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Chapter 7

LONGITUDINAL DESIGN

Introduction

The previous three chapters reported the results of a large cross-sectional survey that

allowed the responses of 1435 children on four stimulus items to be analysed. The

central focus of this analysis was on the forms of natural language used in children's

descriptions of number patterns and how these responses were related to school year,

uncountable examples, and the use of symbolic notation. The issues discussed in these

chapters represented the first three research themes identified in Chapter 3.

The fourth theme, namely,

Theme 4
How do children's description of number patterns using both natural
language and symbolic notation change over time?

is the focus of attention in this chapter and it develops the discussion of the number of

growth paths that were hypothesised in Chapter 5. However, in addition to this theme

some other important issues which have been identified are investigated.

It will be recalled from Chapter 3 that a limitation of the survey study was that "Data

collection on such a large scale tends to be superficial and not penetrate deeply below

the surface." A number of times in the discussion thus far there has been reference to

the need to investigate the processes used by children to answer the questions relating

to number patterns has been referred too. In particular, some apparent anomalies in

children's responses have been identified. Thus, a data collection process was
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appropriate that facilitates children's reactions being observed and probed for a deeper

understanding of their strategies. With these considerations in mind the decision was

made to conduct a study that involved repeatedly interviewing a small number of

children over a two year period. The specific research questions for this study are listed

in the introduction to Chapter 8.

This chapter presents a research design of a study that both complements and

supplements the survey study. It complements by providing a means of investigating

questions that arose out of the survey, and it supplements by adding depth to the

observations of the survey study. The chapter consists of three sections. The first

consists of a discussion of underlying features of the longitudinal study, and issues

relating to the use of the interview as a data collection technique are presented. This is

followed in the second section with a description of the stimulus items and related

interview schedule. The third section reports on the implementation details and an

evaluation of the study.

LONGITUDINAL STUDY

This section consists of two parts. The first part presents a definition of a longitudinal

study and a rationale for its use. The second part identifies some strengths and

weaknesses of the methodology.

Definition and Rationale

In the survey study, a relationship was found between children's pattern descriptions

and the school year of the children. While this relationship could be interpreted as
evidence of a growth pattern in children it could also be due to a cohort effect. Menard
(1991), in distinguishing between age, period and cohort effects, argued that differences

found between groups of different ages in a cross-sectional study may be due to effects
from being a member of that group rather than a reflection of the age. To address this
problem a longitudinal study is used in which a cohort effect is controlled for by there
being one cohort. Longitudinal research is a family of methods defined by Menard

(1991) as:

Research in which (a) data are collected for each item of variable for two
or more distinct time periods; (b) the subjects or cases analysed are the
same or at least comparable from one time period to the next; and (c) the
analysis involves some comparison of data between or among periods.

(p. 4)
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The member of this family of methods that best suits the purposes of this study is called

a prospective panel design (Menard 1991), or a cohort design (Cohen & Manion 1989),

in which the data is collected at two or more periods, on the same set of cases and

variables for each period. The suitability of this approach is emphasised by Cohen and

Manion (1989):

Cohort studies of human growth and development conducted on
representative samples of populations are uniquely able to identify typical
patterns of development and to reveal factors operating on those samples
which elude other research designs.

(p. 72)

Menard (1991) listed five rationales/objectives of longitudinal research that are related

to developmental change. Three rationales that are relevant in this context are:

1. Direct identification of intra-individual change.

2. Analysis of interrelationships in behavioural change, i.e., whether certain changes are

correlated with each other.

3. Analysis of causes of intra-individual change.

Longitudinal studies have the added advantage of addressing the issue of the "fallibility

of any single test or assessment" (Cohen and Manion 1989, p.73). The longitudinal

records provide a depth and certainty to assessments that are often not available to other

research structures. The researcher can follow up trends or issues identified in the early

part of the study with supplementary investigations, thus enabling a more complete

picture of the cohort to be compiled.

While this part has argued the value of using a longitudinal design, there are some

problems associated with the methodology. These are discussed below.

Issues of Longitudinal Studies

While the longitudinal structure provided the time to be able to pursue growth issues,
time is also seen as a disadvantage of longitudinal research. This is because "the
researcher is obliged to wait for growth data to accumulate" (Cohen & Manion 1989,

p.73). There are three other limitations to the use of longitudinal studies.

Firstly, there are considerable organisational difficulties due to institutional change that

takes place over time. These changes include staff changes, timetable changes and the

like. These difficulties require adaptability on the part of the researcher and in extreme

cases may require adjustments to the research design. It was hoped that by minimising
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the reliance on 'outside' support in terms of interviewing children and other

infrastructure support, that these difficulties would be avoided as long as a cooperative

relationship was maintained with the participating institutions. To this end every

attempt was made to reduce disruption to the routine of the schools involved.

The possibility of research subjects leaving the study before its completion is the

subject of the second limitation. This limitation is known as sample mortality or panel

attrition. During the time period of a longitudinal study children may leave the school,

refuse to cooperate further or become unavailable to the study for some other reason. In

early interviews associated with the study, the researcher avoided making any

qualitative statement to the children with the intention of reducing to a minimum any

effect attributable to participating in the study. However, it became apparent that the

children were being made feel very insecure by this approach as they were accustomed

to being told if their responses were right or wrong. After two children left the study for

these reasons it was decided to amend the interview schedule to provide some positive

feedback for each child at the completion of each item. Details of further attrition and

the steps taken to counter its effects are reported in the sample discussion later in this

chapter.

A third difficulty of longitudinal studies is the measurement effect of repeated

interventions. Cohen and Manion (1989) argued that repeated interviewing often

induces the subjects to respond in a manner different from that which would be

provided in a more natural setting. In this context the researcher may be providing cues

as to which type of responses is considered desirable. Menard (1991) identified this to

be a particular problem for experimental and quasi-experimental designs. The use of

control groups and structures such as the Solomon four-group design helps address the

problem in these settings. However, in this study it is not what induces the change that

is of interest but rather the nature of the change. There are a number of influences that

may induce the change, including maturation of the subjects, experiences in

mathematics classes at school, and participation in this study. The way in which these

contribute to the change in children's responses is beyond the scope of this study. The

views of LeCompe and Goetz (1982) are adopted for this study.

Threats to external validity... are those effects that obstruct or reduce a
study's comparability and translatability .... Consequently, external validity
depends on the identification and description of those characteristics of
phenomena salient for comparison with other, similar types.

(p. 51)
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Thus, it is not being argued that the repeated interviews did not influence children's

growth in describing number patterns, but rather that if children have similar

experiences these are the changes that might be expected to take place.

In the discussion of the benefits and limitations of a longitudinal study the use of

interviews as the data collection technique has been mentioned. The next section

discusses the nature and structure of the interviews.

THE INTERVIEWS

The range of available interview strategies is extensive. Some of these issues are

discussed in the first part of this section prior to the development of the interview

schedule in the second part. The final two parts provide a brief description of the

conditions of interview and the choice and arrangement of the stimulus items used.

Methodological Issues

In the large survey the focus was on children's responses to the stimulus items. The

attention of the analysis was directly focused on these responses. During the analysis a

number of questions were raised about the processes children used in arriving at the

responses, e.g., How do children correctly respond to Component C without a function

description in Component B? In addition, there were times when the nature of a child's

response needed to be confirmed. If data was to be collected on these and related issues

it was clear that some additional information to that of the survey needed to be

identified. The method that provided suitable access to the additional data required was

the research interview which has been defined as:

... a two-person conversation initiated by the interviewer for the specific
purpose of obtaining research-relevant information, and focused by him on
the content specified by research objectives of systematic description,
prediction, or explanation.

(Cohen & Manion 1989, p.307)

Within this general definition there are many different types of interviews that all have

advantages and disadvantages. Some systems of classifying interviews include

structured vs. unstructured; closed vs. open; non-directed vs. focused (Cohen &

Manion 1989); introspective, concurrent verbalisation and retrospective verbalisation

(Ericsson & Simon 1980); talk aloud vs. clinical interview; or some combination of

these (Ginsburg, Kossan, Schwartz & Swanson 1983).
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Some of these procedures have come under scrutiny; for example, both Ericsson and

Simon (1980) and Ginsburg et al. (1983) argued that the introspection method has been

largely discredited as it assumes a direct relationship between conscious awareness and

mental activity. While recognising that mental reports might not always be accurate,

however:

The source of difficulty was not traced to the subject's lack of direct
access to mental phenomena, nor primarily to unbreachable inadequacies
of the reporting language.

(Ginsburg et al. 1983 p. 23)

The distinction these writers have made between classical introspection and the talking

(or thinking) aloud technique is a recognition of the latter providing lower order data. It

involves accepting that people do not have access to an awareness of all aspects of

mental operations; that they cannot be cognisant of the reasons for all choices made in a

problem solving situation; that there are differences in a subject's ability to report

strategies depending on their location in short or long term memory.

The talking aloud technique involves asking the subject to provide a concurrent report

on their thinking and strategies during the process of problem solving. This technique

has the advantage of providing "a direct trace ... of the heeded information, and hence,

an indirect one of the internal stages of the cognitive process" (Ericsson & Simon 1980,

p. 220). Since this technique requires minimal intervention by the interviewer, the data

have less chance of outside contamination. However, the method assumes that the

subjects are working at their highest level and has the disadvantage of not allowing for

clarification of points or issues that need illuminating. In addition, Ginsburg et al.

(1983) suggested that the subjects tend to stop reporting when their short-term memory

becomes saturated. A further problem that is particularly relevant with young children

is the lack of language skills to make explicit the mental processes being used.

To address these issues of short-term memory restrictions and language skills,

Ginsburg et al. (1983) recommended the clinical interview in which the interviewer:

Presents problems and questions in a flexible manner in which questions
may be contingent on the previous response. The data are the subjects
verbalisations and his or her problem-solving behaviour.

(p. 11)

Ginsburg et al. (1983) credited Piaget with the development of this methodology and

believed it had three major aims.

1. The elicitation of intellectual activity. To induce intellectual activity in this

study, stimulus items similar to the items of the survey were presented to children.
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2. The specification and nature of cognitive processes. This involved

determining the strategies children used in performing the set tasks, including how the

data were used, search strategies, and the resolution of conflict when it occurred

between components, and how these strategies changed over time.

3. Evaluation of the child's level of competence. Ginsburg et al. (1983) argued

that this involves three areas: the interviewer needs to ensure that the child understands

the question, takes the task seriously and that the child's response is "deeply held"

(p.13).

The more flexible approach afforded by clinical interviews is a feature of what

Kerlinger (1986) called "open-end items" (p. 442). In addition to the flexibility,

Kerlinger argued that they provide opportunities for depth in the responses, enable

ambiguity to be removed, promote rapport in addition to providing the opportunity for

unexpected responses to be collected. However, by adopting procedures for data

collection that have these advantages several disadvantages need to be recognised.

The contaminating effect of the interviewer has already been mentioned. In addition to

this, the degree of trust that exists between subject and interviewer affects the data and

will vary from subject to subject. The possibility of interviewer bias in interpreting

answers and in influencing responses must be recognised and avoided. The process of

reporting may change the nature of the mental process. There needs to be care taken to

distinguish between probes that clarify meaning and prompts that provide additional

cues to subjects and hence enable higher level responses than would be otherwise

possible.

With these limitations in mind it is worth noting the warning of Ginsburg et al. (1983):

Verbal reports or data secured by experiments and observations of other
kinds cannot serve to test hypotheses in isolation.

(p. 35)

The data being collected must be seen in conjunction with those from the survey study.

The methodological triangulation provides enhanced validity to the study. This process

is what Cohen and Manion (1989) referred to as convergent validity. However, the

discussion above provides guidance to the structuring of the interview procedures if the

effects of the disadvantages are to be minimised. The next part of this section outlines

the interview structure and the settings in which they took place.
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Interview Schedule

Chapter 3 stated that a modified version of the Newman Error Analysis question

structure was used in designing the components for use in conjunction with the

stimulus items. Table 7.1 reproduces that structure and identifies an additional column

indicating the researcher's questions that were asked in addition to the printed question

components described earlier. Thus two sets of questions were asked of participating

children. The first set were the Components A, B, C and D used in the same printed

format as the earlier survey items. The second set comprised semi-structured questions

posed by the researcher to confirm the methodology used by the children and to shed

further light on their cognitive processes.

Table 7.1

Relationship Between Newman/Booth Structure, Stimulus Item and Interview

Newman

Structure

Survey Interview

Reading "Read the question out loud"

Comprehension Component A "How did you do that?"

Strategy Component B Verification if response is unclear

Process Component C "How did you do that?"

Encoding Component B and D "What are the meaning of symbols"

such as letters, ikons etc.

Careless error Point out arithmetic errors or errors in

counting etc.

Consolidation "What do you mean by that?"

Verification Component C Check strategy and process

Conflict Are	 Components	 A,	 B	 and	 C

consistent? Point out conflict.

Are strategies between B, C and D

consistent?

Generalisation Component B and D Is the Component B response the best

effort? Can the child be prompted to a

higher level response?
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Questions of clarification such as:

Read the question.
What do you mean by that answer?
How did you do that?
What do those symbols mean (in conjunction with Component D)?

were asked during the child's attempt at the written responses. In addition, any obvious

arithmetic errors were pointed out and an opportunity for correction was offered.

Questions that involved probing that could alter the children's level of response were

asked after they had completed the items. These included questions about

inconsistencies between Components A, B, C and D. These inconsistencies were

brought to the children's attention and an opportunity for discussion and change was

provided. However, the initial response was used for coding.

In the early interviews, children who responded to Component B at a low level were

prompted in an attempt to elicit a higher level of response. This prompting usually

placed the child in the position of a factory manager providing instructions to a new

employee on how may wheels or matches to get out for the day's production. Once

again, if a higher level response was provided, the original response was used for

coding purposes.

While the above provided the skeleton of the interview schedule, there was a need to

vary this at times. If children were clearly unable to proceed, the process was

abandoned to avoid undue stress. If students were struggling to find answers they were

asked what they were thinking about in an attempt to identify their search strategies. At

other times very competent students were able to respond confidently and competently

and no need for clarification was needed. This was especially true in later interviews as

the researcher and interviewees developed shared meanings and understandings.

Every effort was made to provide positive, supportive comments to the child without

directly providing right/wrong comments.

Following each interview the written responses were coded using the coding

classifications of the survey study, and the taped records of interview were transcribed

for analysis.
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Conditions of Interview

The interviews were conducted in a room made available by each of the participating

schools. The researcher and interviewee were alone in the interview room. The day and

time of each interview were scheduled to coordinate with the school timetable and

hence varied both between schools and between interviews. This presented some

problems as there were times when the interviews had to be hurriedly ended to allow

the child to meet commitments such as school buses and other classes. Participants had

been told about the tape recorder at the time of their invitation to take part in the

interviews; however, it was pointed out to them at the commencement of each

interview, as was the calculator that was made available for their use. The children

were encouraged to relax with some personal banter and some encouraging comments.

Items Used in the Interviews

Following the initial survey, the children included in the longitudinal sample were

interviewed on four occasions over the two-year period, at approximately six-monthly

intervals. On each occasion the children were presented with three stimulus items and

Components A, B, C and D, as with the survey items. In addition, the final interview

included a component that asked the children to use their rule in reverse. Copies of the

stimulus items and associated questions are included as Appendix 7.1. Some changes to

the original stimulus items were made but the item types and complexities were

retained. The first stimulus item was an 'in-context, one-operation' question. The

second stimulus item was an 'in-context, two-operation' question, while the third

stimulus item was an 'out-of -context, two-operation' question. An inspection of

Appendix 7.1 shows that the items were changed on occasions to reduce the influence

of a learned effect. The stimulus items for the final set of interviews were identical to

those used in the original survey two years previously. Table 7.2 shows the nature of

the stimulus items for all five interviews. For convenience, the survey and interviews

are referred to as Study 1 through Study 5 in the reports of Chapter 8.

With the interview structure outlined, the next section discusses the implementation of

the longitudinal study.
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Table 7.2
Nature of Stimulus Items for the Five Interviews

In Context Out of
Context

One
Operation

Two
Operations

Two
Operations

Study 1 Original
Survey

\I \I \i

Study 2 First
Interview

\i \i \i

Study 3 Second
Interview

Ai \I \i

Study 4 Third
Interview

\I \I \I

Study 5 Fourth
Interview

\i \i \i

IMPLEMENTATION

The implementation of the second phase of the study is discussed in three parts,

namely, the sample, data analysis, and the study design is evaluated.

The Sample

The longitudinal study was conducted using a stratified sample of 21 children selected

from three different schools across Years 5, 6 and 7. In addition to being selected from

Years 5, 6 and 7 the sample was representative of the four response levels of

Component B. Table 7.3 represents the distribution of the sample that agreed to take

part in the study by Year and Component B response group. The students were selected

randomly from the Years 5 and 6 of two of the schools and from the Year 7 group of

the third school. Year 8 students were excluded from the study as they would have been

beyond the group of interest by the end of the study. The initial target was to have 10

children of primary school age and 10 children of high school age. The reason for

restricting the sample to this size was the resources available to the researcher. While it

was recognised that the small sample would limit external validity, this had to balanced

against the ability to process the data within an acceptable time frame. As a

consequence, 15 invitations to Year 5/6 children and 15 invitations to Year 7 children

were issued, along with a permission note seeking parental approval for their children

to take part in the two-year program. The extra invitations were to allow for a

percentage of children declining the invitations. It can be seen from Table 7.3 that 26



Chapter 7
	

191	 Longitudinal Design

children initially agreed to take part in the study. It was decided to include all 26 to

allow for attrition.

Table 7.3

Distribution of Sample by Year and Component B Response Grou

IA lEG SUCC FUNC TOTAL

YR 5/6 4* 3* 2* 1 10

YR 7 3* 4* 6 3 16

TOTAL 7 7 8 4 26

*Categories from which children left the study before completion

From the 26 children initially accepted into the study; 21 completed the two year

program; two children left for unexplained reasons (it is believed the reason was

associated with the stress of the interview); a third left school; and the remaining two

moved interstate. The remaining 21 students adequately represented the

primary/secondary division and the response levels of Component B. Although the

design was not a balanced design it was felt that the imbalance would not significantly

detract from the study.

Data Analysis Plan

The longitudinal study added two major elements of data to the information collected in

the survey study. The first of these elements was the variable of time, and the second

was the interview protocols designed to reveal more about the processes used by

children in their responses.

A general overview of the data analysis processes is presented in Figure 7.1. The

children's responses to each component were coded, using the categories described and

used in Chapters 4, 5 and 6. The coded responses were placed on a time line thus

providing a two dimensional profile for each child in the sample prior to subjecting the

data to analysis for each research question. The Rasch Partial Credit model (Adams &

Khoo 1993) was used to identify the existence of change in the responses during the

period of the study. These differences were subject to homogeneity analysis to test for

significance.
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Transcribed interviews
checked

Protocols coded for:

-research questions
-exemplary cases
-emerging issues
-apparent anomolies

Chapter 7
	

192	 Longitudinal Design

Component Responses

Children's written
responses to components

Coded as in Chapter 4

Placed on time line

Set of individual
profiles produced

Analysis

Integrate both data sources
in context of planned and emergent

research questions

Figure 7.1
Overview of Data Analysis Plan

The audiotaped interviews were transcribed by the interviewer and then checked by a

research assistant for accuracy. The transcriptions were coded initially for evidence

relevant to the research questions. However, as is common with qualitative data

analysis, issues emerged from the data and hence the transcripts were searched

repeatedly as new areas of interest were identified. It can be seen in Chapter 8 that the

initial three research questions of Theme 4 generated a number of sub-questions as the

analysis proceeded.

This repeated searching and coding produces a "sense" of the data as particular sections

of protocols are collected and reflect exemplary cases of that "sense" of data. These

exemplary cases are reported, together with examples of protocols that reflect directly

on the research questions. The transcripts perform an additional function. In cases

where apparent anomalies in the component responses have been identified, the

transcripts of interview were searched to reveal underlying explanations for these

anomalies. This interactive support of the two data sources reflects the processes

represented by the ellipse in Figure 7.1. The data sources interact within the context of

the specific research questions being addressed.
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Evaluation of the Longitudinal Study

A framework for the evaluation of the research design was presented in Chapter 3. This

framework consisted of reflecting the design against the concepts of validity and

reliability. A similar process is undertaken here.

While the survey was seen to have strong external validity due to the large sample, its

internal validity was more limited. This was due in part to the limitations of the large

scale of the survey, the possibility of children not making their "best effort" in

formulating responses, the lack of control the researcher had over the implementation

of the survey instrument, and the lack of ability to penetrate the meanings and cognitive

processes behind the responses.

This longitudinal study was described earlier as both a complement and supplement to

the survey and, as such, provides internal validity to the study by addressing the

weaknesses listed above. The interviewer can probe meanings and intentions with

follow-up questions to ensure 'best effort' responses and to clarify both meanings and

intent. Every interview will be conducted by the researcher instead of the class teacher.

Consequently, reasons for non-responses will be clearly understood and a deeper

understanding of the intention of a response will be gleaned.

However, these benefits have not been gained without some cost. The first and major

cost has been in the external validity of the longitudinal study. It has been necessary to

restrict the sample size to a very small subset of the original 1435 subjects. Thus the

generalisability of the findings is restricted. The external validity is further restricted by

two other design features. The first is the small number of schools used, which were

selected on the basis of convenience. The second is the attrition of subjects during the

study. Both of these issues adversely effect the representativeness of the sample even

though strategies for addressing the issue of attrition were taken and have been

described earlier in this chapter.

The use of the researcher to conduct all the interviews was cited above as overcoming a

shortcoming of the survey study. However, this procedure also had the effect of

removing the children and their responses from the natural setting of the classroom.

There were no obvious deleterious effects from this action, with the exception of some

children being placed under some stress by the researcher not commenting on the

responses. This matter was described earlier and remedial action outlined.
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The issue of reliability in qualitative research is also problematic. The methods used

are, to a degree, idiosyncratic to the researcher and hence external reliability can never

be perfectly achieved. However, two features of the longitudinal design contributed to

the external reliability. They involve using multiple structures for data collection. The

first was the use of written responses to the components of the stimulus items, and the

second was the use of the Newman Error Analysis interview structure to generate the

verbal component of the data.

The issue of internal reliability needs to be considered for each of the two data sources.

It was argued in Chapter 4 that the written responses of the children could be reliably

coded and there is no reason to believe that the same coding system could not be used

reliably in the environment of the longitudinal study. The second data source, the

transcribed interviews, was not subject to rigorous intercoder and intracoder reliability

measures. However, the protocols were repeatedly analysed by the researcher over an

extended period of time. This procedure developed in the researcher a thorough

knowledge of the phenomena being investigated, this was described earlier as the

`sense' of the data. If internal reliability is used in the sense of deeply and consistently

held views about the phenomena being observed, that have developed over a long

period of time, then it could be argued that the interpretations of the transcripts were

internally reliable. However, this does not mean that another researcher with a different

background might not have placed a different interpretation on the data.

While it is clear that the longitudinal study has some limitations, it should not be

viewed in isolation. It was designed to complement and supplement the survey study.

Hence, the theoretical framework and data analysis can be used as a means to establish

reliability and validity. If the findings of the longitudinal study do not support the

predictions and findings of the survey then the differences need to be made explicit and

discussed.

SUMMARY

This chapter has presented a research design to investigate the fourth research theme

identified in Chapter 3. This theme is concerned with the nature of growth in children's

responses to the components of the stimulus items over time. Thus a longitudinal

design has been outlined which involved collecting data from written responses and an

interview.
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Some alternative interview strategies were considered. The interview model chosen is

based on the clinical interview, but the data are integrated with a set of written

responses to facilitate greater validity and reliability. The data analysis plan takes into

account issues of validity and reliability and the study has been evaluated using these

concepts as a guiding framework. However, the emergent nature of the analysis has

been a countervailing influence on the process adopted.

The general theme of the study is developed into three research questions in the

introduction to the next chapter. Each of these research questions is, in turn, developed

into sub-questions in Chapter 8.
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Chapter 8

LONGITUDINAL ANALYSIS

Introduction

The data from the cross-sectional survey suggested that there was a developmental

hierarchy in students' ability to provide a generalised description of a number pattern.

In addition to this hierarchy, the Developmental Model presented in Chapter 5

suggested a second hierarchy associated with children's ability to identify data elements

from the stimulus item and to successfully process that data. In the initial statement of

research questions in Chapter 3 a research theme was identified that asked:

Theme 4
How do children's description of number patterns using both natural
language and symbolic language change over time?

This theme can be addressed by considering three research questions, namely:

Research Question 4.1
Does children's ability to express generality using natural language
change over time?

Research Question 4.2
Do children use functional (FUNC) pattern descriptions in response to
stimulus items with simple data sets prior to their use in response to
stimulus items with multistructural or relational data sets?

Research Question 4.3
Does the symbolic language of algebra follow the natural language
development?



Multistructural.

Two data elements that were presented in a context that enabled the children to identify

the necessary elements without the need to integrate the elements, e.g.,

Within the longitudinal study this is referred to as Stimulus Item 2.

M=3 +
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These research questions are considered by analysing the responses to three stimulus

item types which are considered to reflect the three levels of data complexity described

earlier. These levels are:

Unistructural.

One data element that was presented in a context such as wheels on tricycles or

(44
matchstick diagrams, e.g., Y=3X

Within the longitudinal study this is referred to as Stimulus Item 1.

Relational.

Successful pattern description required the integration of the data. This required that the

data was presented in the form of a table and not in a physical context, e.g.,
0 I 1 12

P I 2 15
Y=3X-1 . Within the longitudinal study this is referred to as Stimulus Item 3. 

The three sections of this chapter each focus on one of the research questions presented

above. The first section addresses the issue of change in children's ability to express

generality. The second section considers the issue of item complexity, and the third

section discusses the emergence of algebraic symbolism. Integrated with the more

general discussion are some methodological issues.

EXPRESSING GENERALITY: CHANGE OVER TIME

This section addresses the research question:

Research Question 4.1
Does children's ability to express generality using natural language
change over time?

This question is addressed by considering three specific issues. The first is:
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What range of longitudinal response patterns can be identified among
the sample of the study?

This matter is discussed in the first two parts of this section by consideration of the

response profiles of four children who represent extremes in the patterns of responses.

The second issue is:

Can an improvement in the children's ability to express generality over
the two years of the study be detected?

This issue is discussed in the third part of the section by applying a Rasch analysis to

the data.

The final issue is:

Do children's pattern descriptions follow the hypothesised hierarchy of
growth from inappropriate responses to the description of functions?

This question is the subject of the final part of this section and is addressed by

comparing and contrasting the sequences of development of the 21 children of the

sample.

Longitudinal Response Patterns

The five responses for each of the three stimulus items for each child were coded using

the same coding system as was used for the loglinear modelling of Chapter 6.

Individual development profiles were developed that reflect the child's performance

over time on each stimulus item type in both natural language (Component B) and use

of symbolic notation (Component D). These profiles are reported in full in Appendix

8.1. In all these figures the profile for natural language is indicated by • and refers to the

labels on the left-hand axis. The symbolic notation profile uses the 0 symbol and refers

to the labels on the right-hand axis. Examples of the individual profiles are shown here

in Figures 8.1 to 8.4. These examples have been chosen to demonstrate the variety of

performance profiles among the 21 participants. The first two show contrasting stability

in the development paths, and the second pair reflect the extremes of ability among the

participating children.



•
FUNC -

SUCC

lEG 1 6

IA	 I	 I	 I	 I
1	 2	 3	 4	 5

	Z.

•
	I

1	 2	 3	 4	 5

1

1	 2	 3	 4	 5

ALG

REPT

OS

NA

Chapter 8	 199	 Longitudinal Analysis

Stability of Response Path

Erica's profile is reported in Figure 8.1 and reflects progress over the two years of the

study in both her ability to express generality and her ability to use complex data sets.

Item 1
	

Item 2
	

Item 3
Language •	 Symbols 0

time	 time	 time

Figure 8.1
Response Profile of Erica

She has used three response categories for her pattern descriptions and in general has

moved in the sequence:

1EG - -■• SUCC - FUNC

She regressed on one occasion (Study 3, Stimulus Item 3

response of:

0 I 1 12

P I 2 15
Y=3X-1 ) when her 

Erica: If you had 7 and you wanted the answer, it would be doubled and
add 7 onto it. Answer 21.

indicated an incorrect lEG response. However, the protocol supporting her answer

indicated an attempt to provide a more adequate reply had led to some confusion.

Researcher: In Part (B) you have given a specific example. How did
you do it?
Erica: You multiply the top number by itself and add whatever the
number is like ....that one there is just the same.
Researcher: Where did you get this rule from? You have gone 7 by 2
and added 7. Why?
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Erica: Urn 	 I don't know.
Researcher: Does it work for 5?
Erica: No.

It is apparent that Erica was trying to provide a more sophisticated reply and the

consequent cognitive demand involved in handling the relational data set resulted in a

reduced generality in her pattern description. This is a good example of the instability

in moving from one level of operation to another as predicted by the SOLO Taxonomy.

However, Figure 8.1 shows that the transition to the highest response category was

achieved. Of note is the fact that this improvement in her use of natural language

03,appeared first in Stimulus Item 1 with a less complex data set than the

multistructural data set of Stimulus Item 2 ,and finally in Stimulus Item 3

01 1 2P 2 5
Y=3X-1 with a relational data set. It is clear that Erica's use of symbols followed,

or developed concurrently with, her natural language descriptions. This is evidenced by

her symbol profile never being above her natural language profile.

In contrast to the relatively orderly development displayed by Erica is the profile of

Garth displayed in Figure 8.2. While Garth has responded in the four categories of IA

lEG, SUCC and FUNC over the period of the study, it could not be said that there is

evidence of an orderly development. His high level of performance in Study 2 in the

use of both natural language and symbols was not consistently used again.

Item 1
Language •

Item 2 Item 3
Symbols 0

time timetime

Figure 8.2
Response Profile of Garth
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Investigation of the protocols for Garth indicate that the responses coded as FUNC
were a real struggle for him and there is evidence that he is unsure of the adequacy of

his pattern description. For Stimulus Item 2 in Study 2

Researcher: Question 2, Part (B)?
Garth: Houses minus 1 times 4 plus 5. (then he writes Times four by
any length then minus the left over one).
Researcher: How does that work?
Garth: Um....just have it just like that. Just have the houses minus the
1 ...plus 4..
Researcher: Why are you subtracting 1?
Garth: To get the precise answer to get times 4 and then 5, to give you
that answer.
Researcher: OK, read this.
Garth: (Reads answer to Part (B))
That's what I've done. I should have plussed that one up here.
Researcher: Explain.
Garth: You have got your houses then you plus the 1 then minus 4
which you add to give 5 which equals matches 	
Researcher: Can you use that, find how many matches in 4 houses?
Garth: You could use it.
Researcher: How?
Garth: You keep on plussing whatever number until you get 17.
Researcher: You keep on adding 4?
Let's ask a new question....How many matches in a row of 12 houses?
Garth: (Picks up a calculator). 12 times 5, Oh, hang on. 12 times 5
minus 12 because there is 5 in one house and you just add 4 to get 2
houses and that comes to 9.
Researcher: How does that fit with Part (B)? You are not using that
rule.
Garth: No.

p1519 9

14X+Y=In Study 3 Stimulus Item 3 	  Garth provided a FUNC response that was
focused on one set of data thus suggesting that he was not capable of operating at high
levels on both dimensions of the model described in Chapter 4. The following protocol
demonstrates this variability.

Researcher: Part (A)
Garth: 	 21
Researcher: How did you do that?
Garth: Well there is four in between each number on the bottom.
Researcher: Part (B)?
Garth: The top number timesed itself and the added one.
Researcher: How do you know that is right?
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Researcher: How do you know that is right?
Garth: 4 times 	 4 is 16 plus 1 	 is 17 	 3 times 3 is 9....that is
not right 	 2 times 4 is 8 	 That's right 	 It doesn't work on
number 3.
Researcher: Did you only try it for one number?
Garth: I only tried it for that one (Points to Part (A)).
Researcher: What about 1?
Garth: 1 times 4 is 4 and added 1 	 It works.
Researcher: What about the other numbers?
Garth: That one doesn't work ...3 times 3 is 9...0h yes that works ...3
times 4 is 12.

Garth's response of

Garth: Just add them all up. All the matches.

•

e
14X+Y=to Stimulus Item 2 in Study 4 	  was coded as inappropriate (IA). This

reflected a laziness and lack of willingness to co-operate at the interview and could not

be argued to be his 'best effort'. In fact his responses to Component C of:

Garth: 	 Just plus 4 plus 4... up to 80 times.
Researcher: How many times would you have to add 4?
Garth: 75 times 	 No 79 times 	  yes 	  a long way 	
Urn 	

indicated a better understanding than the vagueness and lack of precision of Component

B. This was the only occasion when Garth's use of symbols exceeded his use of natural

language.

It is clear from this evidence, whatever general principles might be developed about

cognitive growth they are descriptive rather than prescriptive and considerable

variability in children's responses exists. Further, many independent variables that

cannot be adequately controlled influence performance in a study such as this. At best

the coding system adopted needs to be seen as 'coarse' and therefore a more 'fine

grained' analysis provided by the protocols is needed to fully explain an individual's

performance, or development, over a period of time.
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Response Paths and Ability

While Garth exhibited most variability in his responses, Lisa could arguably have

provided the weakest set of responses. Figure 8.3 presents her response profile.

Language • Item 
1
	

Item 2
	

Item 3 Symbols 0

time
	

time	 time

Figure 8.3
Response Profile of Lisa

The initial pattern descriptions took the form of:

Lisa: The English they wouldn't been ride these today. They call bike or
tricycles.

While her symbol description was:

Lisa:	 59x
13

177
590
767

After some discussion, it was discovered that she had taken the number of letters in her

sentence and multiplied it by the number of words. The researcher's interested questions

seemed to induce in Lisa the feeling that these were excellent responses and hence they

were repeated in Study 2. However, progress was indicated after Study 2. Her responses

incorporated lEG, SUCC and a single FUNC response to Stimulus Item 1 in Study 5

654
Y=3 X	 that has a unistructural data set. The successive description (SUCC) was

only achieved with a multistructural data set. The low level response to Stimulus Item 2
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in Study 5 was similar to the response of Garth and further questioning indicated a
deeper understanding and an indication of a lazy response to the initial question.

Lisa: You just add the number by a different number.
Researcher: What is a different number?
Lisa: Three.
Researcher: Can you give a better rule?
Lisa: Add four plus three plus three and keep going.

In sharp contrast to Lisa's profile is that of David, who was able to provide functional

(FUNC) pattern descriptions supported by appropriate algebraic description as early as

Year 6, prior to any formal instruction in algebra. In Figure 8.4 David's profile is

presented diagrammatically.

Item 1	 Item 2	 Item 3
Language •	 Symbols 0

1	 1
FUNC i I ir 46  Q O--"O	 Z.- Z. b	 a a	 4,6, 44 •	 • ALG

SUCC -	 - REPT

IEG -	 OS

IA 	 I	 I	 I	 I	 I I	 I	 I	 I	 I	 I	 I	 6 	 NA

1	 2 3	 4 5	 1	 2	 3	 4	 5	 1	 2 3	 4	 5

time	 time	 time
Figure 8.4

Response Profile of David

This is an example of the ceiling effect that prevents David displaying cognitive
q I 1 12

I 2 15
3X-Y= 1growth. The responses of Study 4, Stimulus Item 3 	 , is the only 'blemish'

on an otherwise perfect record. The 'blemish' was cause by David's inability to identify

the appropriate numerical operations which he knew to be needed.

David: 	
Researcher: What are you looking at?
David: Can't work out the rule.
Researcher: What have you tried?
David: Double minus 1 	 squared 	 minus 	 12 (for Part
(A))
Researcher: How did you get Part (A)?
David: Double minus 2 is double that minus 1 double that plus 1, double
plus 2 	
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Researcher: How about 60 (Part (C))?
David: 	
(Return after interview and completion of all other items).
David: 	
Researcher: What are you trying?
David: A pattern 	 times 6 minus 4 	
Researcher: Give up?
David: Yes.

David was unwilling to respond at any level other than the highest level. Indeed,

children responding consistently at the FUNC level developed appropriate language for

a functional description prior to responding to Component A, which could easily be

answered by counting or using a successive strategy.

These four examples of student profiles have been provided to demonstrate the

variability in growth patterns over the two years of the study; however, they do not lead

to any general conclusions. To arrive at some more general conclusions than the focus

on individuals allows, an overview of the data was sought.

Overview of Change

This part addresses the question of:

Can an improvement in the children's ability to express generality over
the two years of the study be detected?

In determining whether or not there was a general change in children's ability to

describe number patterns, attention was to be focused on each of the three stimulus

items. The Rasch model has been used here to assist in the identification of changes

over time in students' ability to respond to the stimulus items. This was facilitated by an

analysis of the item difficulty delta values reported by the item analysis statistic, "Stat-

Tau", option of Quest (Adams &Khoo 1993, p.34).

Traditionally the Rasch model has been used to analyse students' responses at a single

point in time on a number of items of variable difficulty. The Rasch model is capable of
reporting Si values for each item. The 6i values indicate the difficulty of that item in

Study i compared to the other items in the set (Adams and Khoo 1993). If a set of

identical items is presented to children over a period of time then the item difficulty
(6i ) values reflect changes in the children's ability to respond to the items. Hence, it is

hypothesised that an item in Study 1 will have a higher difficulty value than the
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corresponding stimulus item in Study 2 and so on until Study 5. That is, for Stimulus

654
Item 1 Y=3X is

81 > 62 > 63 > 64 > 65 ?

Similarly, for Stimulus Item 2 is

81 > > > 84 > 65 ?

El I 1 12

I 2 15

3X-Y= 1Finally, for Stimulus Item 3 	 is
81 > 62 > 83 > 84 > 85 ?

Once the values of 6, are established their sequence can be simply observed; however,

some test of significance of the differences needs to be applied. A number of

alternatives in structuring such a test are available. The existence of a difference

between the five delta values could be investigated, (i) by considering the null

hypothesis that:
H0 :81 = 82 = 83 = 84 = 85,

(ii) by investigating stepwise differences using the null hypotheses:
I-1:6,= 82

H0 :62 = 83

1-10 : 63 = 84

H0 :64 = 85

or (iii) by investigating the significance or otherwise of the total change over the two-

year period. The null hypothesis for this investigation would be:
H0 :81 = 35

It was decided to use the first and third methods for investigating significant differences

since they would provide answers to the questions:

Does any significant difference exist? and,

Was there a significant difference over the two-year period of the study?

Method (ii) was seen to have less potential since the repeated testing would result in

increasing the chance of a Type I error, and since the SOLO Taxonomy predicts some

instability in responses during development from one level to the next it would be
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possible for reversals in delta values to appear. These reversals would be most likely in

adjacent studies with little development time between them.

The test for homogeneity of effect sizes described in Chapter 4 was used for

investigating the significance or otherwise of differences among a set of item

difficulties. However, difficulties arose in the application of this analysis due to a

ceiling effect on Stimulus Item 1. Table 8.1 reports the frequencies of response for

6)4
Y = 3 XComponent B of Stimulus Item 1	 . It is clear that there is a general shift

from the lower levels of response to the higher levels over the two-year period. There is

also a ceiling effect on many of the children's responses as they were already

responding at the highest level at the beginning of the study or they achieved responses

at the highest level during the study. Attempts to use the Rasch model on the data for

Stimulus Item 1 of the longitudinal study proved problematic. The responses to this

item in Study 5 were all at the highest level (FUNC) and, as a consequence, the Quest

program reported only that the item had a perfect score and did not provide an index of

item difficulty. In addition, 13 of the cases were removed from the analysis by Quest

since they had a perfect score. Quest only uses cases and items that do not have a

perfect score. As a result of this, Stimulus Item 1 was excluded from the tests of

significance and the investigation using Quest proceeded with only Stimulus Items 2

and 3. The ceiling effect was also noticed in the Rasch data for Stimulus Items 2 and 3;

however, this effect was less dramatic than for Stimulus Item 1. Some of the infit

statistics indicated a number of reversals, which were to be expected for two reasons.

Table 8.1  

Frequency of Responses for Stimulus Item 1 
h4
Y=3X  

Component B (n=21)

IA lEG SUCC FUNC

Study 1 3 7 0 11

Study 2 3 3 0 15

Study 3 1 1 3 16

Study 4 0 1 1 19

Study 5 0 0 0 21
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The first is the volatility of responses predicted by SOLO as transition between

cognitive structures occurs. Secondly, the items lose power to discriminate as the

ceiling is approached and a reversal is therefore more likely to occur. The fit statistics

are reported in Appendix 8.2.

Y=3 + llTable 8.2 reports the frequency data for Component B of Stimulus Item 2•

Once again a consistent pattern of growth is evident across the two years of the study.

The ranks of the item difficulty values (6) are consistent with the predicted pattern, i.e.,
Sl >V2 > 83 > 84 > 85.

Further, on investigating the homogeneity of effect sizes, using the Q value described

above, it was found that the differences are significant at the 0.01 confidence level.

(Q=20.599, df =4). Hence the null hypothesis that
Ho : Sl = 62 = 63 = 64 = 65

is rejected. Additionally, the null hypothesis of equality of delta values between Study 1

and Study 5 was rejected. (Q=15.738, df=1 and P<0.01).

Table 8.2

(n=21)

Frequency of Responses for Stimulus Item 2
Y=3

IA lEG SUCC FUNC Difficulty

(6)
SD

Rank of

Difficulty

6
Study 1 8 5 3 5 1.14

.29

1

Study 2 3 4 5 9 .09

.31

2

Study 3 2 0 11 8 .08

.37

3

Study 4 2 0 6 13 -.49

.37

4

Study 5 1 0 6 14 -.82

.40

5
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Table 8.3 presents the frequency of response categories for Component B of Stimulus

q I 1 12
, I 2 15

1-3X=YItem 3 	  . Once again there is clear evidence of growth among the 21

children over the period of the study. The rank of item difficulty (S) values indicates a

largely consistent pattern of growth from Study 1 to Study 5. There is a variation from

the predicted sequence in that Study 2 proved to be easier than Study 3. Thus in cannot

be argued that

61 > 82 > 83 > 84 > 85

However, it can be argued that the null hypothesis:
1/0 : Si = 82 = 63 = 64 = 65

needs to be rejected since Q=25.04 (df=4), which is significant at the 0.01 confidence

level. Further the null hypothesis that
Ho :Si = 85

is also rejected, indicating that 61 is significantly different from 35 (Q=18.50, df=1,

P<0.01).

This analysis suggests that there was a significant change in children's responses to

Stimulus Item 3 over the two-year period of the study

Table 8.3

Frequency of Responses for Stimulus Item 3

(n=21) IA lEG SUCC FUNC Difficulty

(3)

SD

Rank of

Difficulty

6

Study 1 5 3 10 3 1.02
.28

1

Study 2 5 1 5 10 .06

.30

3

Study 3 3 0 5 13 .08

.34
2

Study 4 4 0 6 11 -.43
.34

4

Study 5 1 1 7 12 -.74

.38

5
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From the discussion in this part there is strong evidence in support of the proposition

that:

An improvement in the children's ability to express generality over the
two years of the study can be detected?

While there is clear evidence of general growth, what can be said about the actual path
taken by the children in the sample? This is the focus of interest in the next part.

Sequence of Development

In the survey study a pattern of growth in children's natural language descriptions of

number patterns was hypothesised. Namely,

lEG --• SUCC - I■ FUNC

This part addresses the research question:

Do children's pattern descriptions follow the hypothesised hierarchy of
growth from inappropriate responses to the description of functions?

To consider this question each of the three stimulus items is discussed separately.

YIn Stimulus Item 1  3 (7 , ten children demonstrated some degree of growth.

The other 11 performed at the FUNC level in each of the five studies. Of the 10
children only Willi provided responses in each intermediate category, i.e.,

lEG --■ SUCC --•' FUNC

Seven children jumped from the lEG category to the FUNC category, omitting the
successive (SUCC) response. It will be remembered that this stimulus item had a very
low frequency in the SUCC category in the cross-sectional survey and hence is

consistent with the longitudinal results. Of note is the fact that all seven children used

successive (SUCC) responses in other items. It would seem that the simple data

structure of this item reduces cognitive load and enables children to make functional

responses. The remaining children, Robert and Tim, jumped from the IA category to

the FUNC category, omitting both lEG and SUCC. Once again, these children

responded in the omitted categories in other items.
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It is also useful to look at the number of regressions for Stimulus Item 1. A regression is

defined as a response that is at a level lower than a previous response. Out of a total of

84 transitions only two were regressive. These were made by Lydia and Garth. Lydia's

response pattern was :

lEG H FUNC -• SUCC - -• FUNC --■ FUNC

Garth also used three categories, with the following pattern:

SUCC --■ SUCC - ■ FUNC

The number of regressions contrasts with 14 upward shifts in response.

In comparison to the low number of reversals in Stimulus Item 1 are the 10 reversals

7that occurred in the 84 transitions for Stimulus Item 2  Y=3 +el . This increased

variability reflects the more difficult nature of the stimulus item. Sixteen of the 21

children showed some progress on this item. Four children responded only at the

highest level and Willi made five successive (SUCC) responses. As in Stimulus Item 1,

there were a number of growth patterns. Three children used the three categories:

lEG - -. SUCC --• FUNC

Four children jumped the SUCC category

IA - ■ lEG - ■ FUNC

and four jumped the lEG category.

IA --• SUCC --■ FUNC

The remaining two children jumped from IA to FUNC

IA --■ FUNC
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2

P 2 5
Y=3X-1A similar pattern was evident in the responses to Stimulus Item 3

Seventeen children showed growth and of these five jumped a category. As predicted

by the survey results, four jumped the lEG category, i.e.

IA --• SUCC --■ FUNC

and one jumped both the lEG and SUCC categories, i.e.

IA --• FUNC

Once again the number of reversals was low, with only 10 occurring in 84 transitions.

Finally, as a general observation, only one child jumped a category in all three stimulus

items. Figure 8.5 shows Sarah's profile and it can be seen that she made no response in

the lEG category.

time	 time	 time
Figure 8.5

Response Profile of Sarah

All other children either used only adjacent categories or used the intermediate

categories at least once in a minimum of one of the stimulus items.

In answer to the research question:

Do children's pattern descriptions follow the hypothesised hierarchy of
growth from inappropriate responses to the description of functions?
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evidence has been produced to indicate that among the sample of 21 children there was

a general movement from the lower level response categories to the higher level

response categories and that movement was statistically significant. Additionally, the

categories IA, lEG, SUCC and FUNC do appear to indicate the developmental path

followed by children. However, this developmental path appears to be descriptive rather

than prescriptive, i.e., not all children responded in every category during the five

interventions of this longitudinal study. Some children appeared to jump a category. As

reported in the analysis of the survey data, the use of some categories varies with item

type.

This discussion has focused on the issue of development in the expressing generality

dimension of the Development Model outlined in Chapter 5. The next section discusses

the issue of development in the data processing dimension of the model.

GROWTH IN THE DATA PROCESSING DIMENSION

Chapter 5 reported evidence to indicate a significant difference between item

difficulties on Component B for stimulus items with a unistructural data set when

compared with stimulus items with multistructural or relational data sets. The

differences between children's ability to use natural language to describe

multistructural data sets when compared with relational data sets were less clear.

However, significant differences were found between these data sets on Component C,

which involved calculating an uncountable example. With this as background, the

following research question is discussed.

Research Question 4.2
Do children use functional (FUNC) pattern descriptions in response to
stimulus items with simple data sets prior to their use in response to
stimulus items with multistructural or relational data sets?

This question is considered by addressing two specific sub-questions:

Do children use functional responses in unistructural data set
environments before multistructural data set environments?

and,

Do children use functional responses in multistructural data set
environments before relational data set environments?

Figure 8.6 shows the frequency of functional (FUNC) responses on each of the three

stimulus items for each of the five studies. It can be seen that the frequency of
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(44
Y = 3 Xfunctional (FUNC) responses was higher for Stimulus Item 1	 for all five

studies and that there is little difference in the frequencies between Stimulus Item 2
2

P 2 5
1Y=3X-	 and 3 	 . However, to compare the timing of the first occurrence

of functional pattern descriptions across items an analysis of the response profiles (see

Appendix 8.1) was made. These analyses are the subject of the two parts of this section.

0 I 

Study 1
	

Study 2	 Study 3	 Study 4	 Study 5

Time

Figure 8.6
Frequency of Functional Responses Across Five Studies

Unistructural and Multistructural Data Sets

Table 8.4 provides a summary of the stimulus items for which the children initially

provided a functional (FUN C) response. The first column indicates that 13 children
responded in the FUNC category for stimulus item 1 prior to Stimulus Item 2 or 3. Tina

is an example of children in this group. Her profile, shown here as Figure 8.7 indicates
that she produced FUNC responses to Stimulus Item 1 in Study 1 and to Stimulus Item
2 in Study 2. She used no FUNC responses for Stimulus Item 3.

Seven children responded in the FUNC category for Stimulus Item 1 simultaneously

with Stimulus Item 2 or 3. Of these, six children responded at this level in the first

study and hence need to be excluded from this analysis since order cannot be

determined. David's profile, reported previously as Figure 8.4, is an example of this

group of responses.
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Table 8.4
Stimulus Item for which the Function (FUNC) Response First Appeared.

Item 1 Compared with Item 2 or 3
Item 1 before Item 2 or 3 Item 1 simultaneously with

Item 2 or 3
Item 2 or 3 before Item 1

Jackie Garth Anthony
Emily
Brett
Tina
Sarah
Lydia
Erica
Jessica David*
Kris Ashley*
Lisa Phillip*
Robert Peter*
Tim Kelly*
Willi Jeff*

* Indicates FUNC appeared in first study on both items

Item 3
Symbols 0
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Figure 8.7
Response Profile of Tina

The only student who responded to Stimulus Item 2 at the relational level (FUNC) prior

to Stimulus Item 1 was Anthony, whose profile is shown as Figure 8.8 Anthony's

profile has another unusual feature in that he was able to write an algebraic description

of the pattern after giving a low level natural language description. Investigation of the

protocols indicates that he was in a transition stage during Study 2. In Study 1 he had

(44
responded to Component B of Stimulus item 1 Y=3 X with:

Anthony: For an order of 10 tricycles he will need 30 wheels.
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and was unable to offer any symbolic description. However, six months later his reply

for the same item was:

Anthony: If the manufacturer is making say 10 trikes he will need to
times 10 by 3 to get the number of wheels needed.

This reflects a shift in emphasis from the mere reporting of a fact to the reporting of a

process. This view was further supported by his symbolic description of:

Anthony: W=t3
W=wheels	 t=tricycle

It appears that his use of language does not represent accurately his level of

conceptualisation during this transition stage. Or is the coding system too 'coarse' to

capture the subtle developments as children's cognition develops. The complexity of

this transition stage was again evident in Anthony's response to Stimulus Item 2

during the second study.

Researcher: How did you do Part (A)?
Anthony: For every house starting off with 1 house you need 5 matches
and to add another house you need 4 for every one then I counted up
those there and added 4 more.
Researcher: Added 4 more? (Those there are the number for an extra
house). So you have counted matches for 3 houses and added on 4 to
get 17.
Anthony: Yes.
Researcher: Part (B), you have used a different rule.
Anthony: Starting with one house add 4 each time 	  (goes to Part
(C)) 	  37 x4+1=149.
(then returns to Part (B) and changes description) 	  Times the
number of houses by 4 and add 1.

Anthony had realised the advantage of the functional description during the exercise. It

was as if the researcher had captured the very moment when a change in cognitive

process had taken place. This change explains why Anthony's responses may not have

followed the predictions of the theoretical model.

From the above discussion it can be seen that there is considerable support for the

proposition that functional (FUNC) pattern descriptions occur in response to stimulus

items with unistructural data sets prior to occurring in response to stimulus items with

multistructural or relational data sets. However, the same clear picture was not evident

when multistructural and relational data sets were compared.
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Response Profile of Anthony
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=Table 8.5 reports on which of Stimulus Items 2 	 or 3  Y3X-1children

first used a functional (FUNC) description. Of the six who provided a FUNC response

to Stimulus Item 2 before Stimulus Item 3, five provided successive descriptions for

Stimulus Item 3, and all were unable to correctly respond to the uncountable example in

Component C of this item. Tina's protocol for Study 2 provides an insight into the

difficulties these children faced.

Table 8.5
Stimulus Item for which theFunction (FUNC) Response First Appeared.

Item 2 Compared with Item 3
Item 2 before Item 3 Item 2 simultaneously with

Item 3
Item 3 before Item 2

Anthony Emily Jackie
Tina Brett Sarah
Phillip Garth Peter
Kelly Jessica Lydia
Jeff Kris
Erica
2 children used FUNC responses on both items in the first study.
4 children did not use FUNC responses on either of the items.

Researcher: How did you get 17 for Part (A)?
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Tina: There are 4 matchsticks in the 1st one plus you take one off...
they add on 1 ...like 4+5.
Researcher: What did you do next?
Tina: I did Part (C) first. 37 x 4 +1=149
Researcher: Why?
Tina: Just to work out how to do it then I wrote it down (Part (B)).
Times the number of houses by 4 and add 1.

Tina has responded confidently and accurately. She voluntarily used Component C as

part of a strategy to develop a functional description. However, a different picture is

presented when she is confronted with the relational data set of Stimulus Item 3 in the

same study.

2

Researcher: How did you get 14 for Part (A)?
Tina: Added on 2 from when it was going up by 2 and added 9 to 5
Researcher: Try Part (B).
Tina: 	 Um...I don't know what it would be 	 Unl....I don't know.
Researcher: Why don't you try Part (C)?
Tina: 	
Researcher: Can't get started?
Tina: No
Researcher: What are you trying to do?
Tina: Trying to work out how to get that (top line) into that (bottom
line)..Like how much to add onto it.
Researcher: I see.
Tina: Adding 2 to question 5 ..I think...Um....add onto the 1st thing at
the top I add 2 to the one I added on before it....It goes up by 2 	 I don't
know....
Researcher: No...(after some minutes she did not seem to be able to
get past the adding of a number).

QI 2 I5
Y=3X-1

Tina was unable to identify the appropriate number facts to facilitate a pattern

description at the relational level. Anthony had similar problems and his effort to find

the appropriate number facts for this item was typical of this group of students.

Researcher: Part (A)?
Anthony: 14.
Researcher: How did you get that?
Anthony: 1 x2, then 2x2+1, then 3x2+2, 4x2+3 so 5x2+4.
Researcher: Part (B)?
Anthony: 	
Researcher: But you couldn't write that down? (points to working for
Part (A))
Anthony: I just can't work it out 	 No.

Thus, this group of children demonstrated a fundamental difference in their ability to

identify and describe the data elements of the two stimulus items. They found the
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multistructural data elements of Stimulus Item 2 easier than the relational data elements

of Stimulus Item 3.

The focus of attention now shifts to the five children who responded at the functional

prior to providing a

As Table 8.5 indicates, there are five students in this category. One of those students

failed to respond at all to Stimulus Item 2 in the original study due to a lack of time. It

will be recalled that the first study was conducted by the class teacher. Peter wrote on

his response sheet:

Peter: I can do this but I have run out of time.

Figure 8.9 shows Peter's profile and indicates his generally competent performance. In

addition, he responded to the second multistructural item in Study 1

a functional pattern description of:

with

Peter: The tricycle manufacturer will need two times the amount of
people that it will carry plus one to get the amount of wheels needed.

Thus he can be excluded from the group under current discussion and would more

appropriately be placed in the group who demonstrated an ability in the first study to
reply to all items at the functional (FUNC) level.



•••••

	

FUNC 0 0 0 0 0

SUCC

TEG

IA	 I	 I	 I	 I

	

1	 2 3	 4 5

1•	 ••

1	 2	 3	 4	 5 1	 2 3	 4 5

ALG

REPT

OS

NA

Chapter 8	 220	 Longitudinal Analysis

Item 1	 Item 2	 Item 3
Language •	 Symbols 0

r	 1
FUNC	 0 0 0	 6	 6 6 a C. O—O—OALG

SUCC	 REFT

1EG	 OS

IA	 I	 I	 I	 I	 6	 1	 1	 i	 i	 1	 i	 i	 I	 NA

1	 2 3 4 5	 1	 2	 3	 4	 5	 1	 2 3	 4	 5
time	 time	 time

Figure 8.9
Response Profile of Peter

Sarah is typical of the group under consideration. Her profile, repeated here as Figure

8.10, shows how she consistently responded to Stimulus Item 2 using successive

(SUCC) responses while providing functional responses to Stimulus Item 3. What is of

interest is the fact that she was able to provide competent answers to Component C

(uncountable example) of Stimulus Item 2. This is in contrast to the previous group,

who were unable to provide correct answers to Component C. Sarah's protocol for

Study 2 and 3 demonstrates this point.

Language • Item 1
	

Item 2
	

Item 3 Symbols 0

time
	

time
	

time

Figure 8.10
Response Profile of Sarah

Researcher: How did you get 17 for Part (A)?
Sarah: Counted them.
Researcher: Try Part (B).
Sarah: Start with 5 matches and for every house then just add 4.
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Researcher Ok. How could you do Part (C)?
Sarah: Don't know. 4 times 37 plus 5.

The method of solution identified by Sarah described processes different from her

natural language description of Component B, while the data elements were the same as

those of Component B. She had failed to relate the data components to ensure a correct

value for the independent variable. If Sarah had perceived the pattern as beginning with

1 and adding 4 for each house, it is very likely that she would have correctly answered

Component C. The choice of this initial perception seemed quite arbitrary. Sarah's

failure to provide a successful overview of the data is indicative of multistructural

behaviour. Further evidence of this view was her failure to resolve conflict in her

answers even after they were pointed out to her.

Researcher: Does that method work for 4 houses?
Sarah: No.
Researcher: Is that a problem? Which way is right?
Sarah: I don't know 	
Researcher: In a test, which of those answers would you choose?
Sarah: 17 probably.
Researcher: Why?
Sarah: Don't know.

These responses were in contrast to Sarah's answers to Stimulus Item 3.

Researcher: Try Part (B).
Sarah: Times the top number by three and take away one.
Researcher: Part (C)?
Sarah: 60 x 3 -1 = 179.

In Stimulus Item 2 of Study 3 Sarah provided the same level of response as the previous

study; however, on this occasion her Component C responses indicated that a shift in

her ability to successfully process the data had taken place. In addition there was a

conflict between her rule for Component B and the method of calculation for

Component C.

Researcher: Part (A).
Sarah: 9.
Researcher: How did you do that?
Sarah: Counted and added 2.
Researcher: Try Part (B).
Sarah: Add another 2 to make a triangle.
Researcher: Part (C)?

El I 1 12

P I 2 15
Y=3X-1
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Sarah: (On calculator 79 x 2 plus 3) 161
Researcher: That is not the same rule as Part (B).
Sarah: No.
Researcher: Could you write the rule that you used?
Sarah: Start with 3 and add another 2.
Researcher: That is still not the rule you used in (C).
Sarah: Yes it is.
Researcher: But you used multiplication and that rule says nothing
about multiplication.
Imagine you are running a factory and you needed to instruct an
employee on how to work out how many matches you needed for the
days production of triangles. What rule would you give him?
Sarah: 	 I Don't know.

In the same study Sarah responded confidently to Stimulus Item 3 with:

0 I 1 2

5 19
Y=4X+1 Sarah: Times by 4 and add 1.

Researcher: Part (C)?
Sarah: 4x60+1=241.

There seems to be a significant difference between Sarah and the group discussed above

in what is causing the variety in responses between the two stimulus item types. The

earlier group were unable to identify data elements for the relational data sets and hence

were unable to reply to Component C. However, Sarah and the other members of her

group were able to identify data elements of the multistructural data sets and use them

in the context of replying to Component C. The reason for the lower level pattern

descriptions on the simpler items remains elusive. It may be that, for some children,

Stimulus Item 2 provides a dominant ikonic image of the pattern which does not readily

translate into the notion of a function, while Stimulus Item 3 does not provide an ikonic

image and hence the respondent is forced to think only in the concrete symbolic mode.

However, the major point to be made is that while this group of children responded at

the functional (FUNC) level on Stimulus Item 3 prior to responding at that level on

Stimulus Item 2 it was not because they were unable to identify the appropriate data set

and therefore the responses do not contradict the predictions of the model. It does

introduce possible insight into the nature of some item effects that could influence the

nature of children's pattern descriptions.

Two other groups from Table 8.5 provided evidence that Stimulus Item 3 provided a

data set that was more difficult to identify than Stimulus Item 2. David's struggle to

identify the appropriate data element of Stimulus Item 3 in Study 4 has already been
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reported. This was not an isolated occurrence for the relational data set. Ashley's

protocol for Study 5 is typical of the difficulty many children had.

Researcher: Part (A)
Ashley: 14
Researcher: How did you do that?
Ashley: You add three from the last number. There must be a better
way?
Researcher: Why?
Ashley: It's hard to put in an English sentence 	 I'll have to put it
that way 	 To turn the top number into the bottom number.
Researcher: (Leaves Part (B) ) Part (C)?
Ashley: 	 60 	 minus 2 because it starts on two 	
(agonises for ages)
	 add three for each number

Researcher: What are you trying to do?
Ashley: Adding three to the last number.
Researcher: Why aren't you happy with that?
Ashley: It's too hard to work out something like 60
Researcher: So what are you looking for?
Ashley: an easier way of writing it down 	 I
KNOW	 Multiply the top number by 3 and then minus one.
Researcher: Part (C)?
Ashley: 60 x 3 -1 = 179.

As a consequence of the discussion in this section the support for an affirmative

response to the research question:

Do children use functional responses in multistructural data set
environments before relational data set environments?

needs to be qualified. It is clear that children could in general provide a functional

pattern description to an item with a unistructural data set prior to the items with more

complex data sets. Such a difference was not found between multistructural data sets

and relational data sets. There was, however, considerable evidence that children found

the elements of a multistructural data set much easier to identify than the elements of a

relational data set. The 'coarse' analysis facilitated by the inspection of response

categories failed to identify this phenomenon. It was the analysis of the more 'fine

grained' protocols that enabled the distinction to be clarified.

This 'fine grained' protocol analysis raised the question as to the adequacy of the

SOLO interpretation that has been placed on the Component B response categories. In

an attempt to clarify this issue, an additional data source was added in Study 5. A

characteristic of a relational understanding is the ability to reverse the operations

01 1 12

P I 2 15
Y=3X-1
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included in the question and hold the elements of the question in overview, or at least to

not rely on a strict predetermined sequence of the operations. The need to follow a strict

predetermined sequence of operations is typical of multistructural behaviour.

To check on the SOLO coding an investigation into children's ability to reverse the

sequence of operations was undertaken.

Reversability

To investigate the question of reversability in relation to pattern descriptions an

additional component was added to each stimulus item in Study 5. Component E asked

the children to identify the correct value of the independent variable for a given value of

the dependent variable (see Appendix 7.1). The values chosen for the dependent

variable were large so as to prevent informal techniques such as drawing and counting

being used. For Stimulus Item 1 the children were asked:

How many tricycles can I make with 90 wheels?

For Stimulus Item 2 they were asked:

How many squares could be built with 151 matches?

For Stimulus Item 3 a diagram was drawn with the dependent variable provided:

Research Question 4.4
Can children use their pattern descriptions in reverse. That is, when
given a value for the dependent variable can they calculate appropriate
values for the independent variable?

Table 8.6 reports the distribution of correct and incorrect responses to Component E

compared with responses to Component B. Some general conclusions can be draw from

the table before looking at some interesting protocols. Children who provided

functional descriptions of the number patterns were usually able to use their rule in

reverse. Of the 47 functional responses in Study 5, 41 were associated with correct

responses to Component E. The strategy for calculating the correct responses was to

apply inverse operations in reverse order.

0
.6. 	 151 1

The data from Component E was used to respond to the research question:
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Table 8.6

Comparison of Performance on Component E and Component B

Stimulus Item 1	 Stimulus Item 2	 Stimulus Item 3

Component B Correct Wrong Correct Wrong Correct Wrong

IA 1 1

lEG 1

SUCC 3 3 7

FUNC 19 2 12 2 10 2

Peter seemed to have no trouble with the concept and immediately provided a

description of his strategy.

0457:I
Y=3 +

0 1 2

Researcher: Part (E)?
Peter: Add 1 and divide by 3 	 15

p I 2 I5
Y=3X-1

Emily initially provided the correct answer and evidence that she had confirmed it by

checking her solution. She clearly knew about using inverse operations but was not so

sure about the order in which to use them.

7=3 	 + Researcher: Part (E)?
Emily: 50.
Researcher: How did you do that?
Emily: I divided by 3 then minus one 	 I think.
Researcher: I don't think you did.
Emily: I don't know how I got it.
Researcher: How do you know it's right?
Emily: I tested it 	  I had a sort of a guess and checked it 	
You do the opposite 	  divide by 3 and minus 1 	  minus 1 and
divide by 3.

The children seemed to be aware that they needed to use inverse operations, but less

readily identified that they had to use them in reverse order. Phillip made this error in

Stimulus Item 2.

Researcher: Part (E)?
Phillip: 	 49 1/3 	 Is that right 	 or 51 1/3 	 Urn.
Researcher: What is your problem?
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Phillip: 	 Urn you have to do the opposite to that. don't you 	
Researcher: So you have divided 151 by 3 ...then taken one off.

Other children reacted to the non-integer result by presuming their answer to be

incorrect.

Researcher: Part (E)?
Jackie: 151/3 	  50.3333333 	 no I don't like the point three
	  150/3 =50.
Researcher: What is wrong with the point three?
Jackie: You usually get whole numbers in answers.

The other source of incorrect responses to Component E was the functional description

being too complex for the description to be reversed easily. Both Erica and Kelly had

this problem on Stimulus Item 3. Their pattern description was:

Kelly: Double the top number and add the one that comes before it.
Researcher: Part (D)?
Kelly: M=2S +(S-1)
Researcher: Part (E)?
Kelly: 22 	 I can't do it
Researcher: What is the problem?
Kelly: Well I can't work backwards 	 It just is not
working 	 um 44 	 You could do trial and error but that
would take ages.

Conversely, of the 16 Component B descriptions below the functional level only three

were able to successfully reverse their rule. These three had all indicated that they had

reformulated their rule as a result of attempting the uncountable example of Component

C. The remaining 13 either provided no attempt or tried in vain to use the operations

described in their successive response. Jackie, who was able to correctly reverse the

function for Stimulus Item 2 (see above), was unable to correctly reverse her operations

for her successive response to Stimulus Item 3 in spite of the fact that she had produced

a correct answer to Component C.

Researcher: Part (B)?
Jackie: Whatever you do to the top number is you double it and add
one and then the next number you will double it and add two and so
on...or you can just keep adding three to the bottom number ...That
would work too.
Researcher: Part (C)?
Jackie: 60 times 2 + 59= 179.
Researcher: Part (D)?
Jackie:....No

0 1 1 2P 2 5
Y=3X-1
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Researcher: Part (E)?
Jackie: 	 no
Researcher: Like to guess?
Jackie: 21 	 42 	 no.

Two additional responses need consideration. These were the responses of Robert and

Lisa on Stimulus Item 1. Both children had provided functional responses to the simple

data sets of this item. Both children could only provide a rule after attempting

Component C but could not use the rule in reverse.

h4
Y=3 X 	Researcher: Part (B)?

Lisa: No I don't know
Researcher: Try Part (C)
Lisa: 55 x 3 = 165
Researcher: There is a rule . How did you do it?
Lisa: You times how many wheels by the number you give.
Researcher: What do you mean by the number you give?
Lisa: The number of tricycles.
Researcher: Part (D)?
Lisa: I don't know
Researcher: Part (E)?
Lisa: 90 wheels 	 Um	 No.
Researcher: Would you like to have a guess?
Lisa: 	 No.

In an attempt to clarify the cognitive processes being used, Lisa appears to have been

prompted to provide a FUNC response. The researcher has suggested she attempt

Component C and then suggested that a rule had been used. Thus, this example of a

FUNC response probably does not reflect relational level thinking on behalf of the

child.

It seems that, in general, only the functional descriptions were able to be used in reverse

and hence could be classified as relational. The multistructural response of Jackie had
not provided an overview of the data in a way that promoted confidence and the
competence to use the processes out of order.

Of interest is the similarity of Jackie's response to Component B to that of Kelly
reported above. Jackie's description involved doubling the independent variable and

then adding successively larger numbers. This type of response was considered to be a

transition response between multistructural and relational in the discussion on coding in

Chapter 4. The difference between this and the description of Kelly is that Kelly

expressed the "successively larger numbers" in terms of the independent variable,

finally arriving at the function Y=2X+(X-1). The question arises as to whether or not

Kelly's description should be classified as relational (FUNC) or multistructural
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(SUCC). The fact that she cannot use it in reverse is indicative of its being
multistructural. However, the internal consistency and her ability to express the "ever

increasing number" for addition in terms of the value of the independent variable

suggest it should be classified as relational. Is the problem one of clarifying the element

of classification? Kelly may have a relational understanding of the elements that make

up the set of elements of the independent variable but a multistructural understanding of

the relationship between the dependent and independent variable.

In general only the functional pattern descriptions can be used in reverse, thus

confirming the classification of this response category as relational. However, once

again the more fine grained analysis of the longitudinal study identified some issues

overlooked in the survey. In general, the order of difficulty and sequences of

development predicted by the theoretical framework have been confirmed.

Additionally, exceptions to the predictions have been explained in the light of the

theoretical framework. The next section considers a further set of predictions related to

the interaction between the emergence of natural language descriptions of patterns and
their symbolic counterparts.

EMERGENCE OF SYMBOLIC LANGUAGE

In Chapter 6 it was shown that there was a significant relationship between the natural

language pattern descriptions of Component B and the symbolic descriptions of

Component D. The following pairs of categories for Component B and Component D

showed significant positive associations.

(IA, NA)	 (lEG, OS) (SUCC, REPT) 	 (FUNC, ALG)
However, there were two relatively small groups of children whose symbolic response

was not the same as that predicted by the above pairs of categories. It was found that
some children could provide accurate algebraic descriptions of the pattern without

providing the associated functional description in their natural language. Similarly, it
was found that a slightly larger group of children provided symbolic descriptions below

the level that the above pairs would predict.

Arising from the discussion of Chapter 6 is the research question:

Research Question 4.3
Does the symbolic language of algebra follow the natural language
development?

Arising from this question are the subsidiary questions of:
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How do children provide accurate algebraic descriptions of patterns
without functional relationships in natural language?

and,
Is there evidence that the relationship between natural language and
symbolic language a transitory one? Do children come to focus on
algebraic language in preference to natural language?

These questions serve as the focus for this section, which consists of three parts. The

first part provides an overview of the relationship between natural language responses

and symbolic responses from the longitudinal data. The second part considers the
responses that varied from the predicted associations. The final part considers the

evidence for the permanency of the relationship between natural language descriptions

and symbolic language descriptions.

Overview

The response profiles discussed earlier in the chapter are reported fully in Appendix 8.1

and show the response profiles for Component D superimposed on the natural language

profiles that have been the focus of the above discussion. The considerable variability

in these profiles make it difficult to be definitive about the association between the

natural language and symbolic responses. By presenting the frequencies of each

response category for each stimulus item in a contingency table an overview of the data

is provided. This was achieved by considering each pair of responses on the five studies

for each of the 21 children as a separate data element. Hence, for each stimulus item

there were 105 pairs of data. The data for Stimulus Items 1, 2 and 3 is presented in

Tables 8.7, 8.8 and 8.9 respectively. A test of association cannot be applied to these

tables since the number of cells with an expected frequency of less than five exceeds
20% of the number of cells in the table. Hence, qualitative methods of analysis need to
be undertaken.

Table 8.7
Comparison of Longitudinal Data for

Components B and D: Stimulus Item 1

Component

B

Component D

NA OS REPT ALG

IA 6 1 0 0

lEG 3 8 0 1

SUCC 0 1 3 0

FUNC 4 15 1 62
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Table 8.8

Comparison of Longitudinal Data for

Components B and D: Stimulus Item 2

Component

B

Component D

NA OS REPT ALG

IA 13 1 2 0

lEG 4 4 0 1

SUCC 9 11 11 0

FUNC 1 5 1 42

Table 8.9

Comparison of Longitudinal Data for

Components B and D: Stimulus Item 3

Component

B

Component D

NA OS REPT ALG

IA 18 0 0 0

lEG 2 2 0 0

SUCC 14 11 8 0

FUNC 2 5 3 40

An inspection of the cell frequencies reveals that for most categories the modal cell lies

on the diagonal running from top left to bottom right, reflecting the pairs of association

identified in Chapter 6, namely:

(IA, NA)	 (SUCC, REPT),	 (FUNC, ALG).

An exception to this relationship is the pair (lEG, OS) that is not the modal cell for the

category OS. This may indicate a development in natural language preceding

development of symbolic language under the conditions of the study.

The relationship between the natural language and symbolic language is exemplified by

Brett's profile presented as Figure 8.11.
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time	 time	 time
Figure 8.11

Response Profile of Brett

Of particular interest is the response to Stimulus Item 3 in Study 4. Brett was unable to

identify the function and was forced to provide a successive description, as his protocol

shows:

01 1 12

ao.1 0 13
Y=3X-3 Researcher: Part (A)?

Brett . 	 I'm wondering if its doubling .but it's not 	 adding 1
there, three there....5...its adding two more each
time 	 2,3,5 	 um	 3, 6 , 9, 12.
Researcher: Part (B)?
Brett: 	 I don't know 	 added 1 added 3 added 5 	 Two more is
added the number each time.
Researcher: Part (C)?
Brett .	 5 times 12 becomes 60 so 12 becomes 144.
Researcher: Part (D)?
Brett: 	 Um what can I put for the number 	 plus X plus 2.
p +X+2

ALG

REFT

As a consequence his symbolic notation becomes vague in his attempt to symbolise his

successive description. Yet he was clearly able to provide adequate descriptions for

other items. Twelve months prior to Study 4 he had represented descriptions of patterns

such as:

01 1 12

god 2 15
Y=3X-1 Brett: The top number times three minus one. 

with the symbols
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Brett: Ax3-1.
Researcher: What is A?
Brett: The number in the top row.

Emily had a similar experience in Stimulus Item 2 of Study 3. Her profile (Figure 8.12)

indicates a successive response for the item; however, she was dissatisfied with the

description and did not provide any answer to Components C or D. Her protocol shows

this uncertainty.

Item 2Item 1
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r•	 .1■1 • ■MI.M. • MINMINI■ •
FUNC	 0	 0 0
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Item 3
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1•—•—•
0 0 0 ALG 

REPT

OS 

1	 2	 3	 4
IA	 1111	 1	 I
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5	 1	 2 3	 4	 5

time	 time	 time
Figure 8.12

Response Profile of Emily

SA
Y=2X+1 Researcher: Try Part (A).

Emily: 9.
Researcher: How did you do that?
Emily: I counted....No .... 3 for the first and add 2 	
Researcher: Part (B)?
Emily: Add 2 matches to make another triangle.
Researcher: Part (C)?
Emily: 	 I don't know 	 You work out 79 triangles and add
another two 	 I don't know how you would get it though.
Researcher: See what you could figure out.
Emily: 	 Um	 0 plus 2 	 maybe 	 I honestly don't
know.
You just 	 no.
Researcher: Part (D)?
Emily: 	 maybe my rule is wrong 	 No.

Yet, six months earlier Emily had provided the responses:
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Researcher: Part (B)?
Emily: Times the number of houses by 4 and add 1 more.
Researcher: Part (C)?
Emily: 36 x5 =144, 144+5=149.
Researcher: Part (D)?
Emily: M=Hx4+1.

These responses indicated a confident understanding of the patterns and appropriate

notation for representing them.

While the profiles of Brett and Emily are examples of a close relationship between

natural language and symbolic notation, it is clear from many of the other profiles that

this relationship is not always as close. This variability is the subject of discussion in

the next part.

Variability

The profiles of Jackie (Figure 8.13), Garth (Figure 8.2) and Tina (Figure 8.7) indicate

that the symbolic responses vary from the associated pairs identified both in Chapter 6

and this chapter. This variability was reported in the survey data. It will be recalled that

approximately 16 % of respondents to the survey responded to Component D at a level

higher than could be predicted from their response to Component B. In this context this

was indicated by their symbols profile lying above their natural language profile.

time	 time	 time
Figure 8.13

Response Profile ofJackie
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Only six response pairs out of the 315 pairs (see Tables 8.7 to 8.9) in the longitudinal

study indicated this reversal. This was a very much smaller percentage than was

identified in the survey data. Of the six, only two provided an algebraic response. Both

Anthony and Kris provided a symbolic response coded as ALG, following a lEG

response in natural language, but on different stimulus items.  Kris, whose profile is

Mj

shown as Figure 8.14, did this on Stimulus Item 2 Y=4X+1 of Study 2, and he is

discussed first.

2 3 4 5
	

1
	

2	 3	 4	 5
	

1	 2 3 4 5

time	 time
	

time

Figure 8.14
Response Profile of Kris

The protocol for this item indicates that Kris had a strong overview of the arithmetical

operations required to describe the pattern but his train of thought was interrupted by

the recognition of the need to reduce the value of the independent variable by 1 prior to

multiplying by 4 and adding 5.

Researcher: Can you do Part (B)?

	

Kris: You times whatever number 	 (stops and crosses out
work) 	 It wouldn't work that way. You have to take off the 1 first. If
the number of houses is 49 you take away 1 which is 48 and times by 4
and add 5.
Researcher: You have given me one example.

This interruption involved thinking in terms of a specific example. He appeared to

generalise from that example and was able to correctly and confidently answer

Component C prior to developing an algebraic response.
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Researcher: Part (D)?

Kris: (
	 -1)x4+5

Researcher: Can you explain Part (D)?
Kris: Take away one house from what the number is and then add 5
(leaves out the multiplication by 4).
Researcher: Why an H inside a box?
Kris: You can put anything inside.
Researcher: Anything? Can I put an apple inside?
Kris: Just any letter.
Researcher: I can put any letter inside the...
Kris: Box.
Researcher: What is its significance?
Kris: It stands for any number.

tibh
Anthony used a similar response pair on Stimulus Item 1 Y = 3 X of Study 2 (see

Figure 8.8).

Researcher: How did you get the 12 for Part (A)?
Anthony: I saw that tricycles had 3 wheels, for 3 tricycles you needed 3
times 3, so for 4 tricycles you needed 4 times 3.
Researcher: Part (B)?
Anthony: If the manufacturer is making say 10 tricycles he will need to
times 10x3 to get the number of wheels.
Researcher: How did you choose 10?
Anthony: Off the top of my head.
Researcher: Part (C)?
Anthony: 55x3=165.
Researcher: Part (D)?
Anthony: W=T3 	 W= Wheels, T= Tricycles
Researcher: What do you mean by W equals wheels?
Anthony: Number of wheels.

Whereas Kris had been forced to rethink his response during its formulation and thus

provided a low level answer, Anthony's use of the phrase "say 10 tricycles" seems to be

implying that it could be any number of tricycles and hence has the hint of a generalised

meaning attached to it. It might be argued that Anthony's language is in a transition

stage for this particular question. However, Anthony's protocol for Stimulus Item 2 in

Study 2, reported, in part, earlier in this chapter, provides explicit evidence of children

reconceptualising their pattern description when faced with the inadequacy of a lower

level description in the context of an uncountable example (Component C). A more

complete protocol is included here to demonstrate how this reconcepualisation links to

the use of symbolic notation.
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esearcher: How did you do Part (A)?
Anthony: For every house starting off with 1 house you need 5 matches
and to add another house you need 4 for every one then I counted up
those there and added 4 more
Researcher: Added 4 more? (Those there are the number for an extra
house) So you have counted matched for 3 houses and added on 4 to get
17
Anthony: Yes.
Researcher: Part (B). You have used a different rule?
Anthony: Starting with one house add 4 each time 	  (goes to Part
(C)) 	  37 x4+1=149.
(then returns to Part (B) and changes description) 	  Times the
number of houses by 4 and add 1.
Researcher: Why are you doing that?
Anthony: I did Part (C) first then on a scrap of paper I got the same
answer that I had (to Part (A))
Researcher: You got 17?
Anthony: Yes I had a go then I thought up another way and got a new
rule
Researcher: So you did Part (C) then went back and did Part (B)?
Anthony: Yes.
Researcher: Part (C) forced you to think about it in another way?
Anthony: Yes.
Researcher: Part (D)?
Anthony: M=H4+1 (says) Number of matches equals number of houses
times four plus one.
Researcher: Why didn't you put the times in?
Anthony: Our teacher said you didn't have to put the times in for a letter
and a number.

It is clear that Anthony was forced to reconceptualise his pattern description by the

need to calculate an uncountable example.

The longitudinal study provided only very limited data with which to answer the

question:

How do children provide accurate algebraic descriptions of patterns
without functional relationships in natural language?

Two explanations have been identified. The first explanation was hypothesised in

Chapter 6 and involves children being forced to reconceptualise their pattern

description by the contexts provided in the questions. If children are to be taught to

express generality it may not be enough to merely provide the opportunity (Component

B) to express generality. They need to be given the opportunity to see the value of

expressing generality (Component C). The second explanation is that as children's

language of pattern description develops there are transition stages in which the



ALG

. A REPT

OS

6 6 o .3 6 NA

5	 1	 2 3	 4 5

time

IA 	 	 6 6
1	 2	 3	 4	 5	 1

time

2	 3	 4

time

FUNC

SUCC -

IEG

_.

Chapter 8	 237	 Longitudinal Analysis

language used hides some of the subtleties of the concept being expressed. This is

further evidence that the coding system developed may need further refinement to

facilitate such fine grained analysis as is occurring in this protocol analysis. It was

recognised in Chapter 2 that the SOLO Taxonomy provides for an analysis of children's

responses and that there maybe some disparity between these responses and the

cognitive functioning of the subject under investigation.

The other four cases identified as having the level of symbolic response exceed that

predicted by the level of natural language; all involved natural language that was coded

at the inappropriate (IA) level. One case was Lisa, described above (see Figure 8.3),

whose symbols represented the number of words multiplied by the number of letters.

The second case was Tim, who in Study 1 provided low level responses in terms of

expressing generality but seemed capable, in the data processing dimension, of

handling simple data sets only. Tim's profile is reported as Figure 8.15. The protocol for

the response pair in question shows how the symbolic response reflects the natural

language which was classified as IA due the lack of a process being described.

(44
Y=3 X Researcher: Can you do Part (B)?

Tim: How many tricycles has 7 tricycles?
Researcher: Part (C)?
Tim: 55 x 3=165.
Researcher: Part (D)?
Tim: 7x3.

Language • 
Item 1
	

Item 2
	

Item 3 
Symbols 0

Figure 8.15
Response Profile of Tim
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Garth also provided a weak natural language description for Stimulus Item 2 in Study 4

that was coded as IA due to the lack of clarity in the natural language used.

Y=4X+1 Researcher: Part (B)?
Garth: Just add them all up. All the matches.
Researcher: Part (C)?
Garth: 	 Just plus 4 plus 4... up to 80 times.
Researcher: How many times would you have to add 4?
Garth: 75 times 	 No 79 times 	 yes 	 a long
way 	 Urn 	
Researcher: Part (D)?
Garth: 5m + 4m + 4m etc

Both Tim and Garth seem to have offered lazy pattern descriptions that did not reflect

their level of conceptual understanding. The reversal provided by Ashley was for a

,Air

different reason. His perception of the number pattern  Y=4X+1  was too complex for

him to be able to explain. After extensive discussion and clarification it appeared that

he wanted to multiply the number of houses by 5, then for every pair of houses take off

one match. His inability to coherently present this argument prevented a codeable

response being formulated. Interference by the researcher in attempting to clarify the

response led to a symbolic description of:

Ashley: H+4+4+

Thus these reversals are a reflection of the limitations of the data-gathering techniques

rather than the ability of the externalised language to reflect the cognitive processes of

the child. With these reversals explained, the attention now shifts to the more frequent

cases in which the symbolic language code falls below that predicted by the associated

pairs.

Of the 315 response pairs of the longitudinal study there were 92 cases in which the

symbolic response fell below the associated natural language response group (see

Tables 8.7, 8.8 and 8.9 for details). This 29% of cases compares with the 26% of

similar cases identified in the survey study. This seems to be strong evidence that:

The development of symbolic language for describing number patterns
has followed natural language development
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under the conditions of this study. Whether or not this development pattern would occur
under other conditions must remain the subject for further research. It may be that some
students are able to develop the language of algebra and use it to describe number

patterns prior to developing the natural language skills necessary for such descriptions.

However, no evidence to support this view was found in this study.

The final issue of this section was that of the permanence of the relationship between

natural language and symbolic language.

Transience

There was limited evidence of children becoming so competent in their use of algebraic

symbols that their search strategies for pattern descriptions took place using that

symbolic language. Two children, Peter and Anthony, began to use algebraic notation

instead of natural language in Component B. However, this practice appeared only

towards the end of the longitudinal study. Anthony appeared to use algebraic language

because of its convenience, while Peter seemed to conduct his search for the rule in

symbolic language. In Study 5, Anthony (for profile see Figure 8.8) initially asked for

permission to use symbolic language.

(44
Y=3 X Researcher: Part (A)?

Anthony: 3 x 4 = 12
Researcher: Part (B)?
Anthony: Can I just use Symbols? 	 3 x T= N
Researcher: What does that mean?
Anthony: Three times T equals N 	 T is the number of triangles and N
is the number of wheels.
Researcher: Part (C)?
Anthony: 3 x 55 = 165
Researcher: Part (D)?
Anthony: (as for Part (B)).
Researcher: If you had to write it in English what would you say?
Anthony: The number of tricycles times three gives you the number of
wheels.

A similar use of symbols was made for the other stimulus items in Study 5.

01 1 12

P I 2 15
Y=3X-1 	Researcher: Part (A)?

Anthony: 14
Researcher: Part (B)?

Anthony: q x3-1= ,6,
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Researcher: Part (C)?
Anthony: 179
Researcher: Part (D)?
Anthony: Sx3-1=T...S is the number of squares and T the number of
triangles.
Researcher: Is there any difference between Part (B) and Part (D)?
Anthony: No not really, they both mean the same.

Attempts to ascertain the precise role the symbolic notation was playing in the thinking

strategies of Anthony indicated that the notation was merely a convenient method of

reporting the results.

Researcher: You know how you wanted to write your answer for Part
(B) in algebra?
Anthony: Yes.
Researcher: What sought of things were you thinking about when
building that relationship?
Anthony: Oh just 	 I don't know 	 Just try and 	 its easier to use
algebra...and there would have to be a rule 	 so I counted it up.
Researcher: So you were just using algebra instead of 	 ?
Anthony: Words.
Researcher: Do you think you had the words in your head first?
Anthony: Yes.
Researcher: Then 	 ?
Anthony: It was easier to put the algebra down.
Researcher: So you thought in English and wrote in algebra?
Anthony: Yes if I wrote down all I thought in English it would take a
long time.

Peter's (for profile see Figure 8.9) initial use of algebraic notation was a little tentative

and was clearly an attempt to translate his natural language description into symbolic

notation. However, by Study 3 he had begun to write the pattern description in

symbolic notation prior to writing the natural language description.

Researcher: Part (B)?
Peter: 4x= 	 Oh 	 Take the number of diamonds and multiply it by 4 to get
the number of matches.

As Peter's confidence grew more reliance was placed on the symbolic notation.

Researcher: Part (B)?
Peter: There it is times 2 , then times 2 + 1, times 2+ 2, Times 2+
3 	 Times 2+ 10 +4...Can I write it out....hey....2 times 4 is 8..+4 no
plus 3....oh....so 2x2 +1...Yes I've got it....(writes (5x2) + (5-
1)=14)....so its Xx2 +(X-1)=y 	 yes that's it now to do it in an English
sentence. The computer multiplies the top number by two and adds
one less than the top number to its answer.

1 1 12 2 5
Y=3X-1
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By Study 5 he was writing the pattern descriptions in symbolic notation and could not

see the point in repeating the description in natural language. In other words, algebraic

notation had become his preferred means of communication.

While both children were preferring to record their pattern description in algebraic

notation, the notation seemed to be playing a different role for each of them. However,

both seemed to be making the transition to the algebraic notation being the natural and

preferred form of notation in these contexts.

There is a limited amount of evidence that the relationship between
natural language and symbolic language a transitory one? Thus, some
children may come to focus on algebraic language in preference to
natural language?

This is at best a very tentative suggestion and clearly needs to be the subject of further

investigation.

SUMMARY

This chapter has reported the results of the longitudinal study that attempted to probe

the nature of change in children's response patterns using both natural language and

symbolic notation. The evidence suggests that the axes of the developmental model
described in Chapter 5 represent two dimensions of growth necessary for the successful

description of number patterns using natural language.

It was also found that the natural language descriptions of number patterns seem to be a

necessary prerequisite for the emergence of algebraic notation as a means of describing

the generality of number patterns. It may well be that the necessity for articulating
accurate natural language descriptions is a transitory phenomenon. This study was too

limited to shed more than the most superficial light on this issue and it should be the

subject of a future study.

While some children were describing patterns at the highest level at the beginning of

the study, others did not achieve the highest level of response during the two years of

investigation. It can be seen that the concept of expressing generality in the form that

facilitates algebraic notation is not automatically available to all children who may be

exposed to the Year 7 and 8 mathematics syllabus in N.S.W. Also it cannot be assumed
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that apparently simple data sets offered to facilitate the expression of generality are

identifiable by children.

The other focus of this longitudinal study was to consider the anomalies identified

within the data when it is compared to the theoretical relationships identified. These

anomalies included children being able to provide correct answers to uncountable

examples, and provide algebraic notation without providing functional descriptions in

natural language. It was found that in most cases children are forced to reconceptualise

the pattern description when confronted with a problem they cannot answer with their

initial response. It would seem that in some cases it was not enough to ask for a

generalisation, but the need for, and power of a generalisation needs to be

demonstrated.

In both the theoretical framework discussed in Chapter 2 and in the longitudinal design

of Chapter 7, the elusive nature of children's cognition was discussed. In particular the

potential for a lack of congruence between children's externalised responses and their

`hypothetical cognitive structure' was mooted. In the discussion of variability in the

response patterns a number of cases of mismatch were identified and clarified. This

process was facilitated by two design features. The first was the multiple data

components collected for each stimulus item, which allowed apparent inconsistencies

among responses to each component to be analysed more deeply. The second feature

was the interview environment, where a variety of clues as to the child's true intention

could be gleaned. This interview environment can be seen as a dynamic interaction

between subject, the researcher and the stimulus item. This is contrasted with the more

static environment (from the researcher's perspective) of the survey data.

With that data analysis completed the next chapter concludes this study report by

providing a summary of the findings and discussing some implications of the findings

for the teaching of introductory algebra.
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Chapter 9

CONCLUSIONS

Introduction

The development of algebraic thinking was perceived in Chapter 1 as growing out of

arithmetic thinking. The characterisation of Sfard (1991) was used to represent this shift

as involving a move from being able to perform a set of arithmetic procedures to seeing

that set of procedures as an object with a structure in its own right. An analysis of the

literature revealed that this transition from arithmetic to algebra is not facilitated by

some traditional approaches to the teaching of algebra. This break was conceptualised

by Linchevski and Sfard (1991) as leading to the formation of a pseudostructure in

which algebraic objects become the focus of instruction which had not grown out of a

set of preceding objects. To facilitate the initial development of algebraic thinking, the

use of pattern generalisation was suggested as a vehicle for concept development that

avoided the development of a pseudostructure. This context was mapped onto the

model of Linchevski and Sfard (1991) and is reproduced here as Figure 9.1.

Sfard suggested each transition involved three phases: interiorisation, condensation and

reification. In these phases objects are first internalised, then condensed into more

manageable units to be reified into new, more sophisticated objects. The major focus of

this study has been to investigate the nature of this transition by systematically

describing children's responses to stimulus items involving number patterns and

changes in children's responses in an attempt to describe a hierarchy of development

from arithmetic operations to initial algebraic concepts.
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Figure 9.1
Possible Model for Development of

Early Algebraic Concepts

The findings of the study are many and have been presented in Chapters 4, 5, 6 and 8.

A brief overview of the findings in terms of the major foci of the study is provided here.

The first of these major findings was that the growth in the ability to express generality

of number patterns could be achieved in multiple ways. The study identified a two-

dimensional development model that described the multiple pathways for cognitive

growth. While the development model shed light on children's responses to the

component questions, it did not explain all the variability evident in the response

patterns. Other possible influences on the variability were suggested and include item

effects, the need to express generality, the purpose for which the generality is to be

used, and an appreciation of the power of expressing generality. It was clear that the

ability to express generality did not automatically exist in the respondents; however, it

does develop in most children given the appropriate environment. It needs to be

recognised that in a very small number of children little or no growth was identified.

The second major finding of the study was the strong relationship that existed between

the natural language categories of pattern descriptions and the use of symbolic

language. The use of parameter estimates generated by loglinear modelling facilitated

the identification of pairs of categories from each of the response modes that were

significantly associated. Not only was there a strong association between the

components of natural language and symbolic language, but there is also a temporal

difference. The natural language skill is developed before the symbolic language skill.
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The role of natural language in the development of algebraic thinking and the ability to

use symbolic notation appears to be of central importance. It seemed to act as a vehicle

for making explicit the information and relationships inherent in the pattern. These

explicit ideas can then be translated into the emerging symbolic notation.

The third major finding was in the nature of the interaction of the component questions.

While loglinear analysis facilitated the identification of significant interactions or

associations between the response categories of components, there were apparent

anomalies in some pairs of association. The interview protocols assisted in exploring
these anomalies by pointing to cases where attempts to respond to some components

forced the reconceptualisation of previously answered components. This was more than

the "static" association of categories identified by the loglinear analysis. It appeared to

be a "dynamic" interaction between components. This dynamic interaction led at times

to an apparent inconsistent set of responses. However, some protocols revealed that the

inconsistencies actually developed from a reconceptualisation of one component when

confronted with other components. This dynamic interaction could be interpreted as the

learning process not being strictly linear but the result of multiple interactions.

Finally, the SOLO Taxonomy was found to be an efficacious framework for assisting in

the interpretation of the data. While there were limitations to the usefulness of the

Taxonomy described in Chapter 5, it did facilitate a deeper understanding of the

children's responses than might otherwise have been possible. Specifically it provided a

description of the structures inherent in the coded categories that had two significant

advantages. The first was that the categories were able to be ordered, providing the

opportunity to use the Rasch partial credit model, and secondly, the interpretation of

these structures led to the description of the development model for describing multiple

pathways of development.

The study did have some limitations and these are set out in the next section. The report
concludes with some suggestions for further research and discussion of the implications

for teaching that can be derived from the study.

LIMITATIONS OF THE STUDY

In considering the limitations of the study two aspects can be considered. The first is

associated with the limitations of the methodology employed in the study, and the

second is associated with the limitations of the scope of the study. It is clear that the

two concepts interact and that limitations of method impinge upon the scope of the
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study and vice versa. However, in this context they are treated separately, with the
result that some matters could be placed in either category. Methodological

considerations are discussed first.

Methodological Limitations

In Chapters 3 and 7 an evaluation of the design of the study was presented in the

framework offered by validity and reliability. This evaluation considered threats to both

reliability and validity, together with the decisions and compromises made and the

rationale for those decisions. Such matters included the limited 'depth' of the survey

data. This, together with the restricted control over the survey environment that the

researcher was able to exercise was a trade-off against being able to use a large sample

which was representative of rural N.S.W., enabling the findings to be extended to

regions with a similar mathematics curriculum. These limitations need to be balanced

against the 84 interviews conducted over a two-year period during the longitudinal

component of the study. However, there were some features of the study that remain

problematic.

The first is the attrition rate during the survey. The items were presented in the same

order to all 1435 members of the sample, and the response frequency for Component A

of the first two items was considerably higher than the response frequency to

Component A of the last two items. This effect could have been better controlled for by

randomly ordering the four items for each class group. That is, there could have been 24

versions of the survey items (4!). An alternative data analysis strategy was to exclude

the responses of any child who had not responded to Component A on all items. This

would have had the effect of reducing the sample size with further deleterious effects

on the ability to statistically analyse the data using loglinear modelling.

The use of log-linear modelling of the four variables is the second of the limitations to
be discussed. The modelling placed constraints on the number of cells that could be

used for the coding of each variable taken into the model. Two alternative strategies
were considered. The first was to remove a variable from the model. This was rejected
since it could result in not identifying important interaction effects. The accepted

strategy was to reduce the number of categories in some variables. This reduced the

sensitivity of the data but facilitated a systematic search for associations.

The survey was designed to provide external validity. It was in this attribute that the

longitudinal study was relatively weak. This weakness was due primarily to the small
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unrepresentative sample. This limitation was addressed in part by using the two studies

interactively. It was recognised in the survey study that not all children reflected the

associated pairs of responses that seemed to predominate. These anomalies were also

identified in the longitudinal study; however, data were available in the longitudinal

study to help explain the departures from the modal response groupings.

The small sample in the longitudinal study required the tempering of some conclusions.

An example of this is the attempt to establish a cause/effect relationship between

natural language and symbolic language. It is often suggested that three conditions are

necessary for cause/effect relationships to be identified (Kerlinger 1986; Cohen &

Manion 1989): the variables are significantly associated, that there exists a temporal

difference between the appearance of the variables, and that there is a theoretical reason

for the cause/effect relationship. The theoretical reason was established in the literature

review, and the significant association was established in the survey study.

Additionally, the evidence from the longitudinal study supported the temporal

difference in the development of the two variables. However, with such a small sample

it would not be prudent to argue that cause/effect had been established.

While each strand of the study has some limitations with validity when viewed in

isolation, the strands were seen to complement each other to provide a study with

strengths in both internal and external validity.

Thus far the discussion has focused on macro issues of methodology. There were some

micro issues associated with the design of the stimulus items worthy of discussion.

These micro issues were associated with the design of the stimulus items and the

component questions and could be seen to be limitations of the study methodology. The

stimulus items were drawn from syllabus documents and were chosen because they

represented the kind of items that textbook writers and syllabus designers were

suggesting. In this way it was intended to keep the context of the study as close as

possible to a natural classroom setting. The issue is: did the children see the items as

intended? To illustrate this point, consider Stimulus Item 4 from the survey. The item is

presented in Figure 9.2.
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Figure 9.2
Stimulus Item 4 from Survey

It was reported that some children described the pattern as Y=4X and this was explained

by assuming that they focused on one element of data, namely, that a square has four

sides, and made the generalisation based solely on this data element. However, an

alternative explanation is that they interpreted the stimulus item as shown in Figure 9.3.

Figure 9.3
Alternative Perception of

Stimulus Item 4 of the Survey

For this perception of the item, Y=4X is a suitable description. Such an interpretation

was not evident in the interviews of the longitudinal study, but it remains a possible

interpretation.

There were two aspects of the design of the component questions that were reported in

Chapter 3 as having the potential to influence the nature of the responses. The first was

the use of the phrase 'any number' when asking for generality in Stimulus Items 1 and

2. This issue was reported by Mason (1985) and not resolved by him. It was felt that

this could be interpreted as 'any specific number' rather than the concept of generality.

The matter was specifically addressed in the longitudinal studies by prolonged probing

and prompting to induce descriptions above the level of one specific example. To
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achieve this a scenario was presented to the children in which they were to imagine

themselves to be a factory manager who had to instruct a subordinate on how to use the

generalisation. Even with this prompting some children insisted on giving specific

examples rather than expressing generality. From this it was concluded that the specific

example response was a robust response and not merely a product of the wording of the

component question.

The second aspect of the design that warrants comment is the wording of Component

D. The survey form for Years 7 and 8 asked for a pattern description in "algebraic

symbols". The Component D for Years 5 and 6 children asked for "maths symbols".

While this was seen as a feature that would reduce comparability of the two groups, it is

interesting to note that, as reported in Chapter 6, the same patterns of association were

found in the Year 7 and 8 subset as were found in the group as a whole.

A final limitation of the items was that a ceiling effect became evident, especially in the

longitudinal study. This was reported in Chapter 7 in the context of a relatively poor fit

for some items when the Rasch model was applied to the data to detect growth in the

responses. While this issue has been identified as a limitation of the methodology used

in the study, it is closely related to the other set of limitations to be discussed, namely,

the limitations of the scope of the study.

Limitations of the Scope of the Study

It was pointed out earlier that this study has not explained all the variability evident in

children's responses to pattern items nor the variability evident in children's changing

responses to the patterns over time. This must, in part, be due to the lack of sensitivity

of the measurement instruments and the tools of analysis.

In addition to the variability reflected in the responses, there were potential sources of

variability that were considered beyond the scope of the study. These involve
perspectives of both breadth and depth. Matters of breadth of the study are considered

first.

The stimulus items used in this study were allowed to vary in two ways: the number of

data elements, and the context in which the data were presented. These variables induce

measurable differences in item difficulty and the frequency of response categories.

Other variables were excluded from the study for the purposes of manageability. These

include issues such as the use of concrete materials to build the figures, and models
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presented here as diagrams. The data were presented here in numerical sequence. While

items with out-of-sequence data were trialled in pilot studies, they produced no

observable differences. These studies were of very small scale and such items may

induce a higher level of response than the successive response.

In addition to broadening the scope of the investigation by allowing changes to pattern

stimulus items, other contexts could be considered using a methodology similar to that

of this study. Two of these contexts are provided as examples. The first involves

computer applications. Opportunities for expressing generality could be provided for in

spreadsheet and logo environments as indicated in the literature review of Chapter 1.

Some of the data presented in the review would seem suitable for interpretation in the

framework developed in this study. The second involved simple mensuration formulae

such as expressions for the area and perimeter of rectangles, squares, triangles etc. This

context would clearly provide opportunities for the development of natural language

and symbolic notation. However, the emphasis would be on the relationship between

variables with little emphasis on numerical values. An additional significant difference

would be the introduction of more than one independent variable in many such

contexts.

While the above discussion has considered limitations to the range of variables and

contexts for expressing generality that have placed limitation of the breadth of the

study, there were also limitations placed on the depth of the study in terms of the "slice

of development" considered.

The focus of this study has been limited to the development of the expression of

generality and the initial emergence of the use of a pronumeral as a means of

symbolising the pattern descriptions. In terms of Sfard's three-phase description of the

process of change in Linchevski and Sfard's model, the focus of the analysis of this

study has been on internalising and condensation of arithmetic elements into new

elements. The third phase of reification has been only investigated in a superficial

manner. Three aspects of the investigation could be seen to be related to the reification

of the new elements. Children were asked what they meant by a pronumeral and several

of these responses have been reported. Secondly, they were asked to apply their pattern

description in reverse and from these responses inferences were made about the degree

of control they had over their generalisations. Finally, a brief discussion was conducted

about the possible transience of the link between natural language and symbolic

language. However, these discussions did not proceed to confirm that the functions

children were using were in fact new conceptual entities that had been internalised
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ready for the next cycle of development. Nor were any questions asked about how the
development of expressions of generality in symbolic form could be related to the
further development of algebraic thinking. Matters such as how the new entities could

be used to develop manipulative skills in algebra, what long-term effects such an

introduction to algebra have, are all possible extensions to the study. While they have

not been considered here, they are questions that could be asked in future research.

IMPLICATIONS FOR FUTURE RESEARCH

From the limitations of the scope of the study discussed above, a number of suggestions

for future research can be made. Such research would have two major contributions.

The first is to extend the longitudinal understanding of the development that has been

investigated in this study, and the second is to provide a more complete explanation of

the variability of children's responses than has been presented. These are each

discussed in turn.

Longitudinal Implications

The study could be supplemented by the investigation of children's development at

either end of the period of development that was the focus of this study. It was noted

that the stimulus items induced a ceiling effect and hence it would be appropriate to

extend the investigation of children's growth. Such an investigation would include the
notion of the reification of the linear function which involves accepting the linear

function as an element that itself could be subject to manipulation and representation in

multiple ways.

The multiple correct descriptions of the same number patterns and their symbolic
representations could form the basis of consideration of algebraic manipulation

techniques, e.g., Y=3X+1 and Y=4(X-1)+3 were equally valid descriptions of the

TOY=3-F 1 6square stimulus item 	  and could provide a context for developing
manipulation skills in meaningful and relevant ways, thus avoiding the formation of a

pseudostructure. While such a scenario is intellectually appealing, the necessary

research needs to be carried out to provide support for the approach.

The degree of permanence of the relationships between stimulus item components

identified in the study needs to be investigated longitudinally. It was suggested in
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Chapter 8 that the strong association between natural language and symbolic language

might be a transient relationship. The implication is that eventually the natural language

becomes redundant and that the preferred mode of reasoning and communication of

ideas is the symbolic language of algebra. The question is asked as to the range of

situations that the language of algebra could or should be brought to and after what

developmental experiences would this happen. Is it the environment being described
that needs to be familiar if the problem solver is to avoid the use of natural language?

Or is it the reification of the symbolic notation that needs to be in place to avoid the use

of natural language? Or, maybe, some interaction between the two?

Thus far the discussion has focused on extending the investigation beyond the initial

emergence of symbolic notation. There are also some questions that need to be asked

about how best to develop the expression of generality in children and when these
activities might take place. This study began by presenting number patterns to Year 5
children and asking for a generalisation. While this skill has been described in terms of

a two-dimensional development model, no discussion has taken place as to what are the

prerequisite skills for this development and what type of activities in the early school

years would contribute to this development. In particular, the ability to work with

single-operation patterns and other simple examples may emerge considerably earlier

than Year 5 and provide a suitable scaffolding for the later consideration of more

complex contexts.

The next part presents some consideration for further research that involve further

exploration of the variability of children's development.

Variability of Stimulus Items

In the section above, the discussion of limitations to the scope of the study identified a
number of additional variables that could be included in the design of the number
pattern stimulus items. In addition, it was found during the study that different stimulus
item types induced different patterns of response. A more complete picture of these
patterns would be developed by considering the effect of concrete materials, providing

data out of sequence and varying the arithmetic complexity. In particular, issues of

overcoming conceptual difficulties by providing an appropriate stimulus item should be

investigated.

The developmental model outlined in Chapter 5 may have some suitability for

describing pathways to algebraic thinking in other settings. The literature review of
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Chapter 1 identified sets of responses to questions in the LOGO environment that have
some similarity to the structure of responses described in this study. It would be of

value to compare and contrast the alternative vehicles suggested as suitable for

promoting the transition from arithmetic thinking to algebraic thinking in an attempt to

identify any common underlying conceptual constructs. Are the alternative approaches

merely different representations of the same mathematical phenomenon or do some

representations have distinct advantages for some or all children?

Such considerations would provide some integration and overview of the strategies for

the development of algebraic thinking currently being investigated.

CONCLUSION: IMPLICATIONS FOR TEACHING

The ability to express generality does not appear automatically in all children, nor is it

an intrinsic skill that can be called on at will. The ability to generalise can be clouded

by item effects that are not immediately obvious. It is a skill that needs to be nurtured

and developed over a considerable length of time. In this section, the suggestions of

recent curriculum documents are briefly reviewed in the light of the findings of this

study prior to some specific suggestions about developing the ability to express

generality. The last word is given to Erica, a participant in the longitudinal study.

A number of curriculum documents were reviewed in Chapter 1. It is appropriate that

some comments are offered with regard to those documents in the light of the findings

of this study. These documents were the N.S.W. Syllabuses (Board of Secondary

Education 1988; Board of Studies 1989), the Curriculum and Evaluation Standards for

School Mathematics (Romberg 1989) and A National Statement on Mathematics for

Australian Schools (Australian Education Council 1990). These are each discussed in
turn.

The N.S.W. mathematics syllabus for Years 7 and 8 (Board of Secondary Education
1986) encouraged the development of the language of expressing generality as a
precursor to algebra. This is an appropriate emphasis if it is also made clear that there

are a variety of levels of pattern description and that only one of these (described here

as a functional description) leads to the emergence of algebraic notation. However, the

syllabus that precedes the Year 7 and 8 syllabus in N.S.W., Mathematics K to 6 (Board

of Studies 1989) does not suggest any suitable activities that could be argued to support

the expression of generality as a function description. This would appear to be a serious

oversight and represents a significant discontinuity between the two N.S.W. State
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syllabuses.

While the N.S.W. primary school syllabus lacked a reference to expressing generality,

the N.C.T.M. Standards included sophisticated pattern description items in its K-4

Standards (Romberg 1989, p. 60). Although considerable variability in the emergence

of these skills has been noted in this study, there is little evidence to suggest that Years

K to 4 should be the target group for activities implied by:

(Romberg 1989, p. 61)

In addition the claim that:

Organizing data on a pattern in a table helps students identify its structure
and describe it symbolically.

(Romberg 1989, p. 61)

might not be well founded as the data elements from tables were found in this study to

be the most difficult to isolate. However, these comments are based on results from a

sample of children that has not been exposed to a systematic program of development

in the area of expressing generality from a young age.

While the Standards document presented complex tasks for young children, A National

Statement on Mathematics for Australian Schools suggested caution by placing

appropriate emphasis on the development of the language of generality, and correctly

argued that:

Many students find the verbal expression of generality difficult.
(Australian Education Council 1990, p. 194)

However, it did not provide sufficient instructional detail to provide guidance as to how

to overcome these difficulties. The findings of this study suggested that the ability to

express generality can be developed. Issues relating to the facilitation of this



Chapter 9	 255	 Conclusions

development are now addressed.

This study has shown that there is no 'recipe' for developing the ability to generalise

number patterns in children, but rather there are multiple pathways of development. The

potential for these pathways has been conceptualised as the interaction between two

dimensions of growth, the expressing generality dimension and the data processing

dimension. These dimensions of growth interact in a number of different ways and

these interactions vary between individuals. Evidence has been presented that some

children develop first in one dimension while performing at a low level in the other

dimension. Some children's attempts to increase their performance on one dimension

can result in reducing their performance on the other dimension. This diversity of

development paths prevents the suggestion of a set of steps to be followed that reflect

the needs of all children. Rather, teachers could use the development model as an

assessment tool to gain a greater understanding of their students' performance and use

the model to assist in making decisions with regard to further activities to facilitate a

student's development.

While no 'recipe' for the development has been identified, there are a number of issues

that can provide assistance to teachers considering the issue of developing the skill of

expressing generality of number patterns. It has been recognised that the skill of

generalisation in young children is not automatic or intrinsic, but it can be developed in

most children. The dynamic interaction of the components of the stimulus items

suggested that to induce this development the need for generality has to be fostered,

together with a recognition of the power of generalisation. This was recognised because

children reconceptualised their pattern descriptions when confronted with the need to

extend the pattern to an uncountable example. Teachers should be encouraged to

develop in children the language of, the need for, and the power of, expressing

generality at every opportunity.

Another critical aspect in developing the skill of number pattern descriptions was in

making the data elements explicit using natural language. There are considerable

subtleties in providing patterns to facilitate children explicitly identifying the data

elements. Some general points are listed here. In determining item complexity it is not

enough to use the function as the sole criterion of complexity as different settings

facilitate the identification of data sets at different levels. The use of a table of values as

a data source is the most difficult of the environments investigated since the operator

values of the function are not always obvious. However, the lack of physical items (in-

context items) to count in a table of values assisted children to avoid providing a
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specific example of the data rather than a condensed generalisation. The irony here is
that the in-context stimulus items which reduce the cognitive load on the identification

of data elements also can induce a lower level response since they facilitate a focus on

physical items rather than numeric relationships. This phenomenon has been described

as ikonic support for the concrete symbolic mode. It was also observed with some in-

context stimulus items providing ikonic cues which resulted in incorrect numerical

values being used in the generalisations. Teachers need to be aware that number

patterns can and do provide unintended cues to children that can lead to apparent low

level responses.

From this discussion it can be argued that teachers should spend time developing the

skills reflected in the data-processing dimension of the development model so that

children can confidently argue the correctness of the data elements they choose. The

explicit function operators and precise language for expressing generality of number

patterns have been identified as precursors for the emergence of algebraic notation.

In this study no attempt was made to demonstrate algebraic notation to the participants

although they were asked to write their natural language pattern descriptions in

mathematics symbols or algebraic symbols. A range of notations was used which

includes place holders:

Ikons:

x3=

x3+1=

and letters:
3a=b.

There were shifts in meanings of symbols over time and there were also inappropriate
uses of symbols in an algebraic sense. However, it was evident from some response sets
that some primary school children, without any exposure to the use of classroom

algebra, began to use algebraic notation and could provide appropriate explanations of

its meaning.

It is important for teachers to note that given the right experiences and environment,

such as extensive experience with expressing generality of number patterns, algebraic

concepts begin to appear in children's responses.

Erica, whose developmental profile was reported earlier as Figure 8.1, had been

consistently using only operations symbols and numerals in her attempts at
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symbolisation. In the third study her first functional response appeared.

Y=4X	 Researcher: Part (B)?
Erica: You need 4 matches for diamonds of any number.

While her symbol representation reflected considerable indecision

Researcher: Part (D)?
Erica: lz x	 4 x

Six months later, in Study 4, Erica, when in Year 6, produced functional descriptions

for the first two stimulus items of the study. When confronted with Component D she

said:

Wouldn't it be good if we had a symbol to stand for any number?
(Erica July 1992)
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