Chapter 1

Introduction

Economists frequently encounter situations where the observations on the dependent
variable in a regression model are limited to a certain range. For example, in labour
supply functions where hours worked is explained as a function of wage rate and a
number of other independent variables, the dependent variable cannot be negative,
and it will be equal to zero for all those individuals who do not work. Thus, in this
and other similar situations, the stochastic specification of the function takes into
account the non-negativity of the dependent variable as well as the clustering of a
number of observations at zero. If traditional least squares techniques are applied to
estimate the model, the resulting estimates will generally be biased and inconsistent
and therefore are no longer appropriate.

In economics, this model was first suggested by Tobin (1958) who analysed house-
hold expenditure on durables by considering the fact that the dependent variable
cannot take negative values. Tobin’s model and its generalisations are usually known

as tobit models because of their relationship to the probit model. Tobit models are
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also known as censored or truncated regression models. A model is called censored
if all the independent variables are observable but the dependent variable cannot be
observed outside a specified range. If, on the other hand, both the dependent and
the independent variables are not observable outside a certain range, it is referred to
as a truncated regression model.

In recent years numerous applications of tobit models have appeared over a wide
range of areas in economics. Examples of applications include labour supply models
[Heckman (1976, 1979), Keely, Robins, Spiengelman and West (1978) and Wales and
Woodland (1980)], demand for housing [Lee and Trost (1978)], modelling for public
decision [Foot and Poirier (1980)], household expenditure models [Jarque (1987)],
Demand for imports [Wu (1992)]. Theoretical and empirical surveys on tobit models
were given by Amemiya (1981, 1984).

The increase in applications of tobit models has been associated with the increase
of survey data for which tobit model analysis is well suited and with the availability
of computer technology. On the other hand, many types of tobit models have been
suggested and various estimation methods proposed. In fact, Amemiya (1984, p.4)
stated,

‘... models and estimation methods are now so numerous and diverse that

it 1s difficult for econometricians to keep track for all the existing mod-
els and estimation methods and maintain a clear notion of their relative
merits’.
Examples of papers which are related to the theoretical aspects of various estima-
tors and their properties include those of Amemiya (1973, 1978, 1981), Goldberger

(1980, 1981), Greene (1981a, 1981b, 1983, 1990), Heckman (1979), Olsen (1978),
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White (1980b), Powell (1984, 1986b), Peracchi (1990) and Chib (1992). Furthermore,
related models have been studied in the statistical literature of physical sciences [ for
example, Scheme and Hahn (1979), Aitkin (1981)].

However, almost all the theoretical studies are concerned with the asymptotic or
large sample properties and/or computational ease of alternative estimators. In other
words little attention is given to the finite (small) sample properties of the various
estimators. Thus the purpose of this study is to make a contribution towards this
end. Specifically, we use Monte Carlo techniques to assess the relative performance
of the various estimators of the model.

Moreover, this study suggests an improved estimator for the tobit model along
the lines of the existing Heckman’s estimator and provides the asymptotic properties
of the estimator. Furthermore, the finite sample properties of the proposed estimator

are also investigated and compared along with other existing estimators of the model.

1.1 Objectives of the Study

This study is aimed towards a performance comparison of several estimators of the
tobit model through a Monte Carlo experiment. There are many types of tobit models;
this study will concentrate on the estimators that are relevant for what is known as
the standard tobit model. Along the lines of existing Heckman two-step estimators
of the tobit model, the study also proposes an alternative three-step estimator and

its weighted version, the weighted three-step estimator, for the standard tobit model.
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In general the objectives of this study can be summarized as follows:

1. To investigate the relative performance of the alternative estimators that

have been proposed in the literature. That is,

1.1

1.2

1.3

1.4

1.5

To investigate the relative efficiency of the various estimators.

To investigate whether the asymptotic distributions of the various esti-
mators are good guides to the finite sample properties of the estimators
and to determine the sample sizes where the asymptotic distributions

of the estimators can be used as good guides.

To examine whether the asymptotic covariance matrices are accurate
(or good) estimates of the finite sample covariance matrices and their
implications for hypothesis tests and/or confidence intervals of coeffi-

cients.

To assess the relative effects of relaxing the assumption of normally
distributed disturbances which is a standard assumption in almost all

cases.

To investigate the effects of the degree of censoring on the performance

of the estimators of the model.

2. To propose an alternative estimator for the standard tobit model and pro-

vide its asymptotic properties. Furthermore, to investigate the finite sam-

ple properties of the suggested estimator and compare the results with

those of the other estimators.

3. To investigate the use of the alternative, but asymptotically equivalent,

variance-covariance matrix estimators in the estimation of variances and
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their implications in statistical inference, i.e., for hypothesis testing and/or
confidence intervals of the coefficients of the model. This is particularly

relevant in the maximum likelihood framework.

4. To examine the effects of correlation between the explanatory variables on

the performance of the estimators.

5. To provide specific recommendations that can be used as a guide in applied

research.

Note that the sequence of these objectives does not necessarily imply one is more
important than the other. Some of these objectives will be elaborated upon later in

this study under their respective chapter or topic headings.

1.2 Outline of the Study

The main focus of this research is concerned with the small sample performance of
the estimators of the standard tobit model. Thus, although there are many types of
tobit models, it is the aim of this research to concentrate on the literature that is
most relevant to the standard tobit model.

Chapter 2 starts with the definition and the specification of the standard tobit
model, the model whose estimators are to be investigated in this thesis. Then, the
various estimators of the model and their properties are discussed in the subsequent
sections of the Chapter. These estimators include, among others, the maximum
likelihood estimator, Heckman’s two-step estimator and its weighted version, the

weighted Heckman’s two-step estimator, nonlinear least squares estimators and other
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Heckman-type estimators of the model. This Chapter also provides a brief review
of the non-parametric, bounded influence and Bayesian methods of estimation of the
tobit model.

Chapter 3 proposes an alternative estimator for the tobit model along the lines
of the existing Heckman’s two-step estimator. This estimator is referred to as the
three-step estimator. The properties of the proposed estimator, i.e., its consistency
and asymptotic distribution, are derived and discussed in this Chapter. Further, this
Chapter provides some generalizations of the three-step procedure in estimating the
standard tobit model as well as other similar models.

In Chapter 4, studies which are related to the small sample properties (Monte
Carlo and/or simulation studies) viz-a-viz the model defined in Chapter 2 are dis-
cussed. Although there are many types of tobit models and related small sample
studies in the literature, this Chapter concentrates mainly on those studies that are
most relevant to the finite sample properties of the estimators of the standard tobit
model.

Chapter 5 deals with the design of the Monte Carlo experiment which is employed
in this study. This Chapter starts by defining the specific form of the model to be
inveétigated in the Monte Carlo experiment. Once the model is specified it is fol-
lowed by the various details that are involved in the data generation and estimation
processes of the experiment. The main points discussed in this Chapter include the
generation of the explanatory variables of the model, the determination of the true
values (parameter values), the determination of sample sizes and the degrees of cen-

soring. Further, this Chapter discusses the various distributions considered for the
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random error term of the model. Other important issues such as the generation mech-
anism of the random variates associated with each distribution as well as the output
statistics to be computed in the Monte Carlo experiment for comparison purposes are
included.

The main comparisons and findings of the experimental results begin in Chapter
6. This Chapter presents a detailed analysis and comparison of most of the estimators
discussed in Chapters 2 and 3 of the study. A total of 11 estimators are included at
the beginning of the Chapter. These estimators are compared using several criteria,
as outlined in Chapter 5. A few estimators are then selected on a step by step basis
depending on their relative performance. While comparing the various estimators,
this Chapter also raises several questions and issues some of which are considered for
further analysis in the subsequent chapters of this study.

Chapter 7 is entirely devoted to a further investigation of the small sample prop-
erties of the maximum likelihood estimator of the model, which is one of the most
frequently used estimators in applied research. This Chapter is motivated by the
findings and questions raised in Chapter 6 as well as by taking into consideration
the wide use of the maximum likelihood estimator in applied research. The Chapter
provides more information with regard to the consistency of the maximum likelihood
estimator under a variety of conditions. Furthermore, this Chapter presents a de-
tailed analysis on the performance of the alternative, but asymptotically equivalent,
variance-covariance matrix estimators in the estimation of variances of the coeflicients
of the model as well as their implications for hypothesis testing and/or construction
of confidence intervals for the coeflicients of the model.

Chapter 8 examines the effects of correlation between the explanatory variables
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and the estimated inverse of Mill’s ratio on the performance of the estimators of the
model; in particular on the performance of Heckman’s two-step and the three-step es-
timators. The main purpose of this Chapter is to examine the advantages of using the
three-step estimator proposed in this study as compared to the usual Heckman’s two-
step estimator which often is characterized by a strong and unavoidable correlation
problem.

This is followed by Chapter 9 which presents selective discussion on various topics
related to this study. These topics cover a range of issues that are related to the design
of the experiment as well as the outcomes (findings) of the study. This Chapter is
designed to provide more information regarding the flexibility (or restrictiveness) of
the experimental design as well as to examine the implications of some of the findings
of the experiment for applied research.

Finally, Chapter 10 presents the summary, conclusions and recommendations of

the study.



Chapter 2

Review of Literature

2.1 Introduction

Tobit models refer to regression models involving dependent variables for which ob-
servations are limited to a certain range. In economics, the tobit model was first
suggested in the pioneering work of Tobin (1958). He investigated the relationship
between household expenditure on durable goods, income and a number of other
explanatory variables by taking into account the non-negativity of the dependent
variable in the model. The nanie ‘Tobit’, which refers to Tobin’s probit, was nick-
named by Goldberger (1964) because of its relevance to probit models. Tobit models
are also referred to as censored or truncated models. They are called truncated if the
observations outside a specified range are totally unobserved and censored if one can
observe at least the exogenous variables.

Although the tobit model was first suggested by Tobin in 1958, there was very

slow progress both in theoretical and empirical applications in the economic literature
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between this time and the 1970’s. However, in the last two decades, a vast amount of
applied and theoretical papers have appeared in a wide range of areas in economics.
As a result many types of tobit models have been suggested and various estimation
methods proposed. Amemiya (1981, 1984) provides a survey on the theoretical and
empirical applications of the model [see also the books by Manski and McFadden
(1981), Maddala (1983), Amemiya (1985), Judge et al. (1985) and Greene (1991)].

It is clear that the literature on tobit models is vast, covering from the simplest
single equation tobit model to more complex tobit models involving simultaneous
equations. Amemiya (1984) used five classifications for convenience, and defined the
standard tobit model suggested by Tobin (1958) as Type-I. Similarly, there are many
estimators that have been suggested in the literature to estimate the parameters of
these models. Of course, like any other models, most of the estimators of the model
are quite similar and are usually generalizations of the simplest cases of the model.

The main focus of this Chapter is to discuss the various estimators of the standard
tobit model (Type-I Tobit) and their properties. In other words, although there are
many types of generalisations of the tobit model, the review of the literature is limited
to those estimators which are most relevant to the standard tobit model. However,
as mentioned above, it is also important to note that many of the properties of these
estimators may apply to other types of tobit models with some adjustments.

In general, the review of literature in this Chapter is organized as follows: Sec-
tion 2.1 defines the specification of the standard tobit model. The properties of the
traditional least squares estimators and their limitations in estimating the standard
tobit model are discussed in Section 2.3. Sections 2.4 through 2.8 present the various

theoretically feasible estimators of the model and their properties. These estimators
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include, among others, the maximum likelihood estimator, the Heckman’s two-step
estimator and its variations, and some nonlinear least squares estimators. Highlights
of semi-parametric, bounded-influence and Bayesian estimators of the models are also
provided in Section 2.9. Section 2.10 presents some useful results associated with the

tobit model. Finally, a summary appears in Section 2.11.

2.2 The Standard Tobit Model

As stated above, the overall objectives of this study relate to the estimators of the tobit

model and their finite sample properties, with particular emphasis on the standard

tobit model. The standard tobit model is defined as follows:

y, = zif+u, i=1,.,N. (2.1)

*

v, = y; if yr>0,

= 0 if y<o. (2.2)

where z is a (1xk) vector of explanatory variables which are assumed to be observed,
B is a (kx1) vector of unknown parameters to be estimated,

u 1is an (Nx1) vector of random disturbances, u;, which are assumed to be indepen-
dently and identically distributed drawings from N(0,0?),

y* is an (Nx1) vector of values on the latent variable, y7,

y is an (Nx1) vector of observations on the dependent variable, y;, consisting of
positive (non-limit) observations corresponding to the positive values of y* and zero

(limit) observations corresponding to those observations for which y < 0.
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Since there are many generalizations of the tobit model, the model specified in
(2.1)-(2.2) above is usually referred to as the standard tobit model, or simply the
tobit model. It is also sometimes referred to as the Type-I tobit model, according to
Amemiya’s (1984) classification of five types of tobit models.

The model (2.1)-(2.2) is also known as the censored regression model. It is called
censored because all the values on the explanatory variables are observed (known) but
the dependent variable, y;, is observed only when the latent variable, y7, is positive.
On the other hand, if all explanatory variables were observed (sampled) only for those
observations for which y} is positive, the model would be referred to as a truncated
regression model. In other words, in a truncated model we have no information re-
garding y7 < 0. One of the main distinctions between a censored and a truncated
regression model is that in a censored regression model one can use the available data
to estimate the probability that an observation yields complete data, whereas in a
truncated model one cannot. It is clear that there are many similarities between the
two models and many results may apply to both cases with some adjustments. How-
ever, this study will concentrate solely on the estimation of the censored regression
(standard tobit) model defined in (2.1)-(2.2).

Given this model, the main interest is to estimate 8 and o2 on the basis of N
observations on the variables y; and z;. Estimation of these parameters using or-
dinary least squares techniques provides estimates which are generally biased and
inconsistent. The properties of these estimators are discussed in the next section.
Alternatively, a number of consistent estimators have been suggested for the estima-
tion of the parameters of the tobit model; some of these estimators will be considered

subsequently in this Chapter.
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2.3 Properties of Least Squares Estimators of the

Tobit Model

It is well known that the conventional ordinary least squares estimators for the tobit
model defined in (2.1)-(2.2) are biased and inconsistent. However, it is important to
understand the properties of the least squares estimators and their limitations. In
order to do this we first define the following:

Let Ny be the number of observations for which y; = 0, and N; be the number of
observations for which y; > 0 such that N = Ny + N;. Further, we define f; and F;
to be the density function and the cumulative distribution function of the standard

normal random variable, respectively, evaluated at z; = z.3/o. That is,

fi= ez’ (2.3)

and

L i2g (2.4)
27

F=["
—00 V/
Suppose we consider the observations in which the dependent variable is positive

(i.e. y; > 0). That is

Elyilyi > 0] = 8+ Eluily; > 0]

= z.0 + Efu;|u; > —z.0] (2.5)

Note that if the conditional expectation of the last term in the right hand side
of equation (2.5) is zero, then the least squares estimator of 5 would be unbiased.
However, this is not generally the case, implying that the least squares estimator that

uses the N; positive observations of y; is biased.
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Further, if we assume normality as in the tobit model, equation (2.5) can be shown

by straightforward integration to be
Ely:ly: > 0] = 238 + 0 X(2), (2.6)

where A(z;) = f(z;)/F(z) which is known as the hazard rate in reliability theory and
its inverse is known as Mill’s ratio.

As can be seen from equation (2.6), applying least squares omits the term o A(2;)
which is not independent of z!. It is this omission that leads to a biased and incon-
sistent estimator of 5. However, the magnitude and direction of the bias is unknown
without making further assumptions. Goldberger (1981) assumed that the z;, exclud-
ing the first element which is assumed to be constant, are normally distributed and
evaluated the asymptotic bias of the least squares estimator. Specifically, Goldberger
(1981) defined (2.1) as

Yy = fo + =1 + w (2.7)

where z} is assumed normally distributed with mean zero and variance ¥ and is
distributed independently of u;. Note that the assumption of zero mean does not

involve any loss of generality since any non-zero mean can be absorbed by the constant

term. Goldberger (1981) then obtained

.2 11—+
plim f; = 1— p B (2.8)

where

v =0, X(Bo/y)[Bo + oyMBo/oy)] and p* =0 7BiBM,

where o7 = o+ B X0
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Based on this result it can be shown that 0 < v < 1 and 0 < p < 1, thus (2.8)
implies that ,él shrinks the estimate of ; to zero with the degree of shrinkage being
uniform for all elements of 3;. However, if 2} is not normal the result may not hold.

Similarly, Greene (1981a) showed the biasedness of the least squares estimator
when applied to the model using all the limit and non-limit observations. In this case

we consider the unconditional expectation which yields the equation

Ely] = F(z:)(;6) + o f(2) (2.9)

Following the same assumptions as Goldberger (1981), and expressing (2.1) as

(2.7), Greene (1981a) obtained the following result:

plim 6, = F(Bo/0y).5 (2.10)

where 3, is the least squares estimator of 8; from the regression of y; on z, using
all the observations. The result in (2.10) is an interesting result since it implies
that B; can be consistently estimated by (N/N;)B,, which is sometimes referred to
as the corrected least squares estimator (COLS). A similar consistent estimator can
be obtained for 3;. A Monte Carlo study by Flood (1985) who compared Greene’s
(1981a) COLS estimator and the maximum likelihood estimator of the tobit model
indicates that, under normality of the error terms, the COLS estimator is biased even
when the sample size increases. However, the bias of the COLS disappears when the
exogenous variables are generated from a normal distribution, a situation which is
unlikely to be the case in applied research.

In general we conclude that the least squares estimators using both the positive

observations on y;, or all the N observations, do not provide good estimators for the



CHAPTER 2. REVIEW OF LITERATURE 16

tobit model. Thus, alternative estimators have been devised; they are discussed in

the following sections.

2.4 The Maximum Likelihood Estimator (MLE)

The maximum-likelihood procedure can be applied to obtain consistent estimators
of the parameters, 8 and ¢2. Maximum likelihood estimation of the standard tobit
model proceeds as follows. For convenience we assume that, without loss of generality,
the first N; observations contain the non-zero observations and the remaining Ny
observations contain zero observations on y;. We know that for the observations for

which y; are zero, we have
Pr(y; =0) = Pr(u; < —2i8) =1 - F, (2.11)

since the normal distribution is symmetric. For the observations for which y; are

greater than zero, we have

f(yz - 13'15/870-2)
F;

Pr(y; > 0).f(w:ily: > 0)

Il

F; (2.12)

1

= Wexp{—(yi — z8)?/20%} (2.13)

Note that f; and F; are as defined in (2.3)-(2.4) the density and distribution functions
of the standard normal distribution, respectively.

Thus the likelihood function is given by

L= H[l — Fl H exp{—(y; — z}f)/20°} (2.14)

(2 2)1/2
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where the first product, H, is evaluated over the N, observations for which y; = 0
0

and the second product, H, is evaluated over N; observations for which y; > 0.
1

The log-likelihood function is

1 1 9
=) log(l — F; 1 — . — .
log L Zo: og( :) + ; og (2n02)i/2 ;202 (y: — =:B) (2.15)

where Z is the summation over the N, observations for which y; = 0 and Z is the
0 1
summation over the N; observations for which y; > 0.

The first derivatives of log L for a maximum are

OlogL 1 fim 1 ,

o8 “7§1,ﬂ+;;m—@m% (2.16)
Olog L 1 (z!8)f; M~y 1 .

do® 20320: _F 27 204;(% — zi) (2.17)

and the second derivatives of log L are given by

leogL _ 1 f,' fi 1 W) " i o,
9808 ~ o ; = Fz_)z [; - ;(1 - Fz)miﬂ] it~ — lem,mi (2.18)
8210 L 1 : 1 ! o2 ;1;; i
Goi0p ~ Xl = [9(1 - EYelB) (1= ) - R
1 :

Tt Z(%‘ — i) (2.19)
O’logL 1 fi 1 (! A3 Y,
AT = 18 Ry L B 30— R)(8)

(y: — 2iB)*. (2.20)

_(m;ﬂ)zfz] + N,

20¢ o T
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where the following were used to obtain the above results,

oF, 1

38 = ;fimi;
OF; 1,
35z = —Ez,gl‘iﬁfi,
af; 1,
& = —elbtia
afi _ (z:ﬂ)Z — o’ f
do? 20° v

The maximum-likelihood estimators of the parameters of the tobit model are
defined as a solution to the equations obtained by equating the partial derivatives
(2.16) and (2.17) to zero. These equations are nonlinear in the parameters and hence
must be solved using iterative methods. Amemiya (1973) proved that the tobit MLE
estimators are strongly consistent and asymptotically normal with the asymptotic

variance-covariance given by the inverse of the information matrix, defined by

o - {s] 2}

[ N N
Za,-z.;:z:; Zb,—:z:,-
=1

=1

_ (2.21)

N N
Zb,_.’l): ZC,;
L =1 i=1

1-1

where

0 — (,3',0'2)',
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zf
bi = a9 3 2 P £ ’
o (h - 2L
1 3 22 f2
R - SR S L)Y 1 I
(& 40.4 (zz f’b + ZiJs l _ Fi 1.)

Amemiya (1973) showed that the tobit likelihood function is not globally concave
with respect to the original parameters, 8 and 0. However, Olsen (1978) proved the
global concavity of log L based on the reparameterization @ = /o and h = 1/o. This
implies that a standard iterative method such as Newthon-Raphson or the method
of scoring always converges to the global maximum of log L. In terms of the new
parameters, log L is written as

log L = T logl1 — F(sfe)] + My log h — % s~ (2.22)

The normal equations of the reparameterized version are

Olog L

S = T Z o z; + Z(hy1 Tia)T; (2.23)
Olog L N,
Tl YL

The second derivatives of the likelihood function based on the new parameters are

less cumbersome than the corresponding expressions (2.18) through (2.20). These are

Plogl f(—zla) o f(=gle) ma) S




CHAPTER 2. REVIEW OF LITERATURE 20

0%log L

Sadh = ;yixi (2.26)
8*log L N;

e = LY (227)

From which Olsen (1978) obtained the matrix of second derivatives as

SlogL  o%logL | [ fi ( fo g ) L
dada’ dadh 2o ToF \Tia — 108 ) Tk 0
8%logL  8%ogl 0 _N

| Bhd! ELC L B2

- 21 mi&‘i El TiY;
4 (2.28)

| L1 YT -2 y? ]

Note that in order for log L to have a global maximum the matrix given by (2.28)
must be negative definite. Since the expression zia — [1 — F(zia)]™! f(zia) < 0, the
right hand side of (2.28) is the sum of two negative definite matrices and hence is a
negative definite matrix. The implication of this result is that the likelihood function
of the tobit model has a single maximum. Recently, Greene (1990) investigated the
possibility of multiple roots of the tobit loglikelihood function based on the original
parameters and showed that the problem of multiple roots in the tobit model is
less obvious than suggested in earlier literature. Further, because of the invariance
property of maximum likelihood estimators one can obtain a unique solution in terms
of the original parameters of the tobit model.

To obtain the maximum likelihood estimates standard iterative procedures such

as Newton-Raphson or the method of scoring can be used. The latter procedure
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uses the information matrix in place of the negative of the Hessian. However, the
well known Newton-Raphson requires the second partial derivatives. If we define §;
to be the second-round estimate, given an initial estimate §;, the Newton-Raphson

iteration is defined by

G, b, [c')zlog L(6) - r dlog L(6) (2.29)

b2 = 9606’ o0

Y

Once éz is obtained the iteration may continue for 53 and so on, until the iteration
converges to a desired degree of precision. Tobin (1958) suggested the same procedure
and in order to speed up convergence of the estimation process, he proposed an initial
estimator based on a linear approximation of the reciprocal of the Mill’s ratio. Tobin'’s
(1958) procedure was as follows: Equate the right hand side of equation (2.16) to 0

to obtain
- UZ —fﬁ— + Z(y,- —z:f)z; =0 (2.30)
o+ F; 1
Premultiply (2.30) by 8'/20* and add it to the equation obtained by equating

(2.17) to 0. The result is
1
2

g = -
Ny 9

(v — =By (2.31)

Equation (2.30) involves a non-trivial function f;/(1 — F}) which is the inverse of
the Mill’s ratio. Tobin (1958) approximates f;/(1 — F;) by a linear function of the

form a + b(z}3/0) and substitutes in the left hand side of equation (2.30) , to obtain

—o Y la+b(zB/o)z] + D (v: — =)z = 0 (2.32)

Then, solving for 8 from equation (2.32) and inserting it in equation (2.31) yields
a quadratic function of . Once an estimate of o is obtained 8 can be estimated

linearly from equation (2.32). However, Amemiya (1973) showed that Tobin’s (1958)
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initial estimator is inconsistent, and he proposed an alternative consistent estimator.
He also showed that the second-round estimator based on his initial estimator is
consistent and asymptotically normal. Amemiya’s (1973) estimator was simple:

Consider equation (2.6) which is given by

E(yily: > 0) = z;6 + oA (z:8/ o) (2.33)

and

E(yily: > 0) = (z18)* + o(zif)A(zx) + o (2.34)

in which from (2.33) and (2.34), Amemiya (1973) obtained
E(ylly: > 0) = (2i8)E(ysly: > 0) + o* (2.35)
Equation (2.35) can be written as
y? = y;ziB + 0% + (;, for 4 such that y; > 0 (2.36)

where E((;ly; > 0) = 0.

Equation (2.36) is a linear regression model containing an endogenous explanatory
variable. Thus, although it does not contain terms involving A(.), applying OLS
directly to (2.36) leads to an inconsistent estimator because of the violation of the
assumption of independence between the explanatory variable and the disturbance
term of the model. Amemiya (1973) then proposed the estimation of equation (2.36)
using an instrumental variable such that the explanatory variable (f;z;,1) is used
in place of (y:z;,1), where J; is the predictor of y; obtained by regressing y; on z;
using N; observations. Amemiya’s (1973) initial estimator is important especially in

more complicated tobit models. However, based on a simulation study of a single
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replication of sample sizes of 1000 and 5000, Wales and Woodland (1980) indicated
that it is rather inefficient.

Fair (1977) suggested an alternative procedure for obtaining the maximum like-
lihood estimators of 8 and o2 based on the normal equations (2.16) and (2.17). His
procedure was as follows:

For the purpose of tractability let us rewrite equation (2.31)

o' == (v — =Py (2.37)

Further, multiply equation (2.16) throughout by o and equate to zero, to obtain

-2 1f_mF + %Z(yi - 2if)z =0 (2.38)

Finally, solving for 8 from equation (2.38) yields

-1 -1
B = (Z z:w,) Y zyi—o (Z m:mz> >zl (2.39)
1 1 1 0

where v; = o f;/(1 — F;).

In matrix notation this can be written as

B = (X'X)'X'Y = o(X'X) X

= B’ — (X' X) " Xm0 (2.40)

where Y is an (V;x1) vector of positive observations on the endogenous variable
and X is the corresponding (N,xk) matrix of explanatory variables, X, is an (Npxk)
matrix of explanatory variables corresponding to the zero observations of Y, 7o is an
(Nox1) vector of the ,’s for y; = 0 and 855 is the ordinary least squares estimate of

B for the non-zero observations.
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The expression given by (2.40) shows the relationship between the ordinary least
squares estimator based on the non-zero observations and the tobit ML estimator
explicitly.

Fair (1977) suggested the following procedure for computing the tobit ML esti-

mates.

1. Compute B5% and (X'X)~1X{.

2. Choose a value of 3, say, ), and compute ¢ from (2.37). If this value of
o2 is less than or equal to zero, take for the value of 0 some small positive
number. Let o(!) denote the square root of the chosen value of o2.

3. Compute the vector 7o using S and o(!). Denote this vector as 'y(()l).

(A standard FORTRAN function is available to compute the distribution

function £;.)

4. Compute £ from (2.40) using (1) and 'y((,l). Denote this value as 8(). Let
B® =W 1 5™ — M) where 0 < § < 1.

where § is a damping factor which is useful in this sort of procedure.

5. Using B(® as the new value of 3, go to step (2) and repeat the process

until the iteration converges.

Fair (1977) provided an empirical example in which two samples of size 601 (of
which 150 are non-zero and 451 are zero observations) and 6366 (of which 2053
are non-zero and 4313 are zero observations) were involved. He analyzed his data
using a program called LIMDEP, which is fairly widely used, and found that both

Newton’s and his method converged to the same answer. He also noted that although
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Newton’s method required fewer iterations to converge, the computer time needed in
his procedure was much less than the iteration time needed using Newton’s procedure.
However, the convergence and speed of Fair’s procedure is sensitive to changes in the
starting value of A and some times even convergence may not be possible. If, however,
it converges, then the variance-covariance matrix can be obtained using (2.21).

Given the assumptions of normality and homoscedasticity, as assumed in the tobit
model, the maximum likelihood estimators are consistent and asymptotically efficient.
Further, assuming that the residuals are independent the MLE remains consistent but
not efficient under serial correlation (see Robinson (1982)). However, the properties
are sensitive to non-normality and heteroscedasticity of the errors. If the assumption
of normality of the disturbances is violated, as Goldberger (1980) and Arabmazar
and Schmidt (1982) indicate, the maximum likelihood estimators may lead to incon-
sistent estimates. Further, as shown by Hurd (1979), Maddala and Nelson (1975)
and Arabmazar and Schmidt (1981), heteroscedasticity of the disturbances can cause
inconsistency of the parameter estimates, even when the shape of the error density
is correctly specified. Arabmazar and Schmidt (1981) also noted that the asymptotic
biases of the censored regression model are not as large as those obtained by Hurd
(1979) for the truncated model.

In general, the maximum likelihood estimators are not robust to the assumptions
of the model. This is in contrast to the classical regression model which is generally
consistent under a wide variety of conditions. Further, except for the simplest cases,
the derivatives of the loglikelihood function of the tobit model are very complicated

and hence the computational cost of the maximum likelihood estimators can be very

high.
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2.5 Heckman’s Two-step Estimator (H2S)

Heckman (1976, 1979) proposed an alternative estimator which yields consistent es-
timates of the parameters based on a two-step procedure. Heckman’s two-step esti-
mator (H2S) was originally suggested for a system of two equations, but can be used
in a single equation with some adjustments. Heckman’s paper appears to generalise
earlier studies in the economics literature which include those of Gronau (1974) and
Lewis (1974). The two-step estimator uses the observations for which y; > 0 and
proceeds as follows.
Consider the conditional expectation for which y; > 0. That is, rewrite equation
(2.6) as
Ely;ly; > 0] = 8 + o A(zia), (2.41)

where \(zia) = f(zla)/F(zla) and a = §/0 are as defined before.

Equation (2.41) can be written as
v = .0 + oA(zia) + & (2.42)

where ¢; = y; — E(yily: > 0), E(e;) =0, E(eie;) = 0, ¢ # 5 and the variance of ¢; is
given by

V(e:) = 0® — o’zlal(zia) — o’ A(zia)? (2.43)

Note that, as discussed earlier in this Chapter, o and hence A(.) are unknown in

equation (2.42). Thus, ordinary least squares estimates from regressing y; on z. are

biased estimates. Heckman (1976, 1979) treated the bias as a result of an omitted

variable and he suggested a two-step procedure which involves the estimation of the

omitted variable using the probit maximum likelihood estimator in the first step,
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and then the application of ordinary least squares in the second step after replacing

the omitted variables by their consistent estimates. Specifically, Heckman’s two-step

estimator proceeds as follows:

Step 1.

Step 2.

Estimate o by the probit maximum likelihood estimator, say &. The likelihood
function is given by

L =TI - F(ala)] I] F(al) (2.44)

1

where the products H and H, as defined before, are evaluated over the Ny and
0 1

N, observations, respectively.

Then, the ratio o = /0 can be easily estimated by maximising (2.44) using
standard iterative procedures. Note that one can only estimate a, not § and o
separately. Once & is estimated then A(z/é&) can be obtained by straightforward
substitution. These values are consistent since the probit maximum likelihood
estimator, &, is consistent. Further, it can be shown that & is asymptotically
normal and the asymptotic variance-covariance matrix is given by [see Amemiya
(1978, p.1196)]

V(&)= (X'D:X), (2.45)

where X is an (Nxk) matrix of all observations and D, is an (NxN) diagonal

matrix whose diagonal elements are given by F(zia) !l — F(zia)]™ f(zia)®.

Replace \(z\a) by A(z!4) in equation (2.42) and then regress y; on z; and A(z}4)
to obtain consistent estimates of 3 and o, based on the observations for which

y; > 0, i.e., using only the N; observations.
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To discuss Heckman’s two-step estimator further, equation (2.42) can be written

as
v = 28 + o[ Mzla) — Mzi&)] + o A(zid) + & (2.46)
which is equivalent to
y; = o8+ o Mald) + &; + 7 (2.47)
where 7; = o[A(zla) — A(z&)).

Further, using matrix notation, equation (2.47) can be presented as

Y=XB+o)+(e+17) (2.48)

where Y is an (N;x1) vector of the non-zero observations on the dependent variable,
X is a (N1xk) matrix of explanatory variables corresponding to Y, X is an (N;x1)
vector whose elements are 5\(:132&), and ¢ and 7 are vectors of N; elements of ¢; and
7;, respectively.

Further, equation (2.48) can be written as
Y =Zv+(e+n), (2.49)

where 7 =(X,}) and ~v=(8,0).

Thus, Heckman’s 2-step estimator of v is defined by
y=(2'2)12'Y. (2.50)

Heckman (1976, 1979) showed that 4 is consistent and asymptotically normal with

mean 7 and the asymptotic variance-covariance matrix given by [see also Amemiya

(1984), p.13]

Vi =0%(2'2)Z'[2+ (I - ) X(X'D:X) ' X'(I -%))%(2'2)™" (2.51)
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where 0?Y = E(ee’) is an (N;xN;) diagonal matrix whose diagonal elements are
var(e;) as defined in (2.43) and the matrices X and D; are defined after (2.45).

Note that the expression given by (2.51) may be estimated consistently by replac-
ing the unknown parameters by their consistent estimates or by (2'2)*Z'AZ(Z'Z)7?,
where A is a diagonal matrix with the ¢** diagonal element given by [y; — |8 —
&A(zt&))?, which follows the idea of White (1980b).

It should be noted that the expression in the square brackets in the right hand side
of equation (2.51) arose because A is unknown and had to be estimated. However, if A
were known, equation (2.42) could be estimated directly using least squares estimates
and the exact variance-covariance matrix would be 02(Z2'2)"12'2Z(Z2'Z)!.

The H2S estimator is consistent and has been used widely in applied research
because of its simplicity. However, it is inefficient. Wales and Woodland (1980)
and Nelson (1984) presented some evidence on the inefficiency of the H2S estima-
tor relative to the maximum likelihood estimator. One of the main reasons for the
inefficiency is the existence of strong multicollinearity between the explanatory vari-
ables and the estimated hazard function, X(m:&), in the model. A recent paper by
Nawata (1993) shows that there almost always exists a high (negative) correlation
between the explanatory variables, X’s, and the estimated hazard function, A(z}a),
which is the main cause of the inefficiency of the H2S estimates. This is an important
line of discussion because the improvements that are suggested later in this study
are basically designed to avoid the multicollinearity problem; they will be discussed
thoroughly in the next Chapter.

Below, we consider alternative techniques of estimating equation (2.42); specifi-

cally, we discuss the estimation of the model using weighted least squares, nonlinear
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least squares and nonlinear weighted least squares based on the observations for which

y; > 0.

2.6 Weighted Heckman’s two-step Estimator

It should be noted that equation (2.42) represents a regression model with a het-
eroscedastic error variance, implying that the Heckman two-step estimates are not ef-
ficient. Heckman (1976, 1979) suggested that asymptotically more efficient estimates
can be obtained using weighted least squares in the second step of the procedure with
the weights given by (2.43). This estimator is referred to as the weighted Heckman'’s
two-step (WH2S) estimator.

Let the resulting estimator using the N; observations be denoted by Aw. It is
consistent and asymptotically normal with mean v and the asymptotic variance-
covariance matrix given by [see Amemiya (1984), pp. 12-16]

Vs = 0H{Z' S+ (I - D)X(X'DX)'X'(I - %) 2} (2.52)

where 02%, Z, D, are as defined in (2.43), (2.49) and (2.45), respectively.

Note that the weighted Heckman’s two-step estimator provides asymptotically
more efficient estimates than its counterpart, the Heckman two-step estimator. How-
ever, neither the H2S estimator nor the WH2S avoid the multicollinearity problem
discussed in the preceding Section. Thus, given that multicollinearity is a serious
problem in the model, the gains in efficiency from the WH2S relative to the H2S
estimator may not be that large.

Further, the expression for the weights in (2.43) involves a non-trivial element A(.)
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which in turn involves the estimation of the density and cumulative distribution func-
tions of the normal random variable. Thus, the estimates of the weights themselves

may not be consistent if the normality assumption does not hold in practice.

2.7 Nonlinear Estimation based on Conditional
Expectation

It is clear that the expression given by (2.42) can be viewed as a nonlinear problem.
Thus, one can estimate the model using nonlinear least squares based on the positive
(NLSP) observations on y;. That is, 5 and o can be estimated simultaneously by
minimizing the sum of squares

N,

S8(B',0) = ly: — «iB — o XziB/o)] (2.53)

i=1
with respect to the parameters, 8 and o.

It should be noted that even if z.0 is linear in 3 it involves a nonlinear estimation
problem in view of the dependence of A(.) on § and o. The properties of nonlinear least
squares are well established in the econometric literature [see for example, Jennrich
(1969), Amemiya (1983a)]. The asymptotic properties of nonlinear least squares
estimators are generally obtained in such a way that results for the linear regression
model hold asymptotically for a nonlinear regression model by treating the partial
derivatives of the nonlinear regression as the regression matrix.

Let 45 be the nonlinear least squares estimator obtained by minimizing equation

(2.53) based on the N; observations. Hartley (1976) proved the asymptotic properties

and showed that 4y is consistent and asymptotically normally distributed with mean
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v and its asymptotic variance-covariance matrix given by [see also Amemiya (1984,
1985)]
Vi = 0%(5'5)8'25(5'S)7" (2.54)

where

S = (£X,D,)), (2.55)

where D, is an (N;xN;) diagonal matrix whose 1 element is given by 1+ (zha)? +
(zla)A(zia)] and 0% is as defined in (2.43).

Alternatively, the parameters in (2.42) can be estimated using nonlinear weighted
least squares with the weights given by (2.43). That is to say, the parameters 8 and
o can be estimated simultaneously by minimizing with respect to the parameters the

weighted sum of squares of the residuals which is given by

WSS(8,0) = z‘: (1 [y; — /B — o \(zla)]? ) (2.56)

S \1 - zlal(zia) — Az)a)?

Similarly, if we let 4yw to be the nonlinear weighted least squares estimator
based on the N; observations, it can be shown that it is asymptotically normal with
mean v and the asymptotic variance-covariance matrix is given as [see Hartley (1976),
Amemiya (1984, 1985))

Vi = 02(S'8718)7 (2.57)
where S is given by (2.55) above.

The minimization of these nonlinear functions involves partial derivatives which
are not in a closed form. Thus the solutions of the normal equations are obtained
using standard iterative procedures such as the Newton-Raphson method. In practice,

the nonlinear estimators of the tobit model have not been used, mainly because they
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are not as easy as the MLE. Convergence may not be guaranteed in the nonlinear
estimation procedure.

Note that the above estimators are based on the conditional expectation of the
model given by (2.42). However, one may also obtain similar estimators using the
unconditional expectation of the model given by (2.9). These estimators are discussed

in the section below.

2.8 Two-step Estimators based on Unconditional

Expectation

In the preceding section we discussed estimators of the model which are developed
using the conditional expectation of the model and which use only those observations
for which y; > 0. Wales and Woodland (1980) suggested that a similar procedure
may be applied using the unconditional expectation which uses all the observations.
That is, including the observations for which y; > 0 as well as those observations
for which y; = 0. Further discussions of the estimators based on all observations,
and their asymptotic distributions, include those of Stapleton and Young (1984) and
Amemiya (1984, 1985). The estimation procedure using all observations proceeds as
follows:

Consider the unconditional expectation of y;, given in (2.9) as
Ely] = F(z;a).(z.8) + o f(z.ar) (2.58)
Equation (2.58) can be written as

yi = F(zia)[(2if) + oA(zio)] + 6 (2.59)
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where §; = y; — Ely;] such that E[5;] = 0, E[5:5,] =0, i £ j, and
V(8) = o F(la){(zia)? + (za)\(@\a) + 1 — F(zla)[zla+ M/} (2.60)
Further, equation (2.59) can be written as
i = F(&a[ef + oA (@l8)] + [F(ele) — F(a@lalf +olf(ala) - f(ae)] + & (2:61)
which is equivalent to
yi = F(2ia)[z}8 + o A\(2i&)] + 6, + & (2.62)

where
¢ = [F(zia) — F(zia)]ziB + o[ f(z}a) — f(2;8)]

In matrix notation (2.62) can be expressed by
Y =DZy+6+¢ (2.63)

where D is an (NxN) diagonal matrix whose elements are F(z}&), Z = (X, )) is an
(Nx k + 1) matrix, § and { are vectors of order N whose elements are §; and ¢,
respectively, and X and + are as defined in (2.45) and (2.49), respectively.

Note that the models given by (2.59) and (2.63) have the same form as the previous
models given by (2.42) and (2.49), respectively. One noticeable difference between
the two sets of models is that while models (2.42) and (2.49) were derived using
N, observations, the other two are based on all observations, N. Next, we consider
the models (2.59) and/or (2.63) and apply estimators which are analogous to those
discussed in the preceding section, namely, the least squares, weighted least squares

and nonlinear least squares estimators.
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2.8.1 Heckman’s two-step Estimator based on the Uncon-

ditional Expectation (H2SU) of the Model

One way of estimating model (2.63) is to apply ordinary least squares in the second
step of the procedure. This estimator is analogous to the H2S estimator discussed in
Section 2.4 and was first suggested by Wales and Woodland (1980). It should be clear
that the first step still involves the estimation of a using the probit MLE. Once « is
estimated then one can use the method of least squares to estimate the parameters
in (2.63).

Let 4 be the H2SU estimator of 7 based on all observations. Then, from (2.63),
it is defined as

¥ = (2 D*2)™'% Dy (2.64)

where D is defined in (2.63).
Stapleton and Young (1984) derived the asymptotic properties of 4. They proved
that 4 is consistent and asymptotically normally distributed with mean v and the

asymptotic variance-covariance matrix is given by [see also Amemiya (1984), pp. 14-

15].

Vi = 0X(Z2'D*Z)"1Z' D?*QZ(Z' D?*Z) ™! (2.65)

where ¢%Q is an (NxN) diagonal matrix whose 3** elements are Var(é;) given by
(2.60).

Again, the model given by (2.59) or (2.63) has a heteroscedastic error variance
implying that more efficient estimates can be obtained using weighted least squares

in the second step of the procedure, with the weights given by (2.60).
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Let the weighted Heckman’s two-step estimator based on the unconditional ex-
pectation (WH2SU) of the model be denoted by 4w. Then 4w is consistent and

asymptotically normal with the asymptotic variance-covariance matrix given by

Vi = a*(ZD*Q7'Z)7 (2.66)

where 0%} is as defined in (2.65) above.

These estimators have not been used in applied research because they are in-
efficient relative to the maximum likelihood estimator under the assumptions of the
model. It is also clear that, similar to the H2S and WH2S estimators discussed above,
these estimators are likely to suffer from multicollinearity problems. Nevertheless, it

is important to examine their relative performance under various conditions.

2.8.2 Nonlinear Estimation based on the Unconditional Ex-

pectation

Clearly, the model given by (2.59) can be treated as a nonlinear problem in the
parameters. Hence, nonlinear least squares and nonlinear weighted least squares
estimators can be applied to estimate the parameters of the model.
The nonlinear least squares estimator, denoted by 4y, of 7y is obtained by mini-
mizing the sum of squares
N
SSU(B',0) = _ly: — F(ziB/o).xiB — o f(ziB/o)) (2.67)
i=1
with respect to the parameters, 8 and o.

Alternatively, one can estimate the weighted nonlinear least squares estimator,
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Anw, by minimizing the following weighted sum of squares with respect to the pa-

rameters. That is,

N ([yi _ F(mgﬂ/o).mgé - Cff(-’ﬂﬁﬁ/a)]z) (2.68)

SSW(B,a) =Y. 2

i=1

where the weights=w; are given by (2.60).

These estimators are consistent; however, since §; is not normal the nonlinear
procedure is not maximum likelihood. Further, they are not computationally easier
than the MLE. The asymptotic properties of these estimators were provided by Sta-
pleton and Young (1984) following White’s (1980c) results for nonlinear least squares
estimators in the presence of heteroscedasticity. Interestingly, Stapleton and Young
(1984) showed that the nonlinear least squares estimator, 4x, has the same asymptotic
distribution as 4, the Heckman’s two-step estimator based on all observations. Sim-,
ilarly, the weighted nonlinear least squares estimator 4w, has the same asymptotic
distribution as A [see also Amemiya (1984, 1985)].

Finally, given the estimators of the tobit model discussed in the Sections above,

it is worth noting some of the important points:

The two-step estimators, 4 and 4 cannot be ranked on the basis of their asymp-
totic covariance matrices. This is because the difference between the matrices
given by (2.51) and (2.65) is generally neither positive nor negative definite.
This implies that a preference for one of the two estimators depends on param-

eter values.

Similarly, one cannot make definite comparisons between the covariance ma-

trices given by (2.51) and (2.54), or between the covariance matrices given by
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(2.52) and (2.57). Therefore, the choice between the corresponding estimators

4 and 4x and 4w and Anyw, respectively, depends on the empirical values.

Further, the estimators 45 and yw have the same asymptotic distributions
as 4 and Aw, respectively. Thus, it would be interesting to see their relative
performance in finite samples. In general, little is known about the relative per-
formances of all these estimators in finite samples under various specifications

of the model, a gap which this study attempts to fill.

The following Sections of this Chapter provide some highlights of other estimators;
semi-parametric, bounded-influence and Bayes estimators of the standard tobit model

are considered.

2.9 Highlights of Other Estimators

The literature on tobit models is quite extensive. Thus, it is difficult in this study to
provide an exhaustive review of all the available estimators and their properties. It is
also important to recall that one of the main objectives of this study is to investigate
the small sample properties of the estimators that could be used in applied research
with reasonable computational skill and resources. Thus the computational ease and
availability of statistical/econometric packages needs to be taken into consideration.

On the other hand, it is important to provide some highlights of the recent devel-
opments and citations of the relevant literature. Some of these developments include
the semi-parametric estimators, the bounded-influence estimators and the Bayesian

estimation of the tobit model. A short discussion of these estimators follows.
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2.9.1 Semi-Parametric Estimators of the Model

In a standard linear regression model, the least squares estimators are unbiased and
consistent for a wide class of distributions of the disturbances. However, the situ-
ation is quite different for tobit models. That is, the assumption of normality of
the disturbances, which is a common feature for both the MLE and Heckman’s two-
step estimators, is essential for the proofs of consistency. In general, these proofs
are sensitive to violations of the assumptions of the model. This situation led to
the development of estimators which are robust (or less sensitive) to the functional
form of the distribution of the disturbances. Contributions to the development of
the semi-parametric estimation methods include those of Manski (1975, 1985) and
Cosslett (1983) for qualitative response models, and those of Powell (1984, 1986a,
1986b), Duncan (1986) and Ruud (1986) for tobit models.

Specifically, Powell (1984) proposed the least absolute deviations (LAD) estimator

which is obtained by minimizing with respect to 8 the function

Sn(B) =(1 /N)glyi — max{0, z5}| (2.69)

Powell (1984) proved that the LAD estimator is consistent under the assumption
that the conditional error distribution has median zero. The estimator is a non
parametric estimator due to the fact that the median (which is the solution to Sy(8) in
this case) of the censored variable does not depend, unlike the mean, on the functional
form of the density function of the disturbances.

However, although consistent, equation (2.69) involves serious computational prob-

lems for applied work. Note that (2.69) is not a differentiable function which implies
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that conventional gradient vectors cannot be used directly to solve for the param-
eters, 5. Solving (2.69) by converting into a nonlinear program also involves some
numerical problems such as the minimand may admit several minima or it may not
have a unique minimum.

Paarsch (1984) conducted a Monte Carlo study in which he compared the tobit
MLE, Heckman’s two-step estimator, and Powell’s LAD estimator under the nor-
mal, Laplace and Cauchy distributions. It was found that, for normal and Laplace
distributions, the MLE performed better than the other two estimators. Powell’s
LAD estimator performed better than the tobit MLE for the Cauchy distribution.
However, when the sample size is small the LAD estimator appeared to be neither
accurate nor stable. Nawata (1992) proposed an alternative algorithm based on a
linear search procedure and evaluated the LAD estimator using a Monte Carlo ex-
periment designed after Paarsch’s (1984) experiment. Nawata (1992) also noted that
the LAD estimator appears to do well under the Cauchy distribution, given that the
sample size is very large. However, the LAD estimator is very unstable even for mod-
erate sample sizes and the computational cost of the LAD estimator as compared to
the MLE or H2S estimators remains incomparably high. Nawata’s (1992) paper also
questions the reliability of the results obtained for the LAD estimator in Paarsch’s
(1984) paper. In general, one major limitation of Powell’s (1984) LAD estimator is
its computational difficulty even if the model i1s simple.

Alternatively, Powell (1986b) proposed a symmetrically censored least squares
(SCLS) estimator which is based upon symmetric censoring or truncation of the upper
tail of the distribution of the dependent variable. The SCLS estimator, although

useful, is more relevant to the truncated model than the censored regression model.
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The SCLS is defined by minimizing the following function with respect to 3

Ry(B) = Z:[(yi — max{y;/2,z,8})
+I(y; > 22!0)[(v:/2)* — (max{0, z!8})*]] (2.70)

where I(A) is an indicator which takes the value 1 if A is positive 0 otherwise.

Like the LAD estimator, the SCLS does not require the assumption of identically
and independently distributed Gaussian errors. It is consistent and asymptotically
normal for a wide class of (symmetric) error distributions.

In addition to robustness to non-normality of the disturbances, the censored least
absolute deviations (LAD) estimator and the symmetrically censored least squares
(SCLS) estimator have an additional desirable property of robustness to heteroscedas-
ticity. However, these estimators can be inefficient under the correct specification of
the model (i.e., when the assumptions of the model actually hold), because they do
not make full use of the information on the parameters.

Other papers which are related to the semi-parametric estimation of the tobit
model include, among others, those of Buckly and James (1979), Horowitz (1986),
Duncan (1986), Moon (1989) and Blundell and Smith (1994). Interested readers may
refer to these and the references there in for details. These estimators, although
useful, are computationally difficult and their use in applied research is very limited.

More importantly, the small sample properties of these estimators are not known.

2.9.2 Bounded Influence Estimators of the Model

As discussed earlier in this study, the tobit MLE, although widely used in applied

research, is not robust to violations of the assumptions made for the disturbances.



CHAPTER 2. REVIEW OF LITERATURE 42

On the other hand, semi-parametric estimators such as the Powell’s (1984) least ab-
solute deviations (LAD) estimator and Powell’s (1986b) symmetrically censored least
squares (SCLS) have certain robustness properties, but since they disregard entirely
the information contained in the parametric assumptions, they can be inefficient when
the assumptions of the tobit model hold.

Bounded-influence estimators provide a compromise between efficiency and ro-
bustness. These estimators make use of the parametric assumptions and hence attain
high efficiency when the model is correctly specified, but are robust in Hampel’s (1971)
sense; that is, their probability distribution changes only slightly for small changes
in the underlying probability distribution of the observation. These estimators are
also referred to as ‘optimal bounded-influence estimators’, since they have a bounded
influence function [Hampel (1974)] which guarantees protection from the effects of
small departures from the assumptions of the model. They, therefore, attain the best
trade-off between efficiency and robustness. They can also be viewed as weighted
maximum likelihood estimators, with weights depending on the particular choice of
the efficiency or robustness criteria. Earlier works on bounded-influence estimators
include those of Hampel (1978), Krasker (1980) and Krasker and Welsh (1982) for
the traditional linear regression model and the bounded-influence estimator for the
logit model which was proposed recently by Stefanski, Carroll and Ruppert (1986).

More recently, Peracchi (1990) introduced a new class of bounded-influence esti-
mators for the standard tobit model. He defined a class of bounded-influence esti-
mators which are all based on a score function related to the tobit model. Peracchi

(1990) provided an empirical example using household expenditure survey data of



CHAPTER 2. REVIEW OF LITERATURE 43

the Sudan and compared the results with other tobit estimators including the max-
imum likelihood estimator (MLE) and Powell’s least absolute deviations (LAD) and
symmetrically censored least squares (SCLS) estimators. Peracchi (1990) noted that
the bounded-influence estimators provided results which are generally close to those
of the Powell’s LAD and SCLS estimators. However, the bounded-influence estima-
tors appear to be relatively more precise than the semi-parametric estimators. The
results for the MLE were sensitive to a few extreme observations and look very poor
in some cases. Finally, Peracchi’s results imply that the bounded-influence weights
may provide useful diagnostic information for identifying potential problems such as

outliers and influential observations.

2.9.3 Bayesian Estimation of the Tobit Model

Bayesian methods are widely used in theoretical econometrics and statistics. Their
use in applied research, although relatively limited, has also increased rapidly in
recent years [see Koop (1994) who provides a survey on the applications of Bayesian
techniques in applied research]. The rapid growth in applications of Bayesian methods
is associated with advances in computer power and the availability of various Bayesian
techniques which make use of the computer power.

The main paper which focusses on Bayesian estimation of the tobit model is that
of Chib (1992). Other related works include those of Carriquiry et el. (1987) and
Sweeting (1987) in the biomedical sciences and Zellner and Rossi (1984) for the probit
model.

Chib (1992) considered the standard tobit model defined in this study and an-

alyzed the model in a Bayesian context. He provided a simple condition for the
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existence of posterior moments. He also developed suitable Monte Carlo procedures
based on symmetric multivariate-t distributions and Laplacian approximations. Ideas
such as data generation and augmentation and Gibbs sampling were also developed
and discussed. Chib’s paper provided an example and demonstrates the feasibility
of Bayesian techniques for estimation of the model. The reader may refer to Chib

(1992) and the references therein for further discussion.

2.10 Some Useful Results

As a final remark regarding the use and the interpretation of results, it is important
to understand when and how the results of tobit models are used in applied research.
Recall that there are three regression functions which are associated with the model.

These are:

Bly] = <l (2.71)
Blyly > 0] = 28+ 0 f(ala)/F(ala) (2.72)
Blyl = Flala). Elyly: > 0]

= F(z;0) (26 + o f(z;0)/F(z}0)] (2.73)

Further, if one is interested in the effects of a unit change in an explanatory variable
on any one of the above expectations then one can make use of the following useful

results.

(i) The effects of unit change in z; (suppressing observation subscript) on the latent

variable is given by

OByl _ .
*533—]_— =B (2.74)
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ii) The effects of a unit change in z; on y;, Fly;] is given as
g j g

OEly:]
Oz;

— F(z\a).5; (2.75)

(iii) Similarly, the effects of a unit change in z; on the conditional expectation of y;

is computed by

OE[y;ly; > 0] _ {1 _ (sla) f(zie) (f(mia))z} _ (2.76)

0z; "F(zla) F(zia)

Thus, the use and interpretation of tobit results depends on the type of outcomes
that may be required from the research. It is also important to note that, unlike
the traditional regression model, all coeflicients including the constant term play an

important role in computing the responses, as shown in items (ii) and (iii) above.

2.11 Summary and Conclusions

Tobit models refer to regression models in which the observations on the dependent
variable are restricted to a specific range. Since Tobin’s (1958) paper where he sug-
gested the standard tobit model, many types of tobit models have appeared in the
literature, ranging from a single equation tobit model to more complex simultaneous
equation tobit models. As a result, various types of estimators have been suggested
to estimate the parameters of the model.

In this Chapter, we reviewed those estimators of the model which are particularly
relevant to the estimation of the parameters of the standard tobit model which is
usually referred to simply as the tobit model. However, some of the properties of

these estimators may also apply to other types of tobit models with some adjustments.
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These estimators include, among others, the maximum likelihood estimator (MLE),
the Heckman’s 2-step (H2S) and its weighted version, the weighted Heckman’s 2-step
(WH2S) estimator, the Heckman-type 2-step estimator based on the unconditional
expectation of the model and its weighted version, and nonlinear estimators based on
the conditional as well as unconditional expectations of the model. Furthermore, some
highlights on recent developments with regard to semi-parametric, bounded-influence
and Bayesian estimation of the parameters of the model and the relevant citations are
provided. In general, comparison between these estimators using analytical methods
is either difficult or impossible.

Of these estimators, the MLE and the H2S estimator are widely used in applied
research. The MLE provides consistent and asymptotically more efficient estimates,
provided that the model is correctly specified. However, the MLE is nét robust if
the assumptions of the model are violated. For example, some studies have indicated
that the MLE is not only inefficient but can also be inconsistent under non-normality
of the error terms of the model, which is in contrast to the traditional regression
model where the MLE is consistent under a wide variety of conditions. Despite these
warnings, the MLE of the tobit model is used to estimate the parameters of the model
in most applied papers.

Another estimator which is frequently used in applied research is the H2S es-
timator. The H2S estimator is consistent and usually preferable for its simplicity,
especially for tobit models involving simultaneous equations. However, it performs
poorly in finite samples because of unavoidable multicollinearity between the explana-
tory variables and the estimated inverse of the Mill’s ratio. An improved estimator

along the lines of Heckman’s estimator is suggested to avoid this problem and will be
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discussed in the next Chapter.

Other estimators have been used little in applied research, perhaps for a variety
of reasons. For example, among other things, the nonlinear least squares estimators
involve non-trivial complex functions and hence are not computationally easier than
either the MLE or H2S estimators. Also convergence may not be guaranteed. Sim-
ilarly, the semi-parametric estimators are computationally burdensome even for the
simplest cases. This is coupled with lack of available statistical/econometric packages
that incorporate these estimators. Most of all, there appears to be lack of a clear
evidence on the finite sample properties of most of the estimators of the model.

It is also important to note that the semi-parametric and Bayesian estimators of
the tobit model have been hardly used in applied research and no further analysis of
these estimators will be provided in this study. However, they have some potentially
attractive characteristics and there appears to be a need for further research in this
direction. For example, as shown by Newey (1987) and Peters and Smith (1991), the
semi-parametric estimators can be used for pre-testing for the normality of the errors
of the model.

The purpose of this study is, therefore, to provide unified and relatively com-
prehensive Monte Carlo evidence regarding the relative finite sample performance of
most of the estimators so that they can be used as a practical guide (indicators) in

applied research.



Chapter 3

An Improved Heckman Estimator

and its Properties

3.1 Introduction

In Chapter 2, we discussed most of the estimators of the standard tobit model. Of
these estimators, the H2S estimator is relatively simple and usually preferred in ap-
plied research for its computational ease. However, some studies have indicated that
the H2S estimator performs relatively poorly in finite samples [Wales and Wood-
land (1980), Nelson (1984), Paarsch (1984), Nawata (1993, 1994)]. One of the main
reasons, among others, is the presence of strong and often unavoidable collinearity be-
tween the explanatory variables and the estimated inverse of the Mill’s ratio (hazard
function).

In this Chapter, we introduce an improved estimator which is along the lines of

Heckman’s two-step estimator and which is referred to as the three-step estimator

48
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(3SE). The 3SE, although similar to the H2S estimator, does not suffer the serious
multicollinearity problem which characterizes the H2S estimator. Computationally,
the 3SE preserves the simplicity of the H2S estimator.

Section 3.2 discusses the main steps involved in the 3SE and the likely advantages
as compared to the H2S estimator. Then, the asymptotic properties (i.e., consistency
and the variance-covariance matrix) of the 3SE are derived in Section 3.3. Section 3.4

provides some generalisations of the 3SE. Finally, Section 3.5 presents the conclusions.

3.2 The Three-step Estimator (3SE)

Recall the conditional expectation of the model which is defined by

yi = .0 + o Mzia) + ¢ (3.1)

where the various components of the model are as defined in Section 2.4.

Given this model, the H2S estimates are obtained by estimating «, say &, and
hence A(z!&) by the probit maximum likelihood estimator in the first step of the
procedure. Then, the coefficients of the model are estimated directly from (3.1) by
regressing y; on the z’s and 3\(&:1&), using only those observations for which y; is
positive.

However, the H2S estimates are likely to be imprecise because of the multi-
collinearity problem between the explanatory variables of the model. That is, as
can be seen from (3.1), A(z}a) is expressed as a function of the z’s and hence there

is an inherent problem of multicollinearity resulting from the particular form of the
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model. But most importantly, the severity of the multicollinearity problem arises be-
cause A(.) can be approximated by a linear function of the form A(z) = a+b(z) over
a wide range of observations, where the values of a and b depend on the observations
on the z’s [see Johnston and Kotz (1970, p. 123), Tobin (1958)].

In general, multicollinearity is unavoidable and often strong in the second step of
the H2S procedure and often leads to estimates which are relatively unreliable [see
Wales and Woodland (1980), Nelson (1984), Paarsch (1984), Nawata (1993, 1994)].
In particular, Nawata (1993) showed that there almost always exists a very high
(negative) correlation between the explanatory variables and the estimated inverse of
Mill’s ratio, 3\(332&), and it is this correlation which causes the inefficiency of the H2S
estimator in most cases.

Another, perhaps less important problem, is that the estimated value of o obtained
directly from (3.1) is not guaranteed to be positive, which is contrary to theoretical
expectations. Although there appears to be very little practical importance in the
interpretation of the estimated value of o, it indicates the degree of unreliability
involved in the H2S procedure.

Below, we propose an improved 3-step estimator (3SE), which is along the lines of
Heckman’s estimator, but which avoids the above problems. The three major steps

involved in the 3SE are as follows:

Step 1. The first step of the 3SE, similar to the H2S estimator, involves the estimation of
a, say @&, using the probit maximum likelihood estimator. The main departure

of the 3SE is in the following two steps.
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Step 2.

Step 3.

The model in (3.1) can be rearranged as
y; = ofzia + Mzia)] + & (3.2)

If the quantity in square brackets is known, equation (3.2) is a simple lin-
ear regression model with no constant term. Thus, once the right hand side
observations are estimated in Step 1, one can estimate o by regressing y; on
[z/& + M(«}&)), using the N; observations for which y; is positive. It is impor-
tant to note that both the left, y;, and right hand side, [zi&+ A(m:a)], variables
in equation (3.2) are positive. This implies that the estimated value of o will

be positive, a case which is not guaranteed directly from the H2S estimator [see
Heckman (1976, p.482)]. Given this, the coeflicients of the model, 8’s, can be

estimated consistently by adding one more step as follows.

Let o35 be an estimate of o from equation (3.2) in Step 2. Then substituting

&35 in equation (3.1) and rearranging the model gives
i = BssA(@id) = 2B+ mi + & (33)

where 7; = oA(zia) — G3s\(z}d).
Equation (3.3) can be written as
G =z B+mte (3.4)
where § = y; — 635 Ma}d).
Thus, the 3S estimates of the model are obtained by applying the method of

least squares on equation (3.4). That is, one can estimate the parameters of the

model by regressing §; on the z’s.
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Given this, the 3-step estimator (3SE) has two important advantages as compared

to the H2S procedure. These are:

(i) As can be seen from Step 2 above, the estimate of o from (3.2) is not only
positive, but can be estimated more precisely even if zi& and S\(m;&) are indis-

tinguishable.

(i1) The most important aspect of the 3SE is that, unlike the H2S estimator, equa-
tion (3.4) consists only of the z’s in the right hand side of the model and does
not involve 5\(3:1&), which is the main source of the multicollinearity problem

under the H2S procedure.

Before discussing the asymptotic properties of the 3S estimator let’s consider the
following.

Consider equation (3.4), and using matrix notation, we have
Y=XB+n+e (3.5)

whereY =Y — &355\ is an N;x1 vector of observations on ;, Y and X are N;x1 vectors
whose elements are y; and 5\(:1:2&), respectively, X is an N;xk matrix of explanatory
variables corresponding to Y, and 7 and ¢ are vectors of order N; whose elements are
7; and &;, respectively.

Let fBs5 be the 3S estimator of 8. Then, from (3.5), it is defined by
Bas = (X'X)' X'V (3.6)
which can be expressed equivalently as
Bss = (X'X)'X'Y — 635(X'X) 1 X'A

= fBoLsp — 63s YoLsp (3.7)
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where BOLSP is the least squares estimator obtained by regressing y; on z’s using
only the observations for which y; is positive (OLSP); similarly 4oLsp is obtained by
regressing S\(m:a) on the z’s using the N, observations and &3 is the OLS estimator
of o obtained from (3.2), in Step 2.

The second term on the right hand side of (3.7) can be referred to as the correction
factor or the bias of the OLSP estimator. The expression (3.7) is also similar to that
of Fair’s (1977) MLE estimator of the tobit model discussed in Chapter 2 of this
study. There are two points which are worth noting regarding the relationship given
by equation (3.7). These are: (i) It is clear that once A and &35 are estimated
from the first and second step, respectively, the 3S estimates of f3, ,3A35, may be
obtained directly from (3.7) by correcting the bias of the OLSP estimator. (ii) More
importantly, Equation (3.7) shows the relationship between the OLSP and the 3SE
explicitly. It is also clear that the magnitude and the direction of the bias of the OLSP
estimator can be determined directly based on this relationship. Note that previous
studies have noted that one cannot determine the magnitude and the direction of

bias of the OLSP estimator without making further assumptions about the model

[see Goldberger (1981)].

3.3 Asymptotic Properties of the 3S estimator

3.3.1 Consistency

Note that, as discussed above, the first step of the three-step procedure (which is
the same as the first step in the H2S estimator) involves the estimation of «, say

&, using the probit maximum likelihood estimator. It is a well known result that &
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is a consistent estimator of a [see Chapter 2, Section 2.4 of this study]. The main
purpose here is to show that the estimators in the second and the third step of the

3S procedure, 035 and ,(;’35, are also consistent. To do this we proceed as follows:

First, let us assume the usual standard assumptions as follows:
Assumption 1: X is uniformly bounded, where X is, as defined in (3.5), an
N;xk matrix of explanatory variables.

. . ’ .
Assumption 2: limy, (%) exists.

Assumption 3: plim X'e/N; = 0, where ¢ is defined in (3.5).

Result 1:

Let 635 be the 3-step estimator of o, then 635 is consistent.

Proof:

Consider equation (3.2), given by
Y = 02 + & (3'8)

where z; = zla + A(z}a). Define % = zi& + A(2ié&).
Then we have
Yyi=0Z+vte (3.9)
where v, = (z; — %)o.

Regressing y; on %, we obtain

b3z = (&%) 4y

= o+ (#3) H(vte) (3.10)
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Now, 035 is consistent if the following three conditions hold

Al n
plim (z——z-
M
Y]
plim( V) =0,
Ny
2t
plim (—z—f) = 0.
WA

=[X,\ and &= (&,1) implying #% =226

. (%2 RN ZAY
We know that, since the probit MLE & is a consistent estimator of a, we have

(see Amemiya (1985) p. 369)

1i 2% = i Zz 1st
plim N1 = Nllgloo N, exists
and therefore

plim (jvz> = plim [6' (ZNZ) A} = |:5 ( lim g_-Z-) 6} is finite.
1 1

N———

is finite,

3.12
Ny— o0 Nl ( )
For the second condition,
2’1/ X/ o N &
plim v = phm—— @ 1 (X ) —(X X o
1 A 1 1
X'X X2
a
= plim|(& 1| M M
XX XA 1
Ny N, /
X'x X3 “
4 a
-@ o o
AMX A 1
N1 N1

(3.13)
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Finally, the third condition is given by

e &X'e Ne
lim(2=] = bpli Z- .
plm(Nl) p1m( A +N1> (3.14)
(&X' [ Ne

Now, we know that ¢ is uncorrelated with & (see Amemiya 1985). Also, ¢ and X
are uncorrelated (by Assumption 3). Thus, the first term in the right hand side of
(3.15) goes to 0. Further, in the view that ) is expressed as a function of X and & it
is clear that A and ¢ are not correlated.

Thus,
plim (j—é) =0 (3.16)
Therefore, from (3.12), (3.13) and (3.16) it follows that 35 is a consistent esti-

mator of o.

Result 2:

Let B3S be the 3S estimator of 3, then Bgs is consistent.

Proof:

Consider (3.5), which can be written as
Y — 635k = XB+1n +e, (3.17)

where 7 =0\ — &35h and A = Mzla).

Then, ,335 is defined by
Bss =B+ (X'X)1X'(n +¢) (3.18)

Thus, ,335 is consistent if the following conditions hold:
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plim(X——ls) - (3.19)

X/
plim (—%) = 0 (3.20)

The first condition (3.19) is true by Assumption 3. Because &35 is consistent from
the previous argument, it follows that

e X'\ _ i o'X')\_&gSX’S\ —0
pumiy =P N, N, )

Therefore, ,535 is a consistent estimator of (.

3.3.2 Asymptotic Distributions of 35 and 335

Consider (3.9), given by

yi=0%+vte (3.21)

where v; = (z — %)0.
O3g is defined as

bss =0+ (£2)7 (v +e),
which then implies
\/Ni(63s — ) = /N1 (8'3)71 %' (v + €) (3.22)
The expression in (3.22) implies that the right hand side has the same limiting
distribution as the left hand side.
Define
a = ()1 (3.23)
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Then, (3.22) can be written as
v Nl(a'3s - 0') = \/Nld’(zx + 8) (324)
Now, consider

v = o(z—3)=0(Z26 - Z8)

A

_olx 0 T l-x »l°
1 1
= o[X(a—&)+ (A -1)] (3.25)

By Taylor expansion of ) around A, we have (see also Amemiya (1985, p.369))
: oxr . .
(A=A = —@(a — o)+ Oyx(NT ) (3.26)

Substituting (3.26) into (3.25), we have

oA
v=—o[X(&—a)+ aa’(& —a)] + O(N; 1) (3.27)
Also using (3.17),
A _(m-nx (3.28)
oo’ ’ '

where ¥ is an N1xN; matrix defined in (2.54) and I stands for identity matrix.
And hence substituting (3.28) into (3.27) gives

v = —olX(&—a)+ (S~ D)X(&— a)] + Oy(N )

_ 0B X(& — ) + O,(N[Y). (3.29)
Substituting (3.29) in (3.24) and because

FoBX = d'oBX + 0,(N7"*) and

d—a = 0N (3.30)
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It follows that

VNi(63s — 0) £ /Ny d[~0%X(& — o) + 6] + Op(N]?). (3.31)

Further, as shown in Amemiya (1985, pp. 366-370), (&— ) and ¢ are uncorrelated.

It follows that,

VN: a'v 5 N(0, 0? lim

1—00

(a'(zXV(&)X’Z)a) ) (3.32)

WA

and

]
VN1 d'e % N(0,0° lim (“]?“)) (3.33)
1

Ni— 00

Using (3.31), (3.32) and (3.33), it follows that
VNy(635 — o) 5 N(0,0°Q RQ™Y), (3.34)

where

R = lim (

Ni—o0

Z(EXV(&)X'T+ 1)z
N, '

Therefore, the asymptotic variance of G35 is given by
V(o3s) = o?d (EXV(&)X'E + X)a. (3.35)

where o' = (2'2)7'2/, V(&) is the covariance matrix of the probit estimator, &, and
is defined by (2.48), in Chapter 2.

Now, to derive the asymptotic distribution of Bss, consider (3.17), given by

Y —G3sh=XB+7+e, (3.36)
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where 7 = o) — &353\ .

Then, ,5'35 is defined by
fas = B+ (X'X)X'(n +e)
which implies
VNi(Bss — B) £/ Ni(X'X) " X' (n + ¢)
Now, consider
n = 2 6’353\
= oA— 5\) - 3\&'(1/ +¢)

Again, from (3.26), using Taylor’s expansion of A around ), we have

o\
n= —a@(& —a) = Ad(v+¢€)+ O(N; )

substituting (3.28) in (3.39) and from (3.31), we have
_ (I = £)X(&— ) + ola'SX(& — )]\ — (de)A + Op(N]1)
Thus, combining (3.37) and (3.40), we get

VNi(Bss = B) = /N, (X'X) X"

B (X’X)“l X'v
N ) VN

where
v = ’01+‘02+Op(N1—1) and
v = ¢—(de)A

v = o{(I-%)X(&—-a)+[dTX(&— )}

60

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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Now, consider the properties of v; and v,,
E(v)) = Ele —(de)A\] =0
and

E(vs) = E[o{(I-D)X(&—- )+ [dBX(&— a)]A}]

= o{I-E)XE(&d—a)+ [ EXE(&—a)]A} =0
Further,

E(vivy) = Ele —(d'e)X][e —(a'e)A]
= Elee' —e(e'a)N — A(d'e)e’ + (a’e)(e'a) AN

= o[8 —Ba) - X' + ('Za) )]
Similarly,

E(vyvy) = Elo{(I —-2)X(&—a)+ [d'ZX (&~ a)]r}]

[0{(I ~ D)X (& — @) + [a'SX (& — )N}

= (I -D)XV(&)X'(I-3%)+ (I -T)XV(&)X'Sa)'

FASEXV(6)X(I - B) + (@ SXV(6)X'Sa)AN]

and

E[vv;] = Ele — (de)A][o{(I — )X(&— a) + [a'EX(& — a)]A}]

= oE[{(I -2)X(&— a)e+ [a'EX(& — a)e] A}
—(d'eA[{(I — )X (& — a)e + [a'EX(& — a)e]A}]

= 0.
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(3.42)

(3.43)

(3.44)

(3.45)
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That is, because £ and (& — ) are uncorrelated (see Amemiya (1985), p. 369-370),
v; and v, are uncorrelated.

Thus, following Amemiya (1985), we have

VNi(Bss —B8) £ /N (X'X)"' X"

= (N7X'X)™ (N7 X0y + Ny Y2 X'0,) (3.46)
It follows that,
. X'Hy X
\/Nl X"Ul i N(O,o'2 J\Illl_»moo ( Nll )) (347)
and
. X'H:*X
Ny X'v, 4, N(0, o2 1\%1_1{100 ( le )) (3.48)
Thus,
Ni(Bss — B) > N(0,6*RITR™), (3.49)
where
X'X
sz\l_lli_r{loo( . ) and
7 * *
T= lim (X (Hl +H2)X) .
N1-boo Nl
and
H = T —3a) —Xd'Z + (a'Za)IN, (3.50)

H = (I-S)XV(@)X'(I-3)
+(I — D)XV (&) X'SaX
FAEXV (&)X (I - %)

+(@BXV (&)X 'Ta)AN (3.51)
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Thus the asymptotic covariance matrix of Bgs is given by
V(Bss) = o*(X'X) X'[H} + H3]X(X'X)™! (3.52)

The expression (3.52) can be estimated consistently by replacing the unknown parame-
ters by their consistent estimates, or following White’s (1980b) idea, using (X'X) ' X'BX(X'X)™1,
where B is a diagonal matrix whose #** diagonal element is given by [y — dash — /fss]*.
Similarly, one can estimate the variance of &35 (which is given by (3.35) in a similar way.

The analogous expressions of the asymptotic variance of the H2S estimator &, and
the covariance of 355 can be obtained straightforwardly using inverse matrix methods from

equation (2.54) and are given by

V(628) = c*w'[EXV(&)X'S + Slw ' (3.53)
and
V(Bas) = oX(X'X) 1 X'[Hy + Hy)X(X'X)™? (3.54)
where
H = I -Zw) - 'S+ (w'Sw)AN, (3.55)

Hy, = (I-2)XV(a)X'(I-%)
+(I - D)XV (&)X 'Sw)
FAWSXV(&)X'(I - %)

Hw'SXV(6) X Tw)AN (3.56)

where w' = ('MA)"NM and M=1-X(X'X)'X"
In finite samples V(d35) and V(,B3S) are expected to be more efficient than V(&35) and
V(Bas), respectively, because the former avoids the multicollinearity problem and because

of the restriction imposed in the second step of the 3SE estimator.
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3.4 Some Generalizations of the 3S Estimator

Note that we have shown that the 3S estimators of ¢ and (3 are consistent and that
we have derived their limiting distributions. It should also be noted that, similar to
the H2S estimator, the 3SE is based on a model which has a heteroscedastic error
term. Thus, one can use weighted versions of (3.2) and (3.4) to obtain more efficient
estimates of o and 8 which are analogous to the weighted Heckman’s 2-step estimators
discussed in Chapter 2.

Let the weighted 3-step estimators (W3SE) of o and § be denoted by w3 and
ng, respectively.

Then, they are defined as
bws = (Z¥712) Uy (3.57)

where ¥ = o2 [RXV(&)X'T + 2.
and
Bws = (X'A'X) ' X'A™'Y (3.58)
where A = o?[H; 4+ H}),, Y =Y — &35} (as defined in (3.5)) and H? and H} are
given by (3.50) and (3.51), respectively.
It is straightforward to show that, under certain assumptions and following Amemiya
(1984), the W3SE estimators are consistent and have normal limiting distribution (see

also White (1984), Judge et al. (1988)), and their respective asymptotic variance and

covariance can be obtained using standard procedures as follows:

V(ows) = (Z¥712)™?

= P {ZEXV(QX'T+272) . (3.59)
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and

V(Bws) = (X'A71X)!

= A {X'[H +H]X) . (3.60)

Note that the 3S estimators and their weighted version, W3SE, discussed above,
are all based on the conditional expectation of the model and use only the N; obser-
vations for which y; > 0. On the other hand, one can also apply similar procedures
using all observations. That is, one can use the 3-step procedure in order to improve
the 2-step estimators based on the unconditional expectation of the model. That is,

recall the model (see Section 2.8)
y; = F(zia) [z, + o Mzia)] + 6 (3.61)

where E[&] =0, E[6:6;] =0, i # j, and V(&) = o2Q.

It is clear that this model is likely to suffer from multicollinearity as the explana-
tory variables are linearly related. That is, the arguments made against the H2S
estimator also apply similarly for (3.61). On the other hand, it is also possible to
apply the 3S estimator which avoids this problem. The specific steps required to

obtain improved 35 estimates from (3.61) are illustrated below:
Step 1. Estimate a using probit MLE, &, as before.
Step 2. Estimate o, say d3g, by regressing y; on F(zl&)[zid + A(zia)].
Step 3. Estimate the §’s, say Bsg, by regressing [y; — G35 f(zid)]/ F(z&) on z!.

Note that steps 2 and 3 avoid the multicollinearity problem. The consistency and

the asymptotic distributions of these estimators can be obtained using arguments
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which are similar to those used earlier in this Chapter. Furthermore, more efficient
estimates can be obtained by applying weighted least squares, analogously to the
weighted Heckman’s 2-step based on the unconditional (WH2SU) expectation of the
model (see Section 2.8).

Note that, in line with the objectives of the study, the estimators discussed so far
are concerned with estimation of the standard tobit model. However, although there
are many alternative estimators of the model, in practice almost all applied papers
use either the maximum likelihood or the Heckman’s two-step estimator to estimate
the parameters of the model. On the other hand, while the MLE is widely used
in the estimation of the standard tobit model (Type-I Tobit), the H2S estimator is
more important in the estimation of more general models (for example, Type-1I Tobit
models) where estimation using the MLE is computationally difficult or highly costly
[see Amemiya (1984), Maddala (1983)]. Thus the importance of the 3S estimator
should be viewed not only as an alternative to the MLE for the simplest cases, but
with regard to its potential in the estimation of more complicated models, with its
advantage of avoiding the problem of multicollinearity. However, it is also important
to note that this does not necessarily imply that the 3SE can be applied directly to
all models that appear in the sample selection literature and that involve the H2S
procedure.

Below, we consider an example, other than the standard tobit model, and demon-
strate how the 3SE can be applied directly to improve the H2S estimator.

Consider the two-limit tobit model which is defined by
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g = zB+u, i=1,2,..,N. (3.62)

y; = Ly if y; < Ly,
= y; if Ly <y’ <Ly,

= Ly if y'> Ly (3.63)

where y? and y; are, as defined in Chapter 2, the latent and the observed dependent
variables, respectively. Li; and Ly; are, respectively, the lower and upper limits.

In practice, such models can be used to solve many economic problems. For
example, many insurance companies have a minimum and a maximum coverage and
values in between them. In commodity trading markets, there exist upper and lower
limits of price movements which are usually fixed based on the previous day’s closing
prices [see Nelson (1976), Maddala (1983)].

The likelihood function of the model is defined by [see Maddala (1983, p.161)]

L(ﬂ/,alyhmiaLliaLﬁ) = H F(leamﬂ) H f(yz -0_ 18)

yi=Ly; Y=y}
II [1—F(L2’ ﬂ)] (3.64)
yi=Lo; g

where f; and F; are, respectively, the probability and cumulative density functions of
the standard normal random variable.
Given this, it is straightforward to obtain the first and second partial deriva-

tives for optimization. And standard iterative procedures can be used to estimate
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the parameters of the model [see Nelson (1976) for further discussion on computer
programs].

Alternatively, one can use a simpler two-step procedure to estimate the parameters
of the model as follows:

Consider the conditional expectation of y;

E(yi|Li; <y} < Ly) = z.8+4 E(u|Li — 2.8 < u; < Ly; — z.0)

1

= B +0d; (3.65)

where
P — fl(L; — 2iB8)/ 0] — fl(Lai — iB)/ 0]
Y F[(Ly; — zlB)/0]) — F|(Ly; — )/ 0]

Now, the model in (3.65) can be used for a 2-step procedure. That is, given

that Ly; and Lo; are known, a two-limit probit model that uses just the number of
observations at the limits, L;; and L,;, and the number of observations between the
limits, provides consistent estimates of #/o. The two-limit probit model has been
discussed in more detail by Rosset and Nelson (1975) and its likelihood function is
given as [see also Maddala (1983)]

L(:B,a o) = HFli H(in - Fl'i) H(l ~ Fy) (3.66)

na n3
where Fy; = F[(Ly; — z;8)/0], Fa = F[(Ly — ziB)/0], and
ny, ny and ng are, respectively, the number of observations corresponding to the lower
limit Ly;, between the limits Ly; and Ls;, and the upper limit Lo;.

As shown by Rosset and Nelson (1975), this model can be easily maximized by
any of several well known methods and the estimates of the unknown parameters

can be estimated. Thus, the H2S estimator can be used because it makes use of
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this computational advantage. Note that we can only estimate the ratio o = /o
from (3.66). Then, the parameters 8 and o are estimated by regressing (3.65) after
replacing ®; by its estimate. A similar procedure can be applied to the unconditional
expectation of the model.

However, the main point of interest here is that the estimates from the second step
are likely to be imprecise if there exists a high correlation between the X’s and the
estimated ®; in (3.65), as has been the case for the standard tobit model. If so, then
one can readily apply the 3S procedure to avoid the multicollinearity problem. In
order to see whether there exists multicollinearity between the explanatory variables
we use an empirical example which is similar to that of Nawata (1993). Specifically,
we generated random variables, {;, from a uniform distribution over the interval [-
10,10} and L; and L, were fixed at 0 and 4, respectively. Then we computed the

correlation between & and ®(¢;). The results are given in Table 3.1 below.

Table 3.1: Correlation between ¢ and ®(¢)

[a, b] Correlation Coeflicient, p

[~10,10] -0.9916
[—09, 09) -0.9917
[—08, 08] -0.9925
[—06, 06] -0.9867
[—05, 05] -0.9772
[—05, 10] -0.9912

[0, 10] -0.9815

Clearly, Table 3.1 depicts that the correlation between the explanatory variables in

the second step, i.e., equation (3.65), of the procedure can be very high in magnitude.
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This simply implies that the 2-step estimates are likely to be inefficient because of the
presence of such multicollinearity. Therefore, the 3S estimator can be used directly
to avoid the multicollinearity problem and hence obtain more efficient estimates. In
fact, as shown earlier in this Chapter, there are no additional costs incurred in using
the 3S estimator directly in place of the H2S estimator without even checking the
presence of multicollinearity, given that it is directly applicable to the model as is the
case for the two-limit tobit model.

In general, the 35S estimator, while preserving the simplicity of the H2S estimator,
avoids the multicollinearity problem and may be used in place of the H2S procedure
in many tobit models. The examples provided above demonstrate the useful poten-
tial for the 3S estimator in applied research. However, its use in models involving
simultaneous equations (for example, Type-II Tobit models) is a subject of future

research.

3.5 Summary and Conclusions

The Heckman'’s 2-step (H2S) estimator of the tobit model is widely used in applied
research. However, it has poor finite sample properties because of unavoidable mul-
ticollinearity between the explanatory variables and the estimated inverse of Mill’s
ratio.

In this Chapter, we proposed an improved Heckman-type estimator which is re-
ferred to as the 3-step estimator (3SE). This estimator, while it preserves the sim-
plicity of the frequently used H2S estimator, avoids the problem of multicollinearity

which characterizes the H2S estimator. Furthermore, one can use a weighted version
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of the 3SE, the W3SE, to obtain more efficient estimates of the parameters of the
model.

It is also shown that the 3SE estimator is consistent and has a normal limiting
distribution. It is expected that the 3SE will perform better than the H2S estimator
in finite samples because of its avoidance of the multicollinearity problem. Similarly,
the W3SE is expected to perform better in finite samples than its counterpart, the
weighted Heckman'’s 2-step (WH2S) estimator.

Further, the 3S estimator can be applied to improve the 2-step estimators based on
the unconditional expectation of the model. Some generalizations of the 3S estimator
with regard to its applications to other types of tobit models are also discussed and
specific examples provided. For example, the 3S estimation procedure can be readily
used in the estimation of the two-limit tobit model instead of using the H2S estimator
which again suffers from serious multicollinearity problems.

Finally, it would be interesting to see if the 3S estimator could be extended to
more general models, for example, the sample selection models considered in Man-
ning, Duan and Rogers (1987) and Leung and Yu (1994) or other models in general.

Research is underway in this direction.
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