subject writes, 

“Today I learn that Tangram is a chinese puzzle. I want to use at home too!” 

 
Figure 7.49: Motivation sample 1 

 
Figure 7.50: Motivation sample 2 
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The next samples, Motivation Sample 3, Motivation Sample 4, and Motivation 

Sample 5 demonstrate students’ reactions towards the use of GeoGebra. In 

Motivation Sample 3, the subject writes, “Today we started to do GeoGebra. And we 

make house and tree. It is hard. Because we need to be carefully to make segment. 

And it is fun for me.” In Motivation Sample 4, the subject writes, “It was actually 

really fun. I got finish making the tangram using geogebra application.” In 

Motivation Sample 5, the subject writes, “Today I do a Tangram with geogebra it 

was difficult to make tangram with shape but it was fun. I want to so one more time” 

 
Figure 7.51: Motivation sample 3 

 
Figure 7.52: Motivation sample 4 
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Figure 7.53: Motivation sample 5 

The next samples, Motivation Sample 6, Motivation Sample 7, and Motivation 

Sample 8 demonstrate that students generally react well to difficult tasks when 

engaged and motivated. In Motivation Sample 6, the subject writes, “ … when I see 

question 2, I think it’s difficult, but if I think carefuly, I can do. Today’s menu (list of 

activities) is very fun! ” In Motivation Sample 7, the subject writes, “Today it was 

hard to make a square for the Geogebra. Before I was going to do the task, I though it 

was easy. But it was hard! Next time I would want to make house better.” In 

Motivation Sample 8, the subject writes, “Today I make house and tree in geogebra. 

it to (too) hard so I can’ finish all but it funny (fun) and it too effort (requires effort) 

so next time, I want to finish more.” 
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Figure 7.54: Motivation sample 6 

 
Figure 7.55: Motivation sample 7 
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Figure 7.56: Motivation sample 8 

The final samples, Motivation Sample 9 and Motivation Sample 10, demonstrate 

students’ desires to continue with these activities outside of the classroom. In 

Motivation Sample 9, the subject writes, “I think it was very fun and it was very 

good so I want to do at home too!” In Motivation Sample 10, the subject writes, “It is 

fun. I have a Tangram in home so, I will do in home. I can think to “what is this 

shape?” So, I can practice to thinking” 
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Figure 7.57: Motivation sample 9 

 
Figure 7.58: Motivation sample 10 

In summary, the student work samples discussed in this section provide qualitative 

evidence that the use of DGS improves motivation towards mathematics, and also 

helps to develop higher order thinking and problem solving skills. The work samples 
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provide evidence that DGS provides an environment that is capable of engaging 

students in a purposeful dialogic encounter as described by Abramovich and Connell 

(2014). These qualitative results support the quantitative results obtained from the 

CIS, discussed in Chapter 5, and assist in a deeper understanding of how instruction 

that is embedded with ICT, in a bilingual context, promotes student motivation for 

learning geometry.  

7.9 Conclusion 

The purpose of this chapter was to continue on with the presentation and discussion 

of the qualitative findings, with the aim of providing a deeper analysis of changes in 

students’ levels of mathematical thinking, language use, and motivation. The 

observed changes in the responses of students and the work samples obtained were 

the result of a combination of Geometry instruction based on the van Hiele teaching 

phases, and the integration of DGS. The investigation was guided by the following 

research questions; 

Research Question 1 stated, In what ways do teaching practices that integrate 

Dynamic Geometry Software (DGS) in a bilingual elementary school in Japan 

contribute to student understanding of geometry? The responses observed from the 

case studies, specifically students’ interviews and work samples, indicate the 

following: 

 Teaching practices that integrate DGS, in a bilingual context, contribute to 

the development of students’ understanding and usage of the mathematical 

register in English, specifically the academic vocabulary of geometry. DGS, 

such as GeoGebra, contain command functions that require the use and 

understanding of the math register e.g. segment, vertices, point, angle, etc. In 

classroom interactions with teachers and peers, students naturally adopt and 

use such vocabulary in their explanations.   

 The case studies provide transcripts and work samples that clearly highlight 

the engagement and motivational potential of teaching practices that integrate 

DGS, in a bilingual context. This potential, appears to be the most likely 

contributor and explanation for the quantitative results obtained (in Chapter 

5) for the VHGT scores in English for the treatment group. This will be 

discussed further in the final chapter. 
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 Teaching practices that integrate DGS, in a bilingual context, contribute to 

the development of students’ ability to make links between one or more 

properties (or relationships) of geometric figures. This contributes to 

student’s development and acceptance of class inclusion.  

Research Question 2 stated, In what ways do teaching practices that integrate DGS 

in a bilingual elementary school in Japan promote student motivation for learning 

geometry? The responses observed from the case studies, and the responses from the 

additional work samples (Motivation samples 1-9), indicate the following: 

 The results from work samples discussed in this chapter, both support and 

provide more detail regarding the quantitative finding from Chapter 5 (based 

on the CIS), that student motivation for learning geometry, in a bilingual 

context, is promoted through instruction that is embedded with ICT. The 

implications of this finding will be discussed further in the final chapter. 

 That teaching practices that integrate DGS provide an environment that is 

capable of engaging students in a purposeful dialogic encounter as described 

by Abramovich and Connell (2014). This research provides evidence which 

shows that when students are able to engage purposefully with language, 

mathematics, and ICT, they will be able to internalize the environment as a 

thinking tool and then move towards structural reorganization of the mind 

which makes it possible to think without such tools.  

Research Question 3 stated, In what manner does the application of the van Hiele 

teaching phases assist the equitable integration of subject-content and language-

content in a bilingual elementary school in Japan? The responses observed from the 

case studies, specifically students’ interviews and work samples, indicate the 

following: 

 The results presented and discussed in this chapter, provide evidence that the 

van Hiele teaching phases help facilitate learning in a manner that supporrts 

Pegg and Davey’s (1989) claim that, “students would benefit from practice in 

expressing themselves, writing grammatical sentences, spelling mathematical 

words…the very act of reflecting and having to express an opinion that has 

not been rote learnt, students were forced to bring their ideas together – 

laying the groundwork for growth to the next level.” (p. 26). 
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 The results presented and discussed in this chapter, provide evidence that the 

van Hiele teaching phases can facilitate teachers in overcoming, what Barwell 

(2009) describes as, the major challenge of keeping a twofold focus on 

mathematics and language through classroom norms that move actions in the 

direction of autonomous and reflective learning.  

Research Question 4 stated, Does the SOLO Model offer a framework to explain the 

contribution of the integration of technology in the bilingual context to students 

understanding of geometry? The responses observed from the case studies, 

specifically students’ interviews and work samples, indicate the following: 

 The results presented and discussed in this chapter, provide supporting 

evidence to the results from Chapter 6, which established that the SOLO 

Model does provide a suitable framework within which to understand and 

explain the responses of students that have been taught geometry in a 

bilingual context. 

 The results presented and discussed in this chapter, provide further support to 

Pegg et al.’s (1998, p.286) claim that, “the categorizations possible with the 

current formulation of the SOLO Model are extensive. Not only are there at 

least six levels within the concrete symbolic mode but there are similar 

numbers of levels in the other modes.” Furthermore, the case studies support 

the notion of incorporating the ideas/dynamics of Clarkson’s language Model 

(2009) into the SOLO Model as represented in Figure 6.17 in Chapter 6. 

 The results presented and discussed in this chapter, provide further supporting 

evidence for the splitting of van Hiele Level 2 in the two levels, Level 2A and 

Level 2B (Pegg, 1995, 1997; Pegg & Baker; 1999; Serow, 2002). 

 The results presented and discussed in this chapter, provide further supporting 

evidence for the existence of van Hiele Transitional Level 1/2 (Pegg & Baker; 

1999; Serow, 2002). 

 The results presented and discussed in this chapter, provide further supporting 

evidence for the existence of van Hiele Transitional Level 3/4 (U1, M1, and 

R1 response in the formal mode) as established by the research of Serow 

(2002). A Transitional Level 3/4 response, specifically a U1 response in the 

formal mode, is characterized by, “The unistructural response discussed the 

possibility of the inclusion of a subset within an established class of 
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figures….in the quadrilateral context, it is ensilaged that, similar to the 

triangle context, these response would include tentative or unjustified 

statements concerning the class inclusion notion…this being, the class of 

parallelograms inclusive of subsets.”  (Serow, 2002, p. 294). 

The final chapter will consider the overall findings of the research study, and will 

consider the implications of these findings in relation to the practice of teaching, 

bilingual contexts, the van Hiele theory, and the SOLO Model. 
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CHAPTER 8 CONCLUSIONS 

8.1 Introduction 

This chapter considers the overall findings of the study. Initially, limitations imposed 

by the design of the study are discussed. This is followed by an overview of the 

results in the light of the four research questions addressed in Chapters 5 to 7. Next, a 

consideration of the implications of the findings in relation to the SOLO Model, and 

the van Hiele Theory are discussed. Subsequently, a discussion regarding the 

implications for the practice of teaching that arises from this study. Finally, a number 

of future research directions are generated as a consequence of the findings of the 

study. 

8.2 Possible limitations of the study 

The results obtained and described in the preceding chapters must be discussed in 

terms of possible limitations imposed by aspects of the research design. The 

following section reviews the strengths and weaknesses of five features including: 

the number of students in the sample, testing and practice effects, the VHGT as a 

means to identify students’ van Hiele levels, and the teacher as researcher. 

The first issue involves the number of students in the sample size. It may have been 

more desirable to have a larger sample. However, this was not possible given the 

bilingual context of the study, from both the perspective of the researcher, and also 

based on the number and locations of possible participatory schools. Nevertheless, 

there were a sufficient number of students in the study for the quantitative data sets 

collected to meet the assumptions of the mixed-design ANOVA model for the 

VHGT and CIS (see Appendix B, C, and D). Furthermore, there were a sufficient 

number of students for the analysis of the data to be meaningful and to offer an 

important quantitative perspective to the mixed-methods design.  

The second possible limitation concerns the bias resulting from the use of multiple 

quantitative tests in the research; that is, pre-tests, post-tests, and delayed post-tests. 

Tests can threaten internal validity as they may sensitize subjects in unanticipated 

ways and their performance on post-tests and delayed post-tests may be due to the 

pre-test, not to the treatment, or, more likely, an interaction of the pre-test and 
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treatment. Tests can also threaten external validity through an interaction effect, 

which is where pre-testing interacts with the experimental treatment and causes some 

effect such that the results will not generalize to an untested population. It was 

anticipated that the above limitation would be reduced as a result of the extent of 

triangulation that was employed in the mixed-methods design, with students also 

participating in a number of qualitative procedures. Furthermore, bias resulting from 

sensitivity of subjects and practice effects are controlled in that they are manifested 

equally in both treatment and control group. Due to the different procedures in the 

mixed-methods design yielding substantiality the same results, confidence can be 

placed in the findings of the research. 

The third possible limitation concerns the use of the VHGT as a means to identify 

students’ van Hiele levels. The VHGT test is very well known, and its reliability and 

validity have been extensively analyzed and criticized (Crowley, 1990; Wilson, 

1990). A major deficiency of the VHGT, being a multiple-choice test, is that it does 

not reliably assess students’ reasoning, since a student’s answer does not inform on 

the student’s reason for choosing it. However, it was anticipated that this limitation 

would be reduced as a result of the extent of triangulation that was employed in the 

mixed-methods design, with students also participating in a number of qualitative 

procedures, which would allow for an assessment of student reasoning. Due to the 

different procedures in the mixed-methods design yielding substantiality the same 

results, confidence can be placed in the findings of the research. 

The fourth potential limitations concern the unanticipated scheduling difficulites 

after the teaching intervention, which resulted in some time constraints being placed 

on some of the particpants’s inteviews. This resulted in some students being shown 

their pre-test response and being asked to make any additions or subtractions to it 

that they believed were necessary to achieve the task of being decribing the shape in 

writing as best they could, as they would to a friend who was on the other end of a 

telephone. While this situation is not ideal, and represents a potential limitation to the 

study, it was anticipated that this limitation would be reduced as a result of the extent 

of triangulation that was employed in the mixed-methods design, with students also 

participating in a number of qualitative procedures, which would allow for an 

assessment of student reasoning. Due to the different procedures in the mixed-
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methods design yielding substantiality the same results, confidence can be placed in 

the findings of the research. 

The last possible limitation concerns possible bias resulting from the teacher as 

researcher. Some critics contend that the educational researcher is inherently biased, 

and replication is impossible, particularly since the purpose of qualitative research is 

to understand and interpret social interactions, and subjectivity is expected (Xavier 

University Library, 2012 cited in Millar, 2016). However, rigor was established 

through both the Writing Prompt Tasks and interview procedures, which were 

designed to be open-ended and avoid prompting, based on the research of Pegg and 

Davey (1989). Furthermore, it was anticipated that this limitation would be reduced 

as a result of the extent of triangulation that was employed in the mixed-methods 

design, with students also participating in a number of quantitative procedures where 

objectivity is critical. Due to the different procedures in the mixed-methods design 

yielding substantiality the same results, confidence can be placed in the findings of 

the research. 

Overall, despite the possible limitations imposed on the study by the nature of the 

research design, this discussion demonstrates that the effects of these factors were 

taken into careful consideration during the design phase. In essence, the mixed-

methods design of the study allowed for the collection of detailed qualitative and 

quantitative data in regards to students’ understandings of relationships among 

figures, and relationships among properties in a bilingual context. The study utilized 

existing, proven quantitative instruments, and a validated empirical theoretical 

framework to assist in the interpretation of the qualitative responses. 

8.3 Overview of results 

The focus of this thesis was to examine the factors that promote and/or contribute to 

student understanding of geometry in a bilingual context. A mixed-methods 

approach was designed in recognition of, previous studies within the field of 

geometry, the SOLO Model, and the van Hiele Theory. In summary, there are 

thirteen major findings emanating from this study:  

1. It has been suggested by this study that a teaching approach based on the van 

Hiele teaching phases, delivered in the second language of English, successfully 
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contributes to growth in students’ geometric understanding. Growth in geometric 

understanding was observed in students’ learning outcomes in both their first 

language and their second language, and the teaching approach led to 

improvement regardless of whether the instruction was embedded with ICT or 

employed traditional, paper-based methods. Students' growth in understanding 

geometrical concepts, in both languages, was maintained at delayed post-test 

which establishes the longevity and long-term effects of this finding. This finding 

provides support for, and extends on, research regarding the effectiveness of the 

van Hiele phases as a structure on which to base a program of instruction. 

2. It has been suggested by this study that a teaching approach that is embedded with 

ICT, based on the van Hiele teaching phases, and delivered in the second 

language of English, is more effective in terms of delayed or long-term effects 

than a teaching approach based on the van Hiele teaching phases that is delivered 

using traditional, paper-based method. This finding supports previous research, 

which has shown that ICT in the mathematics classroom has a positive effect on 

achievement, and extends the validity of this to a bilingual context. 

3. It has been suggested by this study that a teaching approach that is embedded with 

ICT, based on the van Hiele teaching phases, and delivered in the second 

language of English, promotes student motivation for learning geometry more 

than a teaching approach based on the van Hiele teaching phases that is delivered 

using traditional, paper-based method. This finding supports previous research, 

which has shown that ICT has a positive effect on mathematical achievement and 

improves motivation towards mathematics, and extends the validity of this to a 

bilingual context. This finding appears to be the most likely contributor and 

explanation for Finding 2 (above), and is connected to the fact that in regard to L2 

learning, motivation accounts for only slightly less of variance in  learners’ 

achievement scores than language aptitude  (Ellis, 2005). 

4. The student case studies and work samples provided in this study provide support 

for, and extend on, research that has found that ICT: provides an environment that 

is capable of engaging students in a purposeful dialogic encounter; allows learners 

to become more actively involved in the learning processes of the classroom 

through decision making and collaboration; and increases student confidence and 

willingness to share their thoughts and work. 
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5. The results obtained in this study provide support for, and extend on, research 

regarding the central role of language within all five phases of the van Hiele 

teaching framework. The van Hiele teaching phases help facilitate learning in a 

manner conducive to Pegg and Davey’s (1989) claim that, “students would 

benefit from practice in expressing themselves, writing grammatical sentences, 

spelling mathematical words…the very act of reflecting and having to express an 

opinion that has not been rote learnt, students were forced to bring their ideas 

together – laying the groundwork for growth to the next level.” (p. 26).  

6. Further to Finding 1 and Finding 5, the findings obtained in this study provide 

evidence that the van Hiele teaching phases are an effective design framework for 

a bilingual context. The van Hiele teaching phases help overcome what Barwell 

(2009) describes as the major challenge of keeping a twofold focus on 

mathematics and language through classroom norms that move actions in the 

direction of autonomous and reflective learning.  

7. The findings obtained in this study provide support for, and extend on, Pegg et 

al.’s (1998, p.286) claim that, “the categorizations possible with the current 

formulation of the SOLO Model are extensive. Not only are there at least six 

levels within the concrete symbolic mode but there are similar numbers of levels 

in the other modes.” The results obtained in this study support the notion of 

incorporating the ideas/dynamics of Clarkson’s Language Model (2009) into the 

SOLO Model as discussed in Chapter 6.  

8. Further to Finding 7, through incorporating the ideas/dynamics of Clarkson’s 

Language Model (2009) into the SOLO Model, it has been possible to re-

conceptualise the SOLO Model for a bilingual context resulting in The Bilingual 

Geometry Model (BGM). The BGM (see Chapter 6, in Figure 6.17) aims to 

provide a framework to explain the diversity and individuality of learners’ 

responses in a bilingual context. The student case studies and work samples 

provide support for, and extend on, research that shows that while some informal 

or exploratory classroom interactions between students may occur in a student’s 

first language, the most students learning in a bilingual context are normally very 

committed to the learning of their second language so as to improve overall 

academic success.  
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9. The results obtained in this study provide support for, and extend on Clarkson’s 

(2009) contention that teachers should encourage different types of language in 

the classroom. The ‘broken communication’ that may occur when teacher and 

student don’t share the student’s first language, will help a student move to more 

formal mathematical talking and writing which often involves a switch to the 

language of the classroom (Clarkson, 2009). 

10. The results obtained in this study provide support for, and extend on research by 

Pegg (1995, 1997), Pegg and Baker (1999), and Serow (2002) that established a 

modification to the van Hiele theory by splitting Level 2 into two levels, “Level 

2A: Figures are identified in terms of a single property (usually sides). Level 2B: 

Figures are identified in terms of properties, which are seen as independent of one 

another” (Pegg, 1997, p.391). 

11. The results obtained in this study provide support for, and extend on research by 

Pegg and Baker (1999), and Serow (2002) that established a further modification 

to the van Hiele theory through the existence of Transitional Level 1/2, described 

by Serow (2002) as, “the use of a single property to link figures as U1(CS), the 

use of multiple properties to link figures M1(CS), and R1(CS) being the use of all 

known properties to form links among different figures” (p. 289).  

12. The results obtained in this study provide support for, and extend on research by 

Serow (2002) that established a further modification to the van Hiele theory 

through the existence of Transitional Level 3/4 (U1, M1, and R1 response in the 

formal mode). A Transitional Level 3/4 response, specifically a U1 response in the 

formal mode, is characterized by, “the unistructural response discussed the 

possibility of the inclusion of a subset within an established class of figures …. in 

the quadrilateral context, it is ensilaged that, similar to the triangle context, these 

response would include tentative or unjustified statements concerning the class 

inclusion notion…this being, the class of parallelograms inclusive of subsets” 

(Serow, 2002, p. 294). 

13. The results obtained in this study provide new findings that add to the generic 

developmental pathway of class inclusion identified by Serow (2002). 

Specifically, the unprompted ability to deconstruct a figure, and the role this 

ability plays in leading to an improved awareness of properties. This research 
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study provides empirical evidence to show that at van Hiele Level 2B, or M2 (CS), 

student responses may contain unprompted statements and diagrams that 

demonstrate that a student is tentatively and/or inconsistently deconstructing a 

figure. Furthermore, at van Hiele Level 3, or R2 (CS), student responses may 

contain statements and diagrams that clearly demonstrate that a student is 

deconstructing a figure, leading to an awareness of multiple properties, such as 

diagonals and symmetry. The ability to deconstruct a figure represents an 

important milestone on the developmental pathway; a sign that a student has 

‘graduated’ from a reliance on visual cues, and now acknowledges different 

properties, and is developing an understanding of the relationships among 

properties. 

8.4 Implications for theoretical frameworks 

In this study, two theoretical frameworks underpinned the investigation; the SOLO 

Model and the van Hiele Theory. The implications of the present study to the two 

frameworks are discussed below. 

8.4.1 The van Hiele Theory 

The van Hiele Theory provided the theoretical framework on which this study was 

based. The investigation into students’ understanding of geometry in a bilingual 

context has resulted in both new, additional characterizations of Level 2B and Level 

3 thinking, and evidence in support of existing research regarding a 

reconceptualization of the van Hiele levels. 

In terms of evidence in support of existing research, this study provides evidence in 

support of work by Pegg (1995, 1997) for a modification to the van Hiele theory by 

splitting Level 2 - which he described as, “Level 2A: Figures are identified in terms 

of a single property (usually sides). Level 2B: Figures are identified in terms of 

properties, which are seen as independent of one another” (1997, p. 391). 

Furthermore, this study also provides evidence in support of work by Pegg and Baker 

(1999), and Serow (2002) for the existence of a Transitional Level between Level 1 

and Level 2A. Transitional Level 1/2 can be described as, “the use of a single 

property to link figures as U1(CS), the use of multiple properties to link figures 

M1(CS), and R1(CS) being the use of all known properties to form links among 
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different figures” (Serow, 2002, p. 289). Additionally, this study also provides 

evidence in support of work by Serow (2002) for the existence of Transitional Level 

3/4, which can be described as, “The unistructural response discussed the possibility 

of the inclusion of a subset within an established class of figures … .in the 

quadrilateral context, it is envisaged that, similar to the triangle context, these 

response would include tentative or unjustified statements concerning the class 

inclusion notion … this being, the class of parallelograms inclusive of subsets”  

(Serow, 2002, p. 294). 

In terms of new, additional characterizations of Level 2B and Level 3 thinking, this 

study has established that the characterization of van Hiele Level 2B includes 

students demonstrating unprompted, tentative and/or inconsistent attempts to 

deconstruct a figure, leading to an improved awareness of properties. While van 

Hiele Level 3 includes students demonstrating unprompted, confident deconstruction 

of a figure, leading to an awareness of multiple properties, such as diagonals. 

Developmentally this is a very important step, which while not a requirement to 

move to van Hiele Level 3 (i.e. Level 3 thinking does not require the student to know 

the total set of properties as suggested by van Hiele (Serow, 2002)), does assist 

students in shifting from the perception that a figure determines its properties, to the 

understanding that properties determine a figure. This is closely related to van 

Hiele’s description of Level 2 where, “figures [are] considered bearers of properties.” 

(1986, p. 96). Deconstruction of a figure assists students in developing their 

awareness of symmetry, diagonals, and internal angles, which in turn promotes the 

transition from Level 2 to Level 3. Furthermore, deconstruction of a figure assists 

student to overcome a problem highlighted by Serow (2002) which is that students 

place greater focus on relationships between figures that are dominated by visual 

property differences such as four right angles and all sides equal (as opposed to 

relationships between figures based on properties such as opposite angles equal and 

opposite sides equal). The development of an unprompted willingness to deconstruct 

a figure is more dependent on instruction than on age or biological maturation and 

certain types of instructional experiences will either foster, or impede, this 

development (van Hiele, 1986, 1999). Activities with manipulatives such as 

tangrams, mosaics, paper folding, and pattern blocks are examples of instructional 
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experiences that develop a student’s knowledge of shapes and their properties (van 

Hiele, 1999), and their unprompted willingness to deconstruct a figure.  

Overall, the detailed analysis that resulted from a mixed-methods research design 

allowed for a deeper insight into students’ understandings, which acknowledges that 

students may be at a different level in different contexts. The application of the 

SOLO Model allowed for the interpretation of different categories of responses 

within van Hiele Levels 1, 2, and 3 inclusive of transitional responses.  

8.4.2 The SOLO Model  

The application of the SOLO Model to categories of responses concerning students’ 

understanding of geometry has assisted in both a deeper interpretation of the 

response categories, and deeper insights into the van Hiele Theory, in regard to a 

bilingual context. Three modes of functioning were identified in this study: Ikonic, 

concrete symbolic, and Formal. Of main interest was the concrete symbolic mode, 

were two cycles were found and used to explore students’ understanding of geometry.  

The original SOLO Model proposed by Biggs and Collis (1982) underwent 

developmental changes based on the work of Pegg (1992); Campbell et al. (1992); 

Levins (1992); Levins and Pegg (1993a, 1993b), who identified that there are at least 

two cycles in each mode. The results from the current research provide evidence in 

support of the claim that, “the categorizations possible with the current formulation 

of the SOLO Model are extensive. Not only are there at least six levels within the 

concrete symbolic mode but there are similar numbers of levels in the other modes.” 

(Pegg et al., 1998, p. 286). Furthermore, categories based on language use (L1 or L2) 

were identified that complemented the existing SOLO Model. This extension of the 

SOLO Model, developed in Chapter 6, is referred to as the Bilingual Geometry 

Model (BGM) of the SOLO Model. The SOLO Model, and through extension the 

BGM provided a means for characterizing the manner in which relationships among 

figures and among properties develop and are articulated, in a bilingual context. The 

manner in which the SOLO Model can separate the content and language of a 

response to interpret the structure is a powerful tool for carrying out detailed 

characterizations to explain the diversity and individuality in learners’ responses and 

growth. It was possible, through the SOLO Model and the BGM to identify 

similarities and difference between responses based on: responses in L1 or L2; 
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responses focusing on one prominent feature or property; responses focusing on 

more than one prominent feature or property; responses focusing on more than one 

prominent feature or property and containing tentative statements about the 

possibility of subsets within a class of figures. 

In terms of language-use at each level, the SOLO Model proved invaluable. Not only 

did the SOLO Model allow for identification of L1 and L2 responses, the SOLO 

Model categorizations depicted different-language use at different levels, for 

example, inclusive versus exclusive language when discussing more than one feature 

or property. This is consistent with the findings of Serow (2002) who found that 

inclusiveness or exclusiveness was evident in the language utilized by students at 

different levels. 

The BGM developed and discussed in Chapter 6, is not an attempt to provide a 

model to explain language development. Rather the focus is on a how bilingual 

learners communicate mathematically, grounding analyses of classroom discussions 

in ethnographic observations of classroom interactions. The relationship between 

language and mathematics education in bilingual settings is clearly complex. 

Language development and cognitive development are separate yet closely related 

phenomenon (Rueda & Stillman, 2012).  

The application of the SOLO Model to categories of responses concerning students’ 

understanding of geometry has provided deeper insights into the van Hiele Theory in 

a bilingual context, particularly van Hiele Level 2 and Level 3. A strength of the 

SOLO Model is that it allowed for a broad interpretation, which encompassed early 

responses (Transitional Level 1/2) where links were emerging between features or 

properties, to more complex responses (Transitional Level 3/4) where notions of 

class inclusion exist. The latter is also consistent with the findings of Serow (2002). 

8.5 Implications for teaching 

From the results of this study, a number of important implications for teaching 

elementary school Geometry, in a bilingual context, have emerged. As previous 

research has identified, the difficulties associated with students developing an 

understanding of class inclusion concepts in Geometry has been widely accepted. 

The class inclusion concepts expected for upper-elementary Geometry, by many 
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math curriculums around the world, include an understanding of the attributes 

belonging to a category of two-dimensional figures (including all of the 

subcategories belonging to that category), and the ability to classify two-dimensional 

figures in a hierarchy based on properties. This study has found that the utilization 

and justification of such concepts is best interpreted within van Hiele Level 2A and 

Level 2B, with consideration also given to Level 3. In terms of the SOLO Model, 

this is best interpreted with responses required within the first and second cycles of 

the concrete symbolic mode. The following discussion provides suggestions 

regarding teaching practices, which aim to assist students along the developmental 

pathway for Geometry, leading to an increased understanding of figures and their 

properties. 

Van Hiele’s theory argues that successful, sequential progression through levels of 

thinking is based on the instructional experiences that students receive. The main aim 

of teaching mathematics, according to van Hiele (1986), is to provide students with 

opportunities to exhibit and develop insight. Teachers are faced with the challenge of 

addressing the need to promote higher-order understandings. The best-known 

description of higher-order skills and understandings is offered by Bloom’s 

Taxonomy, named after the leader of the group of academics in 1956 that released 

the Taxonomy of Educational Objectives (Pegg, 2010). As described previously, 

SOLO Model adopts a different position, to Bloom’s Taxonomy, in that ‘there are 

“natural” stages in the growth of learning any complex material or skill’ (Biggs & 

Collis, 1982, p. 15). In the SOLO Model, answers coded at the unistructural and 

multistructural levels are seen as lower-order responses where students recall single 

or multiple ideas, know basic facts, and are able to undertake routine tasks by 

applying standard algorithms (Pegg, 2010). Higher-order skills commence at the 

relational level of the SOLO Model where students, through the ability to integrate 

information, see novel connections not previously taught; have an overview of the 

concept under consideration and how different aspects of the concept are linked; 

show insight – able to undertake ‘new’ questions; and provide reasonable evidence 

of understanding (Pegg, 2010).  

The teaching sequence designed and used in this research study utilized the van 

Hiele teaching phases and tangrams as a way of addressing the need to promote 

higher-order understanding. The results from the qualitative data show that in the 
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pre-test for the second language of English, only 3.7% of responses from Treatment 

group and 0% of responses from the Control Group, were able to give SOLO Model 

‘relational level’ responses (which focused on all known quantifiable properties to 

describe the figure, and may have contained unprompted statements and diagrams 

that clearly demonstrated that the student was confidently deconstructing the figure, 

leading to an awareness of multiple properties, such as diagonals). Respectively, in 

the post-test for the second language of English, these figures were 37.0% and 42.3%. 

In the post-test a larger percentage of students were able to demonstrate higher-order 

skills and insight. Therefore, regardless of whether the van Hiele five-phases were 

delivered by instruction embedded with ICT or instruction employing traditional, 

paper-based methods, students showed progression and growth of learning. The 

quantitative results also support the qualitative findings with students from both the 

control group and treatment group demonstrating statistically significant improved 

mean scores at post-test for the VHGT in English and Japanese. This research study 

advocates the use of the van Hiele teaching-phases, in conjunction with the SOLO 

Model as a framework, as a means for developing higher-order skills and 

understandings. The van Hiele phase approach begins with clear teacher direction 

involving exploration through simple tasks; at the unistructural and multistructural 

levels relevant information can be ‘taught’ in the traditional sense (Pegg, 2010; 

Serow, 2008). The van Hiele phase approach then moves to activities that require 

student initiative in the form of problem solving; At the relational level, ‘teaching’ in 

a traditional sense is problematic as students need to develop their own connections – 

their own way (Pegg, 2010; Serow, 2008). 

The teaching sequence used in this research study utilized technology as a facilitator 

of students' growth in understanding geometrical concepts (Serow, 2007). Research 

has shown that ICT in the mathematics classroom has a positive effect on 

achievement (Bate et al., 2013), improves motivation towards mathematics (Liu, 

2013), helps to develop higher order thinking and problem solving skills (Raines & 

Clark, 2011), and has a positive impact on classroom interactions and the co-

construction of knowledge (Abramovich & Connell, 2014). While there is a wealth 

of literature on the use of ICT in education (Attard & Northcote, 2011; Samuelsson, 

2007; Lai, 2008), there are only a limited number of studies that have researched the 

use of DGS in elementary schools. The quantitative results from the CIS show that 
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instruction that is embedded with ICT, in a bilingual context, promotes student 

motivation for learning geometry more than instruction that employs traditional, 

paper-based methods. Furthermore, a statistically significant result from the VHGT 

at delayed post-test established that instruction in the second language of English, 

which is embedded with ICT, is superior to instruction that employed traditional, 

paper-based methods in terms of the delayed or long-term effects of the instruction. 

This research study advocates the use of ICT, in conjunction with the van Hiele 

teaching-phases, as a means of improving motivation towards mathematics, and for 

developing higher-order skills and understandings. Connected to this is the fact that 

in regard to L2 learning, motivation accounts for only slightly less of the variance in 

learners’ achievement scores than language aptitude (Ellis, 2010). This research 

study advocates the use of ICT as a way for teachers to recognize the importance of 

motivation, both with regard to the motivation that students bring to the language 

classroom (extrinsic motivation) and the motivation that is generated inside the 

classroom through the choice of instructional activities (intrinsic motivation) (Ellis, 

2010). 

The teaching sequence designed and used in this research study recognized the 

central role of language within all five of the van Hiele teaching phases, as described 

by Serow (2002). The van Hiele teaching phases facilitate language development 

because through the manipulation of materials and the completion of tasks set by the 

teacher, the need to talk about the subject matter becomes important. In the early 

stages, students use their own language; however, over time, teachers and peers 

assist students to refine language and gradually incorporate, where appropriate, the 

correct mathematical register (Pegg, Gutierrez, & Huerta, 1998). A number of 

studies into L2 learning have drawn on similar ideas (Ellis, 2010) where teaching is 

premised on the assumption that students best learn a language through 

communicating. Through supportive interactions, such as ‘scaffolding’ and 

‘collaborative dialogue’, students communicate with each other and language 

learning is socially constructed (Swain, 2000). Furthermore, the van Hiele teaching 

phases help facilitate language learning in a manner conducive to Pegg and Davey’s 

(1989) claim that, “students would benefit from practice in expressing themselves, 

writing grammatical sentences, spelling mathematical words…the very act of 

reflecting and having to express an opinion that has not been rote learnt, students 
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were forced to bring their ideas together – laying the groundwork for growth to the 

next level.” (p. 26). The latter creates an opportunity for L2 students to focus on 

pragmatic meaning, which is important for a number of reasons (Ellis, 2010). Many 

theorists contend that second language acquisition can only take place when learners 

are engaged in decoding and encoding messages in the context of actual acts of 

communication (e.g. Prabhu, 1987; Long, 1996). DeKeyser (1998) argues that to 

develop true fluency in an L2, learners must have opportunities to create pragmatic 

meaning. 

While the teaching sequence designed and used in this research study was delivered 

in English (as the language of instruction), students were allowed to code switch. 

The basic and accepted understanding in the classroom was that students should use 

English as much as possible, but it was acceptable to use Japanese when needed. 

Code switching refers to individual ‘preferences’ for one language or another; 

preferences, which are generally, related to a speaker’s language knowledge and 

abilities and/or to their language loyalties or language values (Auer, 1998 cited in 

Budach, 2013). In the past code switching was seen as a hindrance or barrier to 

learning; however, this has since been refuted by Clarkson (2007): 

Bilingual students have, at times, been thought to be at a disadvantage in 

learning mathematics because of an assumed interference between their two 

languages. … this is a naive view to take. Although some bilingual students do 

have a harder time, others seem to be at an advantage. (p. 191) 

Research has shown, both in linguistic and non-linguistic tasks, that bilingual 

children have developed an improved ability of executive control due to their daily 

practice of keeping their two language systems apart in everyday situations 

(Bialystok, 2009; Bialystok et al., 2008; Bialystok et al., 2006; Carlson & Meltzoff, 

2008; Martin-Rhee & Bialystok, 2008). However, in a bilingual classroom, it is 

rarely the case that both languages have developed at the same level. Language 

development is important in developing students’ understanding and reducing 

working memory demands at the SOLO Model multistructural level, leading to a 

strong basis for SOLO relational responses (Pegg, 2010). Students should be 

encouraged to make ‘appropriate’ language choices in order to facilitate their 

learning and the twofold focus on mathematics and language, as higher-order 

processing occurs when there is ‘sufficient space’ in working memory (Pegg, 2010). 
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This research study, based on the quantitative and qualitative results obtained, 

advocates the use of code switching practices in a bilingual context as a means of 

improving motivation towards mathematics, and for developing higher-order skills 

and understandings. Connected to the above discussion is the notion of assessment in 

a bilingual context. Many of the formal assessments available are monolingual and 

do not adequately measure a child’s full knowledge, but rather the child’s knowledge 

in the language of the test (Brisk, 2006). There are very few assessment tools 

available for bilingual populations (Barrueco et al., 2009), and teachers should align 

the goals of assessment with the choice of assessment, i.e. is the assessment for 

supporting learning, measuring progress, identifying special needs, etc. (Pena & 

Halle, 2011).  

This research study, based on the quantitative and qualitative results obtained, 

advocates the use of the SOLO Model as a suitable framework for accessing 

movement from lower-order to higher-order skills and understandings in a bilingual 

context. Further to this, the SOLO Model offers flexibility and versatility in 

categorizing students’ responses (Pegg et al., 1998) and provides a framework to 

assess student learning when there is a twofold focus on mathematics and language, 

as demonstrated by The Bilingual Geometry Model (BGM) proposed in Chapter 6, 

Figure 6.17. 

8.6 Future directions for research 

A number of future research directions arise from this current study. In particular, the 

following research initiatives standout as worthy of investigation. 

First, research involving an investigation into a different bilingual context (i.e. not an 

English/Japanese model) and students’ understandings of the relationships among 

figures and their properties would extend and provide more data on the both 

developmental pathway discussed in this study, and The Bilingual Geometry Model 

(BGM) proposed in Chapter 6, Figure 6.17.  

Second, research involving an investigation, in a bilingual context, of lower and mid 

elementary students’ understandings of the relationships among figures and their 

properties would provide more information upon the range of responses in the ikonic 

mode and first cycle concrete symbolic mode. This would involve similar qualitative 
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procedures as used in this study; however, the quantitative procedures would need to 

be altered to suit young learners (e.g. delivering shortened versions of the VHGT and 

CIS instruments verbally).  

Third, research into other mathematical topics (i.e. basic operations, fractions, 

number sense, etc) in order to obtain data to describe developmental pathways based 

on the SOLO Model, and also to gain data on the effects of ICT embedded 

instruction on motivation for other topics of maths. 

Fourth, an investigation into the development and trialing of both digital and paper-

based teaching materials for a bilingual context (English/Japanese model). The 

development of teaching materials would be based on both the findings from 

qualitative dataand the teaching sequence used in this study. The aims being to 

develop higher-order skills and understandings, and maintain a twofold focus on 

mathematics and language. 

Fifth, the three alternative possibilities presented in figures 6.14, 6.15, and 6.16 

remain as possible future directions for research in regard to the SOLO model and 

bilingual mathematics classrooms. 

Sixth, the subscales of the ARCS Motivational Model as represented in CIS also 

remain as a possible future direction for research.The aims being to investigate the 

four subscales of attention, relevance, confidence, and satisfaction in relation to 

motivation for learning mathematics in a bilingual context. 

Finally, the last research direction is a further extension of this study and would 

involve exploring students’ understandings of the relationships among figures and 

their properties via different design procedures involving a large sample of students 

from a bilingual context. This could be achieved through the development and 

administering of a written paper-based assessment based on the findings of this 

research and the proposed Bilingual Geometry Model (BGM). 

8.7 Conclusion 

This study investigated the factors that promote and/or contribute to student 

understanding of geometry in a bilingual context. This was achieved within the 

theoretical context of van Hiele Level 2A and Level 2B, with consideration also 
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given to Level 3. The study utilized the SOLO Model as an interpretive tool and as a 

means for assessing the development of higher-order skills and understandings in 

students’ geometric understanding. 

Through this research, it has been possible to identify and explore the challenges 

faced by elementary school students when encountering learning outcomes focusing 

on geometry and language in a bilingual context. The description of a developmental 

pathway for Geometry, leading to an increased understanding of figures and their 

properties has resulted in the validation, and extension to a bilingual context, of van 

Hiele Transitional Level 1/2, van Hiele Level 2A, van Hiele Level 2B,van Hiele 

Level 3, and van Hiele Transitional Level 3/4. 

Originating from this study is a hierarchical structure building on the work of Serow 

(2002), which describes the manner in which an understanding of figures and their 

properties develops in a bilingual context. The developmental pathway highlights the 

nature of student thinking and hurdles that must be overcome throughout the 

learning/teaching process, as shown below in Table 8.1. 

Table 8.1: Learning hurdles encountered in the develomental pathway in geometry 

Van Hiele 

Level 

SOLO mode 

and level 
Learning hurdles encountered 

Transitional 

Level 1/2 

U1, M1, and 

R1 (CS) 

Features are dominant in student thinking, and properties 

play no explicit role in the identification of a figure. 

Features hinder development, and are based on the form 

or shape of a figure, and derive from a student’s strong 

reliance on visual cues when identifying a figure.  

Level 2A U2 (CS) The shift away from features, and a move to the use of a 

single property in the identification of a figure. 

Understanding of geometrical class structure is in the 

early stages of development i.e. the figure in question can 

be a member of a larger class of figures. However, student 

understanding is still hindered by strong visual cues. 

Level 2B M2 (CS) Move to the use of multiple properties in the 

identification of a figure. Student understanding of 

geometrical class structure is developing but is still 

hindered by visual cues.  

Level 3 R2 (CS) Move to the use of all known quantifiable properties in 

the identification of a figure. Links are formed across 

classes. However, inconsistencies and tentative links 

hinder the unprompted formation of subsets. 

Also originating from this study, in terms of the developmental pathway and the 

learning/teaching process, is the nature/role of figure deconstruction. The 
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unprompted ability of a student to deconstruct/construct a figure leads to an 

improved awareness of properties, as shown below in Table 8.2. 

Table 8.2: Appearance of unprompted figure deconstruction in the developmental 

pathway in geometry 

Van Hiele 

Level 

SOLO mode 

and level 
Appearance of unprompted figure deconstruction 

Level 2B M2 (CS) Student understanding of geometrical class structure is 

developing and unprompted deconstruction of a figure 

is evident. Deconstruction attempts are tentative and/or 

inconsistent. 

Level 3 R2 (CS) Student understanding of geometrical class structure 

has developed; unprompted links are formed across 

classes, but not subsets. Deconstruction of a figure is 

clearly evident in student thinking and these attempts 

are unprompted and confident. 

Through this research, it has been possible to show that instruction that is embedded 

with ICT, in a bilingual context, promotes student motivation for learning geometry. 

Strongly connected to this is the role motivation plays in L2 learning. This research 

also provides support for, and extends on previous findings that ICT: has a positive 

effect on achievement; improves motivation towards mathematics; helps to develop 

higher order thinking and problem solving skills; and has a positive impact on 

classroom interactions and the co-construction of knowledge.  

This thesis explored the development of higher-order skills and understandings in 

students’ geometric understanding in a bilingual context. Through this exploration, a 

detailed integrated model, the Bilingual Geometry Model, based on the SOLO Model, 

was offered. As is the case with any inquiry/research cycle, the answer to any 

question leads to development of further, deeper questions. The Bilingual Geometry 

Model is an important start to a detailed investigation of mathematics, second 

language, and other related topics. There are still a number of questions and issues 

that can be addressed and the current study highlights the potential of ICT, the SOLO 

Model, and the van Hiele Theory, and the contributions that they can continue to 

make to research in this area. 
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APPENDIX A Teaching sequence 

The teaching sequence was designed with three main elements:  

 the van Hiele teaching phases,  

 the embedding of dynamic geometry software  

 the development of a virtual Tangram puzzle 

To follow is an outline of the teaching sequence, and accompanying resources: 

Information phase 

A description of this phase from Serow (2007, p. 384); 

For students to become familiar with the working domain through discussion and 

exploration. Discussions take place between teacher and students that stresses the 

content to be used. 

For students to become familiar with the working domain through discussion 

and exploration. Discussions take place between teacher and students that 

stresses the content to be used. 

Activities:  

Teacher models the construction of a tangram master template using a Netbook 

computer, a SmartBoard, and GeoGebra software. Students then create their own 

tangram master template using a Netbook and GeoGebra software, which they save 

as a master template that can then be altered/manipulated and resaved in subsequent 

activities. 

Sample 1: Modelled construction of a tangram master template: creating a base 

tangram layer that can be ‘virtually’ traced to create the seven individual shapes of 

the tangram. 
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Sample 2: Modelled construction of a tangram master template: individual pieces 

being created by ‘virtually’ tracing each of the seven individual shapes of the 

tangram. 

 

Sample 3: Completed tangram master template 

 

 After creating their master template, students are then asked to explore and get used 

to working with the pieces of the tangram by trying to complete the following 3 

activities which they will save as individual GeoGebra files upon completion. 

Students should be encouraged to use the appropriate terminology when talking 
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about the different geometrical figures. 

Create a Horse: Use all your tangram pieces to make a horse like this. 

 

Create a Fox: Use all your tangram pieces to make a fox like this. 

 

Create a Dancer: Use all your tangram pieces to make a dancer like this. 

 

Directed orientation phase 

A description of this phase from Serow (2007, p.384); 

For students to identify the focus of the topic through a series of teacher-

guided tasks. At this stage, students are given the opportunity to exchange 

views. Through this discussion there is a gradual implicit introduction of 



 

  373 

more formal language. 

Activities: 

Students work through a series of activities where they are required to manipulate the 

pieces of the tangram in order to make new shapes. Students save their answers to 

each question as a separate GeoGebra file. 

Making New Figures Sheet 1  

 

1. Use figures 3 and 5 to make a square the same size as figure 4. How do you know 

that the figure you have made is a square? 

2. Use figures 3 and 5 to make a triangle the same size as figure 7. 

3. Use figures 3, 5 and 7 to make a square. How do you know that the figure you 

have made is a square? 

4. Use figures 3, 4 and 5 to make a rectangle. How do you know that the figure you 

have made is a rectangle? 

5. Use figures 3, 4 and 5 to make a triangle the same size as figure 2. Is there only 

one way? 

6. Now use figures 3, 5 and 6 to make a rectangle. How do you know that the figure 

you have made is a rectangle? Is there more than one way? 

Making New Figures Sheet 2 

1. Use figures 3 and 5 to make a parallelogram the same size as figure 6. Is there 
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more than one way? How do you know the new figure is a parallelogram? 

2. Use figures 3, 5 and 6 to make a parallelogram. Is there more than one way? How 

do you know the new figure is a parallelogram? 

3. Use figures 3, 5 and 6 to make a rectangle. Is there more than one way? How do 

you know the new figure is a rectangle? 

4. Use pieces 1, 3, 4 and 5 to make a rhombus. 

5. Use pieces 1 and 7 to make a trapezium. 

6. Use pieces 1, 2, 3, 5 and 6 to make a rectangle. 

7. Use pieces 1, 3, 4 and 5 to make a five-sided shape. What do we call this shape? 

8. Use smaller figures to make each of the following figures. In each case explain 

how you know you have made required figure. 

(a) figure 1 

(b) figure 7 

9. John says it is not possible to make the square made with figures 1 and 2 without 

using figure 1 or 2. Do you agree with John? 

10. Now use your tangram pieces to make as many different geometrical figures as 

you can. Try to give each figure a name. 

Making New Figures Sheet 3 

1. Use figures 3 and 5 to make a figure the same size and shape as figure 6. Is there 

more than one way? Do you know the name of this figure? 

2. Use figures 3, 5 and 6 to make a figure the same shape as this: 

Is there more than one way? 
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3. Use figures 3, 5 and 6 to make a rectangle. Is there more than one way? How do 

you know the new figure is a rectangle? 

4. Use pieces 1 and 7 to make a figure the same shape as this: 

 

Do you know the name of this figure? 

5. Use pieces 1, 2, 3, 5 and 6 to make a rectangle. 

6. Use pieces 1, 3, 4 and 5 to make a five-sided figure. What do we call this figure? 

7. Use smaller figures to make each of the following figures. In each case explain 

how you know you have made required figure. 

(a) figure 1 

(b) figure 7 

8. Yusuf says it is not possible to make the square made with figures 1 and 2 without 

using figure 1 or 2. Do you agree with Yusuf? 

9. Now use your tangram pieces to make as many different geometrical figure as you 

can. Try to give each figure a name. 

Making New Figures Sheets: Notes 

The tangram is a very rich tool for exploring a range of geometrical figures and 

concepts, for example, 

 In creating the required figures and justifying the figures they have made, 

learners have to focus on the properties of figures 

 In creating figures that are the same size and shape as other (as in question 1), 

learners are creating congruent figures. This also provides an opportunity for 

comparing the area of the different figures 
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 In creating larger figures learners are required to transform the figures and 

can be encouraged to describe these movements. 

 

The aim of this activity is to focus the learners on the properties of the different 

geometrical figures, this is important in preparing learners for thinking on the van 

Hiele analysis level. It is also a useful context to reinforce the correct mathematical 

terminology for the different figures and geometrical concepts. In each case learners 

should be challenged to consider whether there is more than one way of making the 

required figure. 

Making New Figures Sheet 1 focuses on figures that will be familiar to most learners, 

for example, squares, rectangles and triangles. Other figures are studied in Making 

New Figures Sheet 3. Although learners might not recognise the name of a figure, 

drawings can be given to show what figure must be made (as shown in Making New 

Figures Sheet 2 below. This can also be used as an opportunity to reinforce 

terminology. 

Explicatory phase 

A description of this phase from Serow (2007, p.384); 

For students to become conscious of the new ideas and express these in 

accepted mathematical language. The concepts now need to be made explicit 

using accepted language. Care is taken to develop the technical language with 

understanding through the exchange of ideas. 

Activity: 

Building on the previous activities, students express and exchange their emerging 

ideas about the tangram by discussing their answers and solutions to the Making 

New Figures Sheets 1-3. As explained by Crowley (1987) the teacher’s role in this 

phase is minimal and mainly involves assisting students in using accurate and 

appropriate language.  

Free orientation 

A description of this phase from Serow (2007, p.384); 
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For students to complete activities in which they are required to find their 

own way in the network of relations. The students are now familiar with the 

domain and are ready to explore it. Through their problem solving, the 

students' language develops further as they begin to identify cues to assist 

them. 

Activities:  

Students design a table/spreadsheet which has the seven shapes of the tangram and 

each shape’s properties. The spreadsheet should also contain information about how 

each individual shape can combine to make new shapes. 

Students also complete another worksheet that combines work they have done with 

the tangram with fractions so that “many relations between objects of study become 

explicit to the students” (Hoffer, 1983 quoted in Crowley, 1987, p.6) 

Tangrams and Fractions Sheet 1  

 

1. If Tan1 is one quarter of the whole tangram, what fraction of the whole tangram is 

Tan2? 

2. What fraction of the whole tangram is Tan7? Why do you say so? 

3. Why is Tan3 called one sixteenth of the whole tangram? 

4. What fraction of the whole tangram is Tan4? 

5. What fraction is the parallelogram of the whole tangram? 
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6. Can you write a fraction name for each tangram piece and show that, if you add all 

the fractions you will get 1? 

Students are placed into groups, and asked to design a short lesson/activity which 

they will present to their peers. The guidelines for the presentation are as follows: 

 Should be no more than 15 minutes in length (including their activity) 

 Must involve a tangram and incorporate dynamic geometry software 

(either as part of the actual presentation or as part of the peer activity) 

 The lesson goal is based on a target outcome from the syllabus which 

is “Manipulates, classifies and draws two-dimensional shapes and 

describes side and angle properties" (Board of Studies, 2002, p.23).  

Integration 

A description of this phase from Serow (2007, p.384); 

For the students to build an overview of the material investigated. Summaries 

concern the new understandings of the concepts involved and incorporate 

language of the new level. While the purpose of the instruction is now clear 

to the students, it is still necessary for the teacher to assist during this phase. 

Activities:  

Students print out and collate all of their GeoGebra files, worksheets, lesson 

plan/presentation and handouts, and put them into their math workbooks. Students 

are then instructed to write a summary of what they have learnt about tangrams and 

the properties of the shapes that make up a tangram. Students also write a reflection 

about their experiences with dynamic geometry software and tangrams. 
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APPENDIX B Statistical tests of mixed-design ANOVA for VHGT 

in English 

The mixed-design ANOVA used in this study makes a number of assumptions about 

the data set that is being tested. The data set collected for the VHGT in English for 

this study meets the assumptions of the mixed-design ANOVA model and the 

statistical tests carried out are presented here.  

An assumption for the Mixed-Design ANOVA is that the dependent variable is 

approximately normally distributed for each combination of the groups of the two 

factors (i.e., within-subjects factor and between-subjects factor). Box's Test of 

Equality of Covariance Matrices tests the null hypothesis that the observed 

covariance matrices of the dependent variables are equal across groups. The table 

below presents the results, and the Box’s M value of 3.871 was associated with a p 

value of .725, p >.05, which was interpreted as non-significant (Huberty & Petoskey, 

2000). Thus, the covariance matrices between the groups were assumed to be equal 

for the purposes of the Mixed-Design ANOVA. 

Box's Test of Equality of Covariance Matricesa for VHGT in English 

Box's M 3.871 

F .607 

df1 6 

df2 21839.565 

Sig. .725 

 

Tests the null hypothesis that the observed covariance matrices of the 

dependent variables are equal across groups.a 

a. Design: Intercept + Group  Within Subjects Design: Time 
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A further assumption for the Mixed-Design ANOVA is sphericity, which means that 

the variances of the differences between the related groups of the within-subject 

factor for all groups of the between-subjects factor (i.e., within-subjects factor and 

between-subjects factor) must be equal. Mauchly’s Test of Sphericity was employed 

to test this assumption. The result of the Mauchly’s Test of Sphericity indicated that 

the assumption of sphericity had been violated, Mauchly's W = 0.858, χ2 = 8.290, p 

< .05. In order to overcome this problem, corrections must be applied to the degrees 

of freedom (df), such that a valid critical F-value can be obtained. Therefore when 

interpreting the tests of within-subjects effects the Greenhouse-Geisser correction 

will be used. 

Mauchly's Test of Sphericitya for VHGT in English 

 

Measure:   MEASURE_1   

Within 

Subjects 

Effect 

Mauchly's 

W 

Approx. 

Chi-

Square df Sig. 

Epsilonb 

Greenhouse

-Geisser 

Huynh-

Feldt 

Lower

-

bound 

Time .858 8.290 2 .016 .875 .918 .500 

 

Tests the null hypothesis that the error covariance matrix of the orthonormalized 

transformed dependent variables is proportional to an identity matrix.a 

a. Design: Intercept + Group  

 Within Subjects Design: Time 

b. May be used to adjust the degrees of freedom for the averaged tests of 

significance. Corrected tests are displayed in the Tests of Within-Subjects Effects 

table. 
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A further assumption for the Mixed-Design ANOVA is the homogeneity of 

variances for each combination of the groups of your two factors (i.e., within-

subjects factor and between-subjects factor). The Levene’s Test of Equality of Error 

Variances was employed to test this assumption. The results of this test are presented 

in the table below which shows that the variance of VHGT scores is equivalent in 

each group and that this is the case at each time point: Pre-test, F = 3.158, p = 0.081, 

p > .05; Post-test,  F = 1.891 , p = 0.175, p > .05; Delayed post-test, F = 1.739, p = 

0.193, p > .05. 

 

Levene's Test of Equality of Error Variancesa for VHGT in English 

 F df1 df2 Sig. 

Pre-test 3.158 1 55 .081 

Post-test 1.891 1 55 .175 

Delayed post-test 1.739 1 55 .193 

 

Tests the null hypothesis that the error variance of the dependent variable 

is equal across groups.a 

a. Design: Intercept + Group  

 Within Subjects Design: Time 
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APPENDIX C Statistical tests of mixed-design ANOVA for VHGT 

in Japanese  

The mixed-design ANOVA used in this study makes a number of assumptions about 

the data set that is being tested. The data set collected for the VHGT in Japanese for 

this study meets the assumptions of the mixed-design ANOVA model and the 

statistical tests carried out are presented here. 

An assumption for the Mixed-Design ANOVA is that the dependent variable is 

approximately normally distributed for each combination of the groups of the two 

factors (i.e., within-subjects factor and between-subjects factor). Box's Test of 

Equality of Covariance Matrices tests the null hypothesis that the observed 

covariance matrices of the dependent variables are equal across groups. The table 

below presents the results, and the Box’s M value of 6.488 was associated with a p 

value of .412, p > .05, which was interpreted as non-significant (Huberty & Petoskey, 

2000). Thus, the covariance matrices between the groups were assumed to be equal 

for the purposes of the Mixed-Design ANOVA. 

Box's Test of Equality of Covariance Matricesa for 

VHGT in Japanese 

Box's M 6.488 

F 1.017 

df1 6 

df2 21839.565 

Sig. .412 

 

 

 

A further assumption for the Mixed-Design ANOVA is sphericity, which means that 

the variances of the differences between the related groups of the within-subject 

Tests the null hypothesis that the observed covariance matrices of the 

dependent variables are equal across groups.a 

a. Design: Intercept + Group  Within Subjects Design: Time 
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factor for all groups of the between-subjects factor (i.e., within-subjects factor and 

between-subjects factor) must be equal. Mauchly’s Test of Sphericity was employed 

to test this assumption. The result of the Mauchly’s Test of Sphericity indicated that 

the assumption of sphericity had been violated, Mauchly's W = 0.860, χ2 = 8.142, p 

< .05. In order to overcome this problem, corrections must be applied to the degrees 

of freedom (df), such that a valid critical F-value can be obtained. Therefore when 

interpreting the tests of within-subjects effects the Greenhouse-Geisser correction 

will be used. 

Mauchly's Test of Sphericitya for VHGT in Japanese 

 

Measure:   MEASURE_1   

Within 

Subjects 

Effect 

Mauchly's 

W 

Approx. 

Chi-

Square df Sig. 

Epsilonb 

Greenhouse-

Geisser 

Huynh-

Feldt 

Lower

-

bound 

Time .860 8.142 2 .017 .877 .920 .500 

 

Tests the null hypothesis that the error covariance matrix of the orthonormalized 

transformed dependent variables is proportional to an identity matrix.a 

a. Design: Intercept + Group  

 Within Subjects Design: Time 

b. May be used to adjust the degrees of freedom for the averaged tests of 

significance. Corrected tests are displayed in the Tests of Within-Subjects Effects 

table. 

 

A further assumption for the Mixed-Design ANOVA is the homogeneity of 

variances for each combination of the groups of your two factors (i.e., within-

subjects factor and between-subjects factor). The Levene’s Test of Equality of Error 
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Variances was employed to test this assumption. The results of this test are presented 

in the table belowwhich shows that the variance of VHGT scores is equivalent in 

each group and that this is the case at each time point: Pre-test, F = 1.098, p = 0.299, 

p > .05; Post-test,  F = 1.542 , p = 0.220, p > .05; Delayed post-test, F = 0.023, p = 

0.880, p > .05. 

 

Levene's Test of Equality of Error Variancesa for VHGT in Japanese 

 F df1 df2 Sig. 

Pre-test 1.098 1 55 .299 

Post-test 1.542 1 55 .220 

Delayed post-test .023 1 55 .880 

 

 

 

 

  

 

 

 

  

Tests the null hypothesis that the error variance of the dependent variable 

is equal across groups.a 

a. Design: Intercept + Group  

 Within Subjects Design: Time 
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APPENDIX D Statistical tests of mixed-design ANOVA for 

bilingual CIS 

The mixed-design ANOVA used in this study makes a number of assumptions about 

the data set that is being tested. The data set collected for the VHGT in Japanese for 

this study meets the assumptions of the mixed-design ANOVA model and the 

statistical tests carried out are presented here. 

An assumption for the Mixed-Design ANOVA is that the dependent variable is 

approximately normally distributed for each combination of the groups of the two 

factors (i.e., within-subjects factor and between-subjects factor). Box's Test of 

Equality of Covariance Matrices tests the null hypothesis that the observed 

covariance matrices of the dependent variables are equal across groups. The table 

below presents the results, and the Box’s M value of 3.937 was associated with a p 

value of .286, p >.05, which was interpreted as non-significant (Huberty & Petoskey, 

2000). Thus, the covariance matrices between the groups were assumed to be equal 

for the purposes of the Mixed-Design ANOVA. 

Box's Test of Equality of Covariance Matricesa for bilingual CIS 

Box's M 3.937 

F 1.261 

df1 3 

df2 568048.653 

Sig. .286 

 

A further assumption for the Mixed-Design ANOVA is sphericity, which means that 

the variances of the differences between the related groups of the within-subject 

Tests the null hypothesis that the observed covariance matrices of the 

dependent variables are equal across groups.a 

a. Design: Intercept + Group Within Subjects Design: Time 
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factor for all groups of the between-subjects factor (i.e., within-subjects factor and 

between-subjects factor) must be equal. Mauchly’s Test of Sphericity was employed 

to test this assumption. The result of the Mauchly’s Test of Sphericity indicated that 

the assumption of sphericity had been violated, Mauchly's W = 1.00, χ2 = 0.000, p 

< .05. In order to overcome this problem, corrections must be applied to the degrees 

of freedom (df), such that a valid critical F-value can be obtained. Therefore when 

interpreting the tests of within-subjects effects the Greenhouse-Geisser correction 

will be used. 

Mauchly's Test of Sphericitya for bilingual CIS 

 

Measure:   MEASURE_1   

Within 

Subjects 

Effect 

Mauchly's 

W 

Approx. 

Chi-

Square df Sig. 

Epsilonb 

Greenho

use-

Geisser 

Huynh-

Feldt 

Lower

-

bound 

Time 1.000 .000 0 . 1.000 1.000 1.000 

 

A further assumption for the Mixed-Design ANOVA is the homogeneity of 

variances for each combination of the groups of your two factors (i.e., within-

subjects factor and between-subjects factor). The Levene’s Test of Equality of Error 

Variances was employed to test this assumption. The results of this test are presented 

Tests the null hypothesis that the error covariance matrix of the orthonormalized 

transformed dependent variables is proportional to an identity matrix.a 

a. Design: Intercept + Group  

 Within Subjects Design: Time 

b. May be used to adjust the degrees of freedom for the averaged tests of 

significance. Corrected tests are displayed in the Tests of Within-Subjects Effects 

table. 
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in the table below which shows that the variance of VHGT scores is equivalent in 

each group and that this is the case at each time point: Pre-test, F = 1.507, p = 0.225, 

p > .05; Post-test,  F = 3.206 , p = 0.079, p > .05. 

 

Levene's Test of Equality of Error Variancesa for bilingual CIS 

 F df1 df2 Sig. 

Pre-test 1.507 1 55 .225 

Post-test 3.206 1 55 .079 

 

Tests the null hypothesis that the error variance of the dependent 

variable is equal across groups.a 

a. Design: Intercept + Group  

 Within Subjects Design: Time 
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APPENDIX E Task analysis 

It is necessary, prior to coding into groups, to consider all possible elements of a 

response addressing the properties of a figure focused upon in the pre- and post-

intervention writing tasks, and also in some of the interviews. A response concerning 

the properties of a figure, e.g. square, could contain properties or features of the 

figure. For example, the properties of a square are, 

 All sides of a square are equal length 

 All angles of a square are right angles.  

 Opposite sides of a square are parallel. 

 The diagonals of a square are equal length. 

 The diagonals of a square bisect each other at 90°. 

 The diagonals of a square bisect its angles. 

 

[Properties derived from The Australian Curriculum: Mathematics (ACARA, 2014), 

see figures below] 

Some features of a square include, 

 It has four sides. 

 Its sides are straight lines. 

 It has four corners or angles. 

 

A response concerning the properties of a figure, e.g. a square could be based merely 

on overall appearance. For example:  

 “is not a circle”;  

 “is like … box, computer”.  

 

This type of a response does not identify a single property. 

A response concerning the properties of a figure, e.g. a square, could be based on one 

or more features. A ‘feature’ differs from a ‘property’ as it is based on the form or 

shape of the figure, and derives from a student’s need to rely on ikonic support when 

identifying a figure. For example: a property of a square is that all angles are equal to 
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90, as opposed to a student identified feature of a square being that it has four 

corners (angles). If a student, determines that a figure is a square because it has four 

corners (angles), then the feature has been determined by the shape, in the students 

thinking, and has thus taken on the role of a pseudo-property. The actual properties 

of the figure play no explicit role in the identification of the figure (Pegg & Davey, 

1998). The response is characterised by a strong reliance on visual cues. For 

example:  

 “it has four sides”;  

 “it has four sides and four corners”.  

 

A response concerning the properties of a figure, e.g. a square, could be based on one 

property. A ‘feature’ differs from a ‘property’ as explained above. The response may 

contain tentative statements and/or diagrams related to the class of quadrilateral. The 

student’s response shows that an understanding of geometrical class structure is in 

the early stages of development i.e. that the figure in question can be a member of a 

larger class of figures. This understanding however, is supported by strong visual 

cues. There is no reference to subsets within classes of quadrilaterals. For example: 

 “All sides have equal length”; 

 “All of its angles are right angles”. 

 

A response concerning the properties of a figure, e.g. a square, could be based on 

multiple properties. A ‘feature’ differs from a ‘property’ as explained above. The 

response may contain unprompted statements and diagrams that demonstrate that the 

student is tentatively and/or inconsistently deconstructing the figure, leading to an 

improved awareness of properties. For example: 

 “It has sides that all have equal length, and its angles are all right 

angles”; 

 “It has sides that all have equal length, and it has diagonals that cross 

at right angles”. 

 

A response concerning the properties of a figure, e.g. a square, could also include a 

focus upon the network of relationships between the properties of the figure and 
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other figures. As illustrated in figure below, there are a number of relationships and 

subsets that could be discussed. 

 

From Serow (2002, p.347) 

A figure could be discussed in terms of membership to classes and subsets, for 

example a square: 

 a rhombus (equal sides, opposite equal angles),  

 a rectangle (opposite sides equal, right-angles)  

 a parallelogram (opposite sides parallel),  

 a kite (two pairs of adjacent equal sides),  

 a quadrilateral (four-sided polygon),  

 

The following figures are taken from the Mathematics: Glossary of The Australian 

Curriculum developed by the Australian Curriculum and Assessment Reporting 

Authority [ACARA], 2014. 
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     Square (ACARA, 2014) 

 

     Rhombus (ACARA, 2014)  

 

     Rectangle (ACARA, 2014) 



 

  395 

 

     Parallelogram (ACARA, 2014) 

 

 

     Kite (ACARA, 2014) 
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APPENDIX F Use of the word corner 

Pegg and Davey’s (1989) research about elementary school students’’ understanding 

of basic 2-D geometric shapes reported the following finding about the use of the 

word ‘corner’, 

‘Corner’ was a vague term which appeared to include, vertex (or ‘point’), 

sides, and the included angle – an undefined region around which two lines 

meet… When functioning at a higher level some students continued to use 

the term ‘corner’ but in this case it lost its vagueness of meaning and it was 

used as a synonym for either angle or vertex. (p. 21) 

In the current study, the word ‘corner’ also took on similar meanings. Below are 

some examples, 

 

VHGT in English Level 1 

The example in the figure above was completed by a subject placed into van Hiele 

Level 1 based on their Delayed-post test scores for the VHGT in English. In this 

example, the subject is using corner as a synonym for angle because they write, “all 

or (of) the corner is 90°.” 
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VHGT in English Level 2 

The example in the figure above was completed by a subject placed into van Hiele 

Level 2 based on their Delayed-post test scores for the VHGT in English. In this 

example, the subject is using corner as a synonym for angle because they write, 

“Square has 4 90 degrees corners.” 

 

VHGT in English Level 3 

The example in the figure above was completed by a subject placed into van Hiele 

Level 3 based on their Delayed-post test scores for the VHGT in English. In this 

example, the subject appears to be using corner as a synonym for vertex because they 

write, “4 sides, 4 corner, 4 same angle”. 
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Corner as a Synonym for Angle 

In the example in the figure above example, the subject is using corner as a synonym 

for angle because they write, “And the corner is allways 90 degree.” 

 

 Corner as a Synonym for Vertex 

In the example in the figure above example, the subject appears to be using corner as 

a synonym for vertex because they write, “Also, it has corners, not round”, and they 

provide a diagram of what appears to be a vertex. 
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APPENDIX G VHGT in English 
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APPENDIX H VHGT in Japanese 
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APPENDIX I Bilingual CIS 
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APPENDIX J Human research ethics committee approval 
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APPENDIX K Assent form for students 
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APPENDIX L Consent form for parents 
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APPENDIX M Information sheet for students 
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APPENDIX N Information sheet for parents 
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APPENDIX O Data collection timeline 

Timing Data collection method 

1 week prior to teaching 

intervention. 

Student interviews pre-test. 

2 days prior to teaching 

intervention. 

Writing Prompt pre-test 

1~2 days prior to teaching 

intervention. 

VHGT pre-test in English;  

VHGT pre-test in Japanese;  

Bilingual CIS pre-test. 

12 sessions, each 45 minutes 

in length, which spread across 

approximately 2 weeks. 

Teaching Intervention; 

Daily completion of Student Reflective Learning Journal 

2 days after teaching 

intervention. 

Writing Prompt post-test 

1 week after teaching 

intervention. 

Student interviews post-test. 

2 weeks after teaching 

intervention. 

VHGT post-test in English;  

VHGT post-test in Japanese;  

Bilingual CIS post-test. 

6 weeks after teaching 

intervention. 

VHGT delayed post-test in English;  

VHGT delayed post-test in Japanese. 

 




