
Chapter 9

Simplifying the Reconstruction Algorithm
for the Refractive Index Decrement Using
the Auxiliary Function �̃1

9.1 Introduction

Consider an experiment with an object illuminated by a plane monochromatic
X-ray wave with wavelength � and intensity I

in

and with the transmitted
wave registered by a position-sensitive detector. We only consider here the
case of fully coherent X-rays, however, the theory can be extended to the
partially-coherent case as in (Gureyev et al., 2004a; Myers et al., 2007b).

The main idea of this Chapter, the introduction of an auxiliary function
to simplify the process of 3D reconstruction of the refractive index, is from
Timur Gureyev, the principal results are obtained by the candidate herself
under the supervision of Timur Gureyev and Konstantin Pavlov. The computer
simulations are done by Thomas Baillie under the supervision of Timur Gureyev
and Konstantin Pavlov.

9.2 Theoretical Background

The propagation direction of the incident X-ray wave,
p

I
in

eikz

0 , makes an
angle ✓ 0 with the z-axis in the xy-plane, where -⇡/2 6 ✓ 0 < ⇡/2. It will be
also convenient to use the angle ✓ = ✓ 0 + ⇡/2 (Figure 9.1).

1
This Chapter is based on a joint paper with Thomas Baillie, Timur Gureyev and

Konstantin Pavlov (Baillie et al., 2012)
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Figure 9.1: Generic layout of the in-line CT experimental setup.

We assume as usual that the projection approximation (Born and Wolf,
2005, Ch. 4.11) can be applied to calculate the phase and intensity, respectively,
of the wave after transmission through the object (see Chapter 3),

�
✓

(x 0,y) = - k(P
✓

�)(x 0,y), (9.1)

I
✓

(x 0,y) =I
in

e-2k(P
✓

�)(x 0,y), (9.2)

where P
✓

is the projection operator (Equation (6.2)) and r 0 = (x 0,y, z 0) are
Cartesian coordinates rotated by the angle ✓ 0 around the y axis with respect to
coordinate system r (Figure 9.1). Note that we formally refer the transmitted
intensity and phase distribution to the plane z 0 = 0, rather than the object plane
located immediately downstream the object along the direction of propagation
of the X-ray wave. As it will be seen below, this assumption is mathematically
convenient and acceptable in the case of thin objects, i.e. those objects whose
thickness is much smaller than the distance between the object and the X-ray
detector.

In order to accomplish a reconstruction of the real part of the refractive
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index in the object, related to the phase of the transmitted beam via Equation
(9.1), one needs to have an accurate quantitative model relating the transmitted
phase distribution, �

✓

(x 0,y), to the in-line intensity in the image, Id

✓

(x 0,y),
acquired at a free-propagation distance d from the object. One such model is
given by the finite-difference form of the Transport of Intensity Equation (TIE)
(Chapter 5), which can be written as follows:

Id

✓

(x 0,y) = I
✓

(x 0,y) -
d

k
r? ·

�
I
✓

(x 0,y)r?�✓(x
0,y)

�
. (9.3)

Teague suggested to solve Equation (9.3) via the introduction of an auxiliary
function  

✓

(Chapter 8), which satisfies

r? ✓(x
0,y) = I

✓

(x 0,y)r?�✓(x
0,y). (9.4)

As described in Chapter 8, if such a scalar potential  
✓

exists, then a solution
for the phase function in Equation (9.4) can be determined by solving two
Poisson equations:

-r2
? ✓(x

0,y) =
k

d

�
Id

✓

(x 0,y) - I
✓

(x 0,y)
�

(9.5)

and

r2
?�✓(x

0,y) = r? ·
�
I-1
✓

(x 0,y)r? ✓(x
0,y)

�
. (9.6)

This approach provides a method for solving Equation (9.3) with respect to the
unknown phase �

✓

(x 0,y), if the intensity distributions I
✓

(x 0,y) and Id

✓

(x 0,y)

are known (Teague, 1983; Paganin and Nugent, 1998a). One advantage of this
approach, compared to a direct numerical solution of Equation (9.3), is that
the former is amenable to an implementation using the Fast Fourier transform
(FFT). Note however, that the phase distribution reconstructed by means of
two Poisson equations may in some special cases differ from an exact solution
of Equation (9.3). This issue is discussed in detail in Chapter 8 (Schmalz et al.,
2011).

After the phase distribution �
✓

(x 0,y) is reconstructed at each projection
angle ✓, it is possible to reconstruct the 3D distribution of the real part of
refractive index by CT techniques (Chapter 6). Taking the 2D Fourier transform
of the projection P

✓

(x 0,y) (Equation (6.2)) and using the Fourier slice theorem
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(Equation (6.5)), (Natterer, 2001, Ch. II.2) we obtain that

f(x,y, z) =

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+y⌘)F2[P
✓

f](⇠ 0,⌘, ✓)|⇠ 0|d⇠ 0d⌘d✓, (9.7)

where F2[P
✓

] is the 2D Fourier transform (Equation (A.3)). Note that in
Chapter 6 we used a different definition of the angular parameters. Therefore, if
projections (P

✓

f)(x 0,y) can be measured for all view angles ✓ from the interval
[0,⇡), Equation (9.7) can be used to reconstruct the 3D distribution f(x,y, z).
Following this approach with respect to Equation (9.1), we obtain

�(x,y, z) = -
1
k

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+y⌘)F2[�
✓

](⇠ 0,⌘)|⇠ 0|d⇠ 0d⌘d✓, (9.8)

where �
✓

(x 0,y) can be computed at each angle ✓ by means of the Poisson
Equations (9.5) and (9.6). Note that in the case of Equation (9.2) the same
approach yields the conventional (absorption) CT reconstruction formula:

�(x,y, z) = -
1
2k

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+y⌘)F2


ln

✓
I
✓

I
in

◆�
(⇠ 0,⌘)|⇠ 0|d⇠ 0d⌘d✓.

(9.9)

One can see that Equation (9.9) provides a single-step reconstruction
algorithm for the quantity of interest, �(x,y, z), from a measurable quantity,
I
✓

(x 0,y). On the other hand, Equation (9.8) requires a preliminary step of
phase reconstruction from measurable quantities, I

✓

(x 0,y) and Id

✓

(x 0,y) at each
view angle. Apart from additional computational complexity, the two-step
reconstruction of the real part of refractive index suffers from well-known
numerical instabilities (Bronnikov, 1999; Gureyev et al., 2006): one associated
with the low spatial frequencies in the Poisson Equation (9.5) and the other
one due to the (moderatefication in Equation (9.7) of high-frequency noise due
to the effect of the ramp filter (multiplication by |⇠ 0| in Fourier space).

These problems can be partially eliminated in the case of objects with
negligible absorption, by means of a single-step reconstruction formula due to
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Bronnikov (Bronnikov, 1999):

�(x,y, z) =

-
1

4⇡2d

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) |⇠ 0|

⇠ 02 + ⌘2
F2


ln

✓
Id

✓

I
in

◆�
(⇠ 0,⌘)d⇠ 0d⌘d✓.

(9.10)

Equation (9.10) can be obtained by substitution into Equation (9.8) of a
simplified form of the TIE solution

�
✓

(x 0,y) = -
k

d
r-2
?

✓
Id

✓

I
in

- 1
◆

, (9.11)

which one gets from the Poisson Equations (9.5) and (9.6) in the case I
✓

(x 0,y) ⇡
I
in

, and using the (optional) approximation 1-Id

✓

(x 0,y)/I
in

⇡ - ln(Id

✓

(x 0,y)/I
in

),
which holds under the general validity conditions of the TIE (Chapter 8). Note
that Equation (9.10) not only provides a single-step reconstruction algorithm for
the decrement of the refractive index, �(x,y, z), but also partially eliminates the
above mentioned instabilities of the reconstruction thanks to the cancellation of
the noise-amplification effect of the ramp filter |⇠ 0| by the Fourier-space kernel
of the Laplace operator, 1

⇠

02+⌘2 .
A similar (but much stronger) stabilisation of the PCT reconstruction with

respect to noise in the input data is achieved in the case of homogeneous
objects (Paganin et al., 2004a; Gureyev et al., 2006). The latter class of objects
includes objects consisting predominantly of a single material, and, in the case
of X-rays with energies between approximately 60keV and 500keV, any objects
containing only light chemical elements with Z < 10 (Wu et al., 2005).

Using Equation (9.10) one can easily verify the following identity:

r2�(x,y, z) =
1
d

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y)F2


ln

✓
Id

✓

I
in

◆�
(⇠ 0,⌘)|⇠ 0|d⇠ 0d⌘d✓,

(9.12)

where we used the identity

r2e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) = -4⇡2(⇠ 02 +⌘2)e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) (9.13)

in the derivation. This can be viewed as a form of commutativity of the Laplace
operator and the Radon transform (Natterer, 2001, Ch. II.1), (Cloetens et al.,
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1997b), see the proof in Appendix (Lemma (E.3)). This property is also directly
related to the commonality between the eigenfunctions of the Laplace operator
in a circle and the singular functions of the Radon transform (Myers et al.,
2007a).

Using Equation (9.12), the single-step reconstruction algorithm, Equation
(9.10), can be re-written in the following form:

�(x,y, z) =

1
d
r-2

2

4
⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y)F2


ln

✓
Id

✓

I
in

◆�
(⇠ 0,⌘)|⇠ 0|d⇠ 0d⌘d✓

3

5 .

(9.14)

In Equation (9.14) the phase retrieval step (inverse Laplacian) takes place
in 3D after the conventional CT reconstruction. This approach could present
an advantage in the case of general objects, where the phase retrieval in
2D involves the subtraction of two projection images collected at different
object-to-detector distances (see e.g. Equation (9.5)). Indeed, as explained
above, such subtraction often involves substantial practical problems, as it
is strongly affected by the changes in the illumination conditions with time
(i.e. by the temporal fluctuations of low spatial frequencies of the incident
beam). One can expect that certain types of random background fluctuations
will average out in the process of image summation during CT reconstruction
(at the backprojection step). Moreover, some misalignment issues, such as e.g.
disagreement between angular positions of the sample at different object-to-
detector distances, become largely irrelevant after the CT reconstruction. Of
course, systematic variations in the background illumination during CT scans
will still affect the phase retrieval in 3D, but these variations may arguably be
also easier to track and correct during or after the CT reconstruction (note
that the mutual alignment of two 3D distributions is likely to be more efficient
compared to pair-wise correlations of projections).

Unfortunately, in the cases with non-trivial absorption the approach which
led to Equation (9.14) is usually no longer valid, as, unlike the Laplace operator,
the general TIE operator, D

TIE

[�
✓

](x 0,y) = -r? · (I
✓

(x 0,y)r?�✓(x
0,y)), does

not commute with the Radon transform. This is why we propose the following
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approach based on the Teague’s method for solution of the TIE described
above.

9.3 Definition of an Auxiliary Function �̃

Let us assume that there exists a function �̃(x,y, z) such that

 
✓

(x 0,y) = -kI
in

(P
✓

�̃)(x 0,y), (9.15)

where the function  
✓

(x 0,y) is defined by Equation (9.4). Then, according to
Equation (9.5) and Equation (9.7), we obtain

�̃(x,y, z) =

-
1

4⇡2d

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) |⇠ 0|

⇠ 02 + ⌘2
F2


Id

✓

- I
✓

I
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�
d⇠ 0d⌘d✓.

(9.16)

Therefore, the 3D distribution of the quantity �̃(x,y, z) can be obtained by a
single-step CT reconstruction algorithm from the transmitted intensity distri-
butions measured at two different object-to-detector distances for each view
angle.

By an exact analogy with the derivation of Equation (9.14) from Equation
(9.10), one can now also derive the following reconstruction formula from
Equation (9.16):

�̃(x,y, z) =

1
d
r-2

0

@
⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y)|⇠ 0|F2


Id

✓

I
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�
d⇠ 0d⌘d✓

-

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y)|⇠ 0|F2


I
✓

I
in

�
d⇠ 0d⌘d✓

1

A . (9.17)

Thus, unlike the function �(x,y, z), the new quantity �̃(x,y, z) can be computed
by applying the 3D inverse Laplacian to the difference between the two con-
ventional CT reconstructions (only without the logarithm operation) obtained
from projections collected at different object-to-detector distances. Note that
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in experiments the incident intensity I
in

corresponding to the measurements of
I
✓

(x 0,y) and Id

✓

(x 0,y) can be different, which can be easily taken into account
in Equation (9.17).

9.4 Physical Nature of the Auxiliary Function �̃(x, y, z)

An important question that needs to be answered with respect to quantity
�̃(x,y, z) is that about its physical nature. Firstly, we note that in the case of
objects with negligible absorption, i.e. when it is possible to use the approxi-
mation I

✓

(x 0,y) ⇡ I
in

, Equation (9.16) reduces to Equation (9.10), and hence
�̃(x,y, z) ⌘ �(x,y, z) in this case. In the general case, when absorption inside
the object cannot be ignored, the quantity �̃(x,y, z) depends both on the real
and imaginary parts of the complex refractive index. The following formal
expression can be derived from Equations (9.16), (9.5), (9.3), (9.1) and (9.2):

�̃(x,y, z) =

-
1

4⇡2

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) |⇠ 0|

⇠ 02 + ⌘2
⇥

F2

h
r? ·

⇣
e-2kP

✓

�(x 0,y)r?(P
✓

�)(x 0,y)
⌘i

d⇠ 0d⌘d✓. (9.18)

Equation (9.18) establishes an explicit relationship between the introduced
quantity �̃(x,y, z) and the complex refractive index. It also shows that the
quantity �̃(x,y, z) always exists and is unique as long as the complex refractive
index is amenable to the mathematical operations involved in Equation (9.18).
However, as far as the physical nature of the quantity is concerned, Equation
(9.18)) does not appear particularly helpful, rather than demonstrating again
that in the case of negligible absorption, when e-2k(P

✓

�)(x 0,y) ⇡ 1, one gets
�̃(x,y, z) ⌘ �(x,y, z). To obtain a simplified relationship between �̃(x,y, z) and
the complex refractive index, we assume that all projections of the imaginary
part of the refractive index, �(x,y, z), are slowly varying functions with respect
to all their arguments. Then we can apply the divergence operator to both
parts of Equation (9.4) and move the gradient operator out of the brackets
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(neglecting the terms that contain derivatives of e-2k(P
✓

�)(x 0,y)):

r2
?(P

✓

�̃)(x 0,y) = r? ·
⇣
e-2k(P
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�)(x 0,y)r?(P
✓

�)(x 0,y)
⌘

⇡ r2
?

⇣
e-2k(P

✓

�)(x 0,y)(P
✓

�)(x 0,y)
⌘

. (9.19)

Hence, assuming e.g. the Dirichlet boundary conditions, we conclude from Equa-
tion (9.19) that (P

✓

�̃)(x 0,y) = e-2k(P
✓

�)(x 0,y)(P
✓

�)(x 0,y) due to the uniqueness
of the solution to the boundary value problem for the Laplace equation. Using
again the assumption about the slow variation of (P

✓

�)(x 0,y) (this time with
respect to variables x 0 and ✓), we can now obtain:

(P
✓

�̃)(x 0,y) ⇡ e-2khP�i(y)(P
✓

�)(x 0,y) = P
✓

⇣
e-2khP�i(y)�

⌘
(x 0,y),

(9.20)

where h i denotes averaging over x 0 and ✓, and the y variable here plays the
role of a free parameter which does not affect any operations in the xz-plane.
As a complete set of parallel projections over 180 degrees uniquely defines a
2D distribution, this allows one to obtain the following equation:

�(x,y, z) ⇡ �̃(x,y, z)e2khP�i(y). (9.21)

Equation (9.21) can be used to find the approximate values of the real part
of the decrement of refractive index, �(x,y, z), from the recovered distributions
of �̃(x,y, z) and �(x,y, z).

We carried out computer experiments with numerically simulated objects
(phantoms) that generate different amounts of X-ray absorption and refraction
at a given X-ray energy in order to investigate the behavior of the quantity
�̃(x,y, z) as a function of the real and imaginary parts of the refractive index
of the phantoms. The results of the simulations presented in the next section
of the chapter shed some light on the nature of physical information about the
object that can be obtained by means of in-line phase-contrast CT experiments
combined with the simplified reconstruction algorithm described by Equation
(9.16) or Equation (9.17). The simple formula (Equation (9.21)) connecting �̃,
� and � for certain type of objects was also verified by our simulations.
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9.5 Methods and Results

!

Figure 9.2: The structure of the simulated object. It consisted of twelve spheres
arranged in three layers of four, each parallel to the base. The bottom and top layers
had the spheres situated in the corners, and the middle layer had them in the centre
of each face. The lightness of the spheres decreases with increasing � for the constant
� objects, � for the constant � objects, and � and � for the objects with both varying.
The � and � of the background matrix are zero.

The simulated object, as depicted in Figure 9.2, was a collection of 12
non-overlapping homogeneous spheres of radius 100µm, one in each of the eight
corners of the bounding cube and one on each face excluding the top and bottom.
It was represented as two 1024 ⇥ 1024 ⇥ 1024 arrays of 32-bit floating-point
numbers, corresponding to the � and � distributions of the complex refractive
index n = 1 - �+ i�, which was different for each of the spheres. The � and �
of the background matrix are zero. Both arrays were stored and processed as
1024 square planar cross sections parallel to the xz-plane. The voxel size was
1⇥ 1⇥ 1µm3.

The simulations were performed using X-TRACT (X-TRACT, 2010, Site
accessed June 2012), a program that amongst other things allows one to
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calculate parallel-beam X-ray projections of objects given the object’s � and �
slices. X-TRACT allows one to perform a variety of useful image operations
such as pixel-wise addition and inverse Laplacian, to process image files into
sinograms, and to perform CT reconstructions by calculating the inverse Radon
transform of sinogram images. All of these operations were required for the
simulations.

First, X-TRACT was used to generate parallel-beam projections of the
object at two different sample-to-detector propagation distances, namely 0 cm

and 10 cm. These projections were simulated for the X-ray wavelength of 1 Å.
A Gaussian filter with the width 2� = 4 pixels was applied to each stack of
slices before propagating. This models sharpness of the interfaces of the object
and the implicit convolutions with point-spread functions of the source and the
detector. In total, 180 of these projections were generated, with each projection
corresponding to a one degree rotation of the object from the previous position.

The derivative of the intensity in the direction of propagation, @
z

I
✓

(x 0,y)

was then approximated by performing a pixelwise subtraction of the 10 cm

projection from the 0cm projection and then dividing by the propagation
distance, i.e 10 cm. Next an inverse 2D Laplacian operation was performed
on each derivative image, and because the boundary conditions make the
inverse Laplacian unique only up to an additive constant, this constant was
approximated—by averaging the background values—and subtracted in order to
force the background values to be as close to zero as possible. The images were
also multiplied by the quantity -k/d in order to generate the 2D distributions
of the function  

✓

(x 0,y) in accordance with Equation (9.5). The obtained
images were then used to create a series of sinograms from projections  

✓

(x 0,y),
and the CT reconstruction was performed to these sinograms in the same way
as normally applied for the solution of Equation (9.1). This process yielded the
3D distribution of the quantity �̃(x,y, z) in accordance with Equation (9.15).

In order to explore the relationship between the complex refractive index
n = 1-�+i� and �̃ with regards to CT reconstruction, six different objects were
used: three with constant � and three with constant �. Then, to more closely
model experimental results, the constant � simulations were performed again
with Poisson noise being added to the projections, with a relative standard
deviation, �rel, of 5% calculated for the average intensity.
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The three constant � objects had � values of 1.5 ⇥ 10-9, 1 ⇥ 10-8, and
2⇥10-8, each with a � range of 5⇥10-8 to 1⇥10-6. The three constant � objects
had � values of 5⇥10-7, 1⇥10-6, and 2⇥10-6, each with a � range of 1⇥10-9

to 2⇥ 10-8. These values were chosen close to refractive indices of certain real
materials; at a wavelength of 1 Å (X-ray complex refraction coefficients, 2012,
Site accessed June 2012) are shown in Table 9.1. The results are shown in

Material � �

Perspex 1.7216⇥ 10-6 1.6736⇥ 10-9

Nylon 1.6743⇥ 10-6 1.3706⇥ 10-9

SiO2 3.3790⇥ 10-6 1.9517⇥ 10-8

Brain 1.5549⇥ 10-6 2.3889⇥ 10-9

Adipose 1.3955⇥ 10-6 1.2362⇥ 10-9

Table 9.1: Components of refractive indices of certain real materials at a wavelength
of 1 Å

Figures 9.3, 9.4 and 9.5, and all confirmed the theoretical prediction that �̃
would approach � as � approached 0.

Figure 9.3 suggests that �̃ can be approximated by a linear function �̃ = m�,
with 0 < m < 1, in agreement with Equation (9.21) for constant �. This is
also supported by Figure 9.5, and both Figures show the curves of best fit
for each simulation’s data series. Tables 9.2 and 9.3 show the values of hP�i

�

corresponding to each curve of best fit.
Figure 9.5 also demonstrates that Equation (9.21) may allow one to accu-

rately obtain the function �(x,y, z) from the reconstructed functions �̃(x,y, z)
and �(x,y, z) in the cases with significant spatial variation of both � and �/�.

For comparison, we have also performed the reconstruction of the real
decrement of the refractive index �(x,y, z) in the sample with constant � =

1.5 ⇥ 10-9 using the PCT reconstruction formulæ for homogeneous objects
(Gureyev et al., 2006) with � = 5⇥107 (which approximately corresponded to an
average � value for this sample). The appropriate results are shown in Figure 9.3
by green triangular symbols. These data demonstrate that the “homogeneous”
TIE method, although producing reasonable looking CT reconstructions, cannot
quantitatively reconstruct with satisfying accuracy the distribution of the real
decrement of the refractive index in objects with significant spatial variability
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Figure 9.3: The reconstructed values using �̃ for the three objects with constant
� (closed circles, squares and diamond symbols). The dashed line is �̃ = �. The
uncertainty is taken to be 1 standard deviation of the values in the centre of the
spheres in the reconstructed slices. Also shown are the curves of best fit �̃ = �e-2k

hP�i
� �

for closed circles, squares and diamond symbols, with the parameters shown in Table
9.2. The triangular symbols show the result of a “homogenous” TIE reconstruction.

of the ratio.

�
hP�i
�

(µm)

1.5⇥ 10-9 201
1.0⇥ 10-8 174
2.0⇥ 10-8 166

Table 9.2: The best-fit parameters used in Figures 9.3 and 9.4.

Figure 9.4 shows the constant � reconstructions with 5% noise. Whilst
being visibly more unstable than their noiseless counterparts, the quantity
�̃(x,y, z) is still reconstructed with remarkable stability and closely followed
the same trend lines.

The graphs of Figure 9.5, whilst being largely linear, are all marred by a
small but systematic ’jump’ between the fourth and fifth data points. This
jump is likely caused by the geometry of the simulated object, as the four
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Figure 9.4: The reconstructed values using �̃ for the three objects with constant �
and 5% Poisson noise. The dashed line is �̃ = �. The uncertainty is taken to be 1
standard deviation of the values in the centre of the spheres in the reconstructed slices.
Also shown are the same curves of best fit as in Figure 9.3.

spheres in the middle layer are closer together than those in the top and bottom
layers.

�
hP�i
�

(µm)

5⇥ 10-7 160
1.0⇥ 10-6 161
2.0⇥ 10-6 162

Table 9.3: The best-fit parameters used in Figure 9.5.

Figure 9.6 shows the projection at ✓ = 26o of the object with � = 5⇥10-7 at
an object-to-detector propagation distance of 10cm, along with a cross-section
through the bottom layer of spheres. Visible are the bright diffraction fringes
encircling each sphere, as typical for the in-line phase-contrast images.
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Figure 9.5: �̃ (triangular, open circles and inverted triangular symbols) and the
reconstructed values of � (see Equation (9.21)) (closed circles, diamond and square
symbols) using �̃ for the three objects with constant �. The uncertainty is taken to be
1 standard deviation of the values in the centre of the spheres in the reconstructed
slices. Also shown are the curves of best fit �̃ = �e-2k

hP�i
� �, which parameters are

given in Table 9.3.

9.6 Summary

We presented a variant of in-line phase-contrast tomography based on the
Teague’s method. Our newly introduced quantity �̃(x,y, z) is uniquely related
to the complex refractive index in the object and can be reconstructed using
two projections at different propagation distances collected at each view angle.
We argue that this approach may present certain advantages compared to the
more conventional PCT approach that requires phase retrieval to be applied at
each projection angle separately. Furthermore, knowing the distributions of �̃
and � in the object, may allow one to find the real decrement of the refractive
index, � of materials in the object. Namely, we showed that for a certain class
of objects the connection between �̃, � and � can be approximated by a simple
expression, � ⇡ �̃(x,y, z)e2khP�i(y), where hP�i(y) is the projection (P

✓

�)(x 0,y)

averaged over the coordinates x 0 and ✓. Our computer simulations have shown
that this significantly simplified reconstruction procedure is stable with respect
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!
!

!

Figure 9.6: Typical projection with an object-to-detector propagation distance of
10 cm and a cross section indicated by the solid line through the bottom row of spheres.
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to noise.



Chapter 10

Conclusions

We present results obtained by the candidate in collaboration with her co-
authors.

10.1 Green’s Functions

Chapter 7 presented a general method for finding the fundamental solution of
the Helmholtz equation, i.e. function G(x,y, z) satisfying the equation

(r2 + k2)G(x,y, z) = -4⇡�(x,y, z), (10.1)

subject to Sommerfeld radiation conditions (Equation 7.3).
This method differs from other established methods (Section 7.5). While

other established methods find three particular solutions (which happen to be
an incoming, an outgoing and an standing wave), one of which (the outgoing
wave) satisfies the Sommerfeld radiation condition, the method used here first
finds all possible fundamental solutions, namely

Ĝ = v.p. 1
⇡(⇠2 + ⌘2 + ⇣2 - ⇢2)

+ µ�
S

, (10.2)

where µ�
S

is a simple layer on the sphere S with µ, see Equation (7.14).
We then choose the solution satisfying the Sommerfeld radiation condition:

G(r) =
eikr

r
, (10.3)

where r =
p

x2 + y2 + z2.
The Helmholtz equation is the basis for our subsequent results, as the TIE

(Section 5.2) was derived from the paraxial form of the Helmholtz equation.

98



10.2 Teague’s Method 99

10.2 Teague’s Method

Conditions for the validity of Teague’s method for solving the TIE were studied
in Chapter 8. The problem is that this technique uses the substitution of
Ir?� by r? , which exists only if  is a scalar potential for Ir?�. We show
that this substitution is an exact one only if either the vectors r?I(x,y) and
r?�(x,y) are parallel to each other at each point (x,y) of the simply connected
domain ⌦, or at least one of the vectors is zero. The condition that the vectors
r?I(x,y) and r?�(x,y) are parallel to each other holds for a class of objects,
including homogeneous objects, the condition r?I(x,y) = 0 holds for phase
objects, and the case r?�(x,y) = 0 is not of interest for the phase retrieval
problem.

A sufficient condition for the validity of Teague’s method in the case of
generic objects is that

kL3
⌦

R
kr? ln Ik2 6 k�k2, (10.4)

where L
⌦

is the diameter of the domain, R is the distance between the object
and the image planes, and k k2 is the L2-norm as defined in Equation (8.23).

While these conditions are usually satisfied in practice, we provided an
example (Chapter 8.6), for which the L2-norm of the difference between the
exact solution, �(x,y), and solution obtained by Teague’s method, �̃(x,y),
is approximately nine percent of the norm of the exact solution: k�(x,y) -

�̃(x,y)k2 ⇡ 0.09k�(x,y)k2. This shows that it would be useful to verify that
the conditions above are satisfied, before using the phase-retrieval technique
based on the Teague’s method for solving the TIE.

10.3 The Auxiliary Function �̃

Chapter 9 applied Teague’s method to 3D imaging. We introduced an auxiliary
function, �̃(x,y, z) (Section 9.15), whose projection (Equation (6.2)) along
each irradiation direction given by an angle ✓, is proportional to the function
 
✓

(x 0,y), for which Teague’s proposed substitution (r? ✓ = I
✓

r?�✓) is valid:

(P
✓

�̃)(x 0,y) = -
1

kI
in

 
✓

(x 0,y). (10.5)
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Here I
in

is the X-ray’s intensity before the interaction with the object, I
✓

(x 0,y)

and �
✓

(x 0,y) are the X-ray intensity and the phase distributions over the object
plane (x 0,y), after the interaction of X-rays with the object, for a corresponding
angle ✓. This newly introduced auxiliary function �̃(x,y, z) contains some
information about the real and imaginary parts of the refractive index.

We derived the formula for the single-step reconstruction of the function
�̃(x,y, z) directly from the intensity measurements, without the intermediate
step of phase retrieval for each angle ✓:

�̃(x,y, z) =

-
1

4⇡2dI
in

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) |⇠ 0|

⇠ 02 + ⌘2
F2

⇥
Id

✓

- I
✓

⇤
d⇠ 0d⌘d✓.

(10.6)

Here Id

✓

is the intensity distribution over the image plane, and d is the distance
between the object and the image planes.

The first advantage of the single-step method over the two-steps method is
that the calculations become simpler.

A second advantage arises because, while Equation (10.6) is similar to the
formula for the absorption index distribution retrieval (Equation (9.9)), which
is used in conventional CT, the difference is significant in that in Equation
(10.6) the ramp filter |⇠ 0| is divided by ⇠ 02 + ⌘2. This leads to better stability,
as high frequency noise is scaled by |⇠ 0|

⇠

02+⌘2 , which tends to zero as |⇠ 0| ! 1.
We established the relationship between the auxiliary function �̃(x,y, z) and

the refractive index decrement distribution �(x,y, z) (Section 9.4):

�̃(x,y, z) =

-
1

4⇡2

⇡Z

0

1Z

-1

1Z

-1

e2⇡i(⇠ 0(x sin✓+z cos✓)+⌘y) |⇠ 0|

⇠ 02 + ⌘2
⇥

F2

h
r? ·

⇣
e-2kP

✓

�(x 0,y)r?(P
✓

�)(x 0,y)
⌘i

d⇠ 0d⌘d✓. (10.7)

This is the precise relation between the functions �(x,y, z) and �̃(x,y, z), but
the physical meaning of the function �̃(x,y, z) is not entirely clear. We can
see from Equation (10.7) that the functions �(x,y, z) and �̃(x,y, z) coincide for
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phase objects (� ⇡ 0). In the case that all projections of �(x,y, z) are slowly
varying functions, Equation (10.7) can be reduced to a simple form:

�(x,y, z) ⇡ �̃(x,y, z)e2khP�i(y), (10.8)

where h i is an average over x 0 and ✓. Computer simulations (Section 9.5)
support the latter formula.

10.4 Future Applications

The result of Chapter 7 clarifies the process of finding the Green’s function
for the Helmholtz equation. This formalism, which uses generalised functions,
can be applied in quantum mechanics, as the time-independent Schrödinger
equation has the same form as the Helmholtz equation. More generally, this
approach can be used for solving boundary value problems for partial differential
equations in physics and engineering.

The result of Chapter 8 can be applied in the phase-contrast imaging
to verify the validity of Teague’s method for solving the TIE. This result
is relevant to phase retrieval in quantitative phase-contrast imaging using
electrons, neutrons and matter waves.

In Chapter 9 Teague’s method is applied to tomography. This approach
provides a simplified and stabilised way for reconstruction of 3D distribution of
refractive index in optically opaque samples. This can be useful in many areas
of science and technology, for example, in materials and life sciences.
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Appendix

A Definition and Properties of the Fourier Transform

The forward and inverse Fourier transforms in the 1D, 2D and 3D are defined
as follows:

F1[f](⇠) =

1Z

-1

e-2⇡ix⇠f(x)dx, (A.1)

F1
-1[f̂](x) =

1Z

-1

e2⇡ix⇠f̂(⇠)d⇠, (A.2)

F2[f](⇠,⌘) =

1ZZ

-1

e-2⇡i(x⇠+y⌘)f(x,y) dxdy, (A.3)

F2
-1[f̂](x,y) =

1ZZ

-1

e2⇡i(x⇠+y⌘)f̂(⇠,⌘) d⇠d⌘, (A.4)

F3[f](⇠,⌘, ⇣) =

1ZZZ

-1

e-2⇡i(x⇠+y⌘+z⇣)f(x,y, z) dxdydz, (A.5)

F3
-1[f̂](x,y, z) =

1ZZZ

-1

e2⇡i(x⇠+y⌘+z⇣)f̂(⇠,⌘, ⇣) d⇠d⌘d⇣, (A.6)
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where ⇠, ⌘, and ⇣ are the dual coordinates in the Fourier space to x, y and z,
respectively.

We use the following properties of the one-dimensional (n = 1), two-
dimensional (n = 2) and three-dimensional (n = 3) Fourier transform:

(i) linearity, i.e.

Fn[af + bg] = aFn[f] + bFn[g], (A.7)

where a and b are constants,
(ii) invertibility, i.e.

F-1
n [Fn[f]] = f, (A.8)

(iii) Fourier transform of derivative

Fn


@

@x
f

�
= 2⇡i⇠Fn [f] . (A.9)

B Solutions of the homogeneous Helmholtz equation

We solve the following equation in the space of generalized functions (i.e.
distributions):

(⇠2 + ⌘2 + ⇣2 - ⇢2)Ĝhom = 0, (B.10)

where ⇢ = k/2⇡ and Ĝhom is a generalised function in three-dimensional space.
We will show that the solutions are the simple layers µ�

S

on the Ewald sphere
S : ⇠2 + ⌘2 + ⇣2 - ⇢2 = 0 that act on the test functions ' by hµ,'|

S

i (Equation
(7.4)), where '|

S

is the restriction of ' on S.
First we show that µ�

S

is a solution of the equation. In fact,

h(⇠2 + ⌘2 + ⇣2 - ⇢2)µ�,'i = hµ�, (⇠2 + ⌘2 + ⇣2 - ⇢2)'i (B.11a)

= hµ, [(⇠2 + ⌘2 + ⇣2 - ⇢2)']|
S

i (B.11b)

= hµ, 0i = 0. (B.11c)

We have used the definition of multiplication of generalised functions (see for
example, Ref.(Vladimirov, 1971, Section 2.5.9)) and the definition of a simple
layer.
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We now show that there are no other solutions. Let Ĝhom be a solution. To
construct the corresponding µ we introduce a smooth function �(⇠,⌘, ⇣) with
compact support that vanishes on some neighbourhood of 0 and is identically 1
on S. For a solution Ĝhom we define a generalised function µ on S by

hµ, i = hĜhom,� ⇤i, (B.12)

where  ⇤ is the radial extension of  ; that is,  ⇤(⇠,⌘, ⇣) =  (⇢⇠


, ⇢⌘


, ⇢⇣


), where
 =

p
⇠2 + ⌘2 + ⇣2 6= 0 and  ⇤(0, 0, 0) = 0. We show that µ�

S

= Ĝhom using
that any test function ' decomposes into ' = �('|

S

)⇤ +'1, where '1 = 0 on S

and is therefore divisible by ⇠2 +⌘2 +⇣2 -⇢2; that is, '1 = (⇠2 +⌘2 +⇣2 -⇢2)'2.
It follows that

hĜhom,'i = hĜhom,�('|
S

)⇤ + (⇠2 + ⌘2 + ⇣2 - ⇢2)'2i (B.13a)

= hĜhom,�('|
S

)⇤i = hµ,'|
S

i, (B.13b)

as required. Here we used that Ĝhom is a solution of Equation (B.10) and hence
hĜhom, (⇠2 + ⌘2 + ⇣2 - ⇢2)'2i = 0. The last equality is a consequence of the
definition (B.12) of µ.

C Rotational symmetry and the Fourier transform

We show that the Fourier image is rotationally symmetric if the original function
is also rotationally symmetric. Assume G(r) with r = (x,y, z) is rotationally
invariant; that is, G(Ar) = G(r) for all orthogonal matrices A. Then

Ĝ(A) =

ZZZ
e-2⇡iA·rG(r) dxdydz, (C.1)

where  = (⇠,⌘, ⇣). The coordinate change r = Ar 0 transforms the integral on
the right-hand side into

ZZZ
e-2⇡iA·Ar 0G(Ar 0) dxdydz. (C.2)

Note that an orthogonal transformation does not change the volume element.
From the orthogonality of A we obtain A · Ar 0 =  · r 0, and hence

Ĝ(A) =

ZZZ
e-2⇡i·r 0G(Ar 0) dxdydz. (C.3)
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Now, G(Ar 0) = G(r 0) implies that the right-hand side equals
ZZZ

e-2⇡i·r 0G(r 0) dxdydz = Ĝ() (C.4)

as required.

D Rotationally invariant generalised functions on the sphere

Here we prove that the only rotationally invariant generalised function G on
the sphere S is a constant simple layer; that is, G = µ�

S

, where the density µ

is a constant.
By definition, G is said to be rotationally invariant if

hG,' �Ai = hG,'i (D.1)

for all test functions ' and for all orthogonal matrices A. Here ' � A is the
composition of ' and A.

We prove the invariance for generalised functions by averaging the test
functions over the group SO(3) of orthogonal matrices. Any matrix of SO(3)

can be represented as a product of
0

BB@

cos↵ cos� - sin↵ - cos↵ sin�
sin↵ cos� cos↵ - sin↵ sin�

sin� 0 cos�

1

CCA

0

BB@

1 0 0
0 cos� - sin�
0 sin� cos�

1

CCA , (D.2)

where ↵ 2 (-⇡,⇡], � 2 [-⇡2 , ⇡2 ], and � 2 (-⇡,⇡] are the Euler angles (see for
example, Ref. (Goldshtein, 1980, Ch. 4.6)). The first column of the first factor
represents a point of the unit sphere S2, and the second factor represents a
point of the unit circle S1. Integration over SO(3) can be reduced to an iterated
integral over the circle S1 first and then over the sphere S2 (see Ref. (Natterer,
2001, Ch. VII.2)). Then for any test function ' on S2 we have

ZZZ

SO(3)
' �AdV =

ZZ

S2

✓Z

S1

'(r)ds

◆
dS =

ZZ

S2

'(r)dS, (D.3)

where dV, ds, dS are the invariant volume, length and area elements on SO(3),
S1 and S2 respectively.

Let G be a rotationally invariant generalised function on S2. Then

hG,'i =

ZZZ

A2SO(3)
hG,'�AidV =

⌧
G,

ZZZ

SO(3)
' �A dV

�
=

ZZ

S2

'(r)dS hG, 1i.
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(D.4)

The last expression is the integral of the test function over the sphere times
the constant µ = hG, 1i, that is, a simple layer with constant density. We used
linearity and continuity of G to change the order of integration and application
of G and Equation (D.3).

E Lemmata for Chapter 9

Lemma 1 For any function f(x,y, z) from the Schwarz space

F3

⇥
r2f

⇤
(⇠ 0 sin ✓,⌘, ⇠ 0 cos ✓) = -4⇡2(⇠ 0

2
+⌘2)F3 [f] (⇠ 0 sin ✓,⌘, ⇠ 0 cos ✓) (E.1)

Proof: We use the property (Equation (A.9)) of the Fourier transform for this
calculations:

F3

⇥
r2f

⇤
(⇠ 0 sin ✓,⌘, ⇠ 0 cos ✓) =

- 4⇡2
⇣
⇠ 0 sin ✓2

+ ⌘2 + ⇠ 0 cos ✓2
⌘

F3 [f] (⇠ 0 sin ✓,⌘, ⇠ 0 cos ✓) =

- 4⇡2(⇠ 0
2

+ ⌘2)F3 [f] (⇠ 0 sin ✓,⌘, ⇠ 0 cos ✓). (E.2)

Lemma 2 For any f(x,y, z) from the Schwarz space

r2
? (Pf) (x,y) = P

�
r2f(x,y, z)

�
(E.3)

Proof: Apply the slice theorem to Laplacian r2f(x,y, z) (for the plane ✓ = 0)

F2

⇥
P

�
r2f

�⇤
(⇠ 0,⌘) = F3

⇥
r2f

⇤
(0,⌘, ⇠ 0). (E.4)

Apply Lemma 1 to the right hand side and get

F3

⇥
r2f

⇤
(0,⌘, ⇠ 0) = -4⇡2(⇠ 0

2
+ ⌘2)F3 [f] (0,⌘, ⇠ 0). (E.5)

Apply the slice theorem to obtain

-4⇡2(⇠ 0
2

+ ⌘2)F3 [f] (0,⌘, ⇠ 0) = -4⇡2(⇠ 0
2

+ ⌘2)F2[Pf](⇠ 0, ✓). (E.6)

Using one of the properties of the Fourier transform (Equation (A.9)) we rewrite
the last equation as

-4⇡2(⇠ 0
2

+ ⌘2)F3[Pf](⇠ 0,⌘) = F2

⇥
r2
?Pf

⇤
(⇠ 0,⌘). (E.7)
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We have shown that

F2

⇥
P

�
r2f

�⇤
(⇠ 0,⌘) = F2

⇥
r2
?Pf

⇤
(⇠ 0,⌘), (E.8)

it follows that

P
�
r2f

�
= r2

?P(f). (E.9)

(property of the Fourier transform Equation (A.9))




