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ABSTRACT

This study investigated students' understandings of class inclusion concepts in

Geometry. The purpose was to identify a developmental pathway leading to an

understanding of the interrelationships among two-dimensional figures and their

properties. The design involved a tightly focused investigation of the manner in which

geometrical class inclusion concepts evolve, in particular, relationships among triangle

and quadrilateral figures, and relationships among their properties. Empirical evidence

is provided to explain the difficulties students face in understanding of class inclusion

notions. This evidence has theoretical as well as practical implications.

The theoretical base for this study is the van Hide Theory, which comprises five levels

of development in Geometry. Numerous studies have involved a focus upon the holistic

aspects of the first four van Hiele levels and this has resulted in supportive empirical

evidence of the existence and nature of the levels. Pertinent to this study, the level

associated with a student who accepts and utilises notions of class inclusion is

described as Level 3. This aspect of Level 3 is regarded as both a difficult concept to

acquire and a prerequisite for formal deductive reasoning. This study extends research

into the van Hiele Theory by narrowing the microscopic lens and providing a focused

analysis on the understanding and development of class inclusion concepts in

Geometry. In an attempt to refine the characteristics of the development of this concept,

this study utilised the SOLO model to provide deeper insights into the van Hiele levels.

The investigation comprised three studies. The first of these, Study 1, explored the

context of triangles, and included two main components. These components were

relationships among triangle figures, and relationships among triangle properties. Study

2 extended the baseline data of Study 1 via the investigation of students' understanding

of relationships among quadrilateral figures and relationships among quadrilateral

properties. Each of these studies involved in-depth interviews with 24 students of

higher mathematical ability, purposely selected, within Years 8-12 (ages 13-18 years)

in two secondary schools. Study 3 also consisted of two parts. The first of these, a

quantitative synthesis, based upon the application of ACER's QUEST analysis

program, utilised Rasch measurement theory. This part of Study 3 also considered

developmental changes from a longitudinal perspective. The second part of Study 3

considered developmental changes in the form of four case studies.

A central finding of this study was the identification of a broad generic framework

which describes the developmental pathway leading to an understanding of class
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inclusion notions. This pathway characterises student growth in understanding of

relationships among figures, and relationships among properties. The pathway was

characterised by two cycles of responses of the concrete symbolic mode (SOLO), and

two cycles of responses of the formal mode (SOLO). The existence of this pathway has

challenged accepted characterisations of van Hiele's Level 3. Behaviours previously

described as requiring Level 3 thinking have been found by this study to include Level

3, Transitional Level 3/4, and Level 4.

This study identified student difficulties associated with attaining Transitional Level

3/4. Here, students need to focus upon relationships that are not supported by visual

cues. This is identified as formal thinking. The characterisation of transitional groups,

evident at Level 3/4, provides guidance concerning teaching activities and implications,

to assist students' in their progression from Level 3 to Level 4.

In general, the known property relationships assisted students in the formation of sub-

class relationships. In addition, property relationships did not emerge as an identifiable

sequence; instead they appeared dependent upon student familiarity with individual

properties. However, developmental patterns were evident in terms of language-use

where property descriptions appeared to hinder the formation of relationships at Level

2, and property descriptions were conducive to the utilisation of relationships at Level

3, Transitional Level 3/4, and Level 4. Of surprise were the similarity of results for two

different contexts of quadrilaterals and triangles. This finding providing support for the

notion that thinking at a particular level in one context assists the progression to the

same level in other contexts.

The quantitative synthesis across contexts validated the chosen instrument and the

developmental trends highlighted by the application of the SOLO model. There was

consistency across the triangle and quadrilateral contexts concerning relationships

among figures and relationships among properties. The longitudinal student responses,

over the two-year period, were interpreted along the previously identified

developmental path. Evidence presented in the case studies indicated that individual

student responses to similar tasks within different contexts were not always at a

consistent SOLO level, dependent upon individual familiarity of triangles or

quadrilaterals. It was also evident that some students responded at a higher SOLO level

concerning either relationships among properties or relationships among figures.

The research highlights the reasons students find class inclusion concepts in Geometry

difficult to grasp. Secondary–school (ages 12-18 years) curriculum content concerning
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such notions have been identified as requiring thinking at van Hide's Level 3, Level

3/4 and Level 4. Thus the hurdles encountered by many students are detailed through

the characterisation of the development of relationships among figures and relationships

among properties. In addition, this study highlights the use of the SOLO model as an

interpretive tool for research in Mathematics education.
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