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1. Introduction

Let & — CP,,n > 2, be a holomorphic vector bundle of rank r. For each
projective line [ C CP,,, the splitting theorem of Grothendieck indicates
that

E |12 P Op, (@),
=1

where ag(l) = (ai1,...,a,) € Z", is uniquely determined such that a; >
as > ... > a,. Define

ag = inf aE(l)
lcCP,

under the lexicographic ordering of r-tuples ag(1). If Gr(2,n+ 1) denotes
the Grassmann manifold of complex two-planes, let F be the associated
incidence manifold of the “ standard construction” (cf. eg., [8]):

F

Ccp, Gr(2,n+1)
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where, for each z € Gr(2,n + 1), pov=!(z) = | C CP,,. Moreover (cf.
[8], Lemma 3.2.2),

A={z€Gr(2,n+1)|ag(pov(z)) > ag}

is a closed analytic subset, called the “jumping locus” of £. In particular, &
is said to be uniform if A = (). A key idea in the following section will be
to consider the complex manifold X = P(p*E), and let

x4 Gr(2,n+1)
be the holomorphic family induced by v/, such that forall z € Gr(2,n+ 1),
&) =P(W'E |,-1(z))-

The main result of this note is the following, which addresses the question
of uniformity for rank-two bundles £ in terms of the complex codimension
cof A:

Theorem: If & — CP,is a holomorphic vector bundle of rank two, then
the codimension of the jumping locus A C Gr(2,n + 1) is at most two.

In fact, when E is a semistable vector bundle of rank two over CP,,,
considerably more information about the jumping locus is already known.
For example, if the first chern class, ¢; (E') = 0, then a theorem of W. Barth
(cf. [8], theorem 2.2.3) indicates that A supports a determinantal divisor, of
which the degree is given by c3(E). When FE is stable, the codimension of
A is one for ¢; (E) even, and at most two for ¢; (E) odd, unless in either
case A = () (cf. L. Gruson and C. Peskine [5]). Examples of stable rank-two
vector bundles with ¢; (E) = —1 for which A has codimension two were
first given by Hulek [6]. Related results on uniformity for bundles of higher
rank over CP,, may be found in Ballico [1], Brieskorn [2] and Leiterer [7].
Without the assumption of semi-stability, the uniformity of a holomorphic
bundle E is seen to be a corollary of the following:

Theorem: Let F 5 X be a holomorphic CP1-bundle over a complex man-
ifold X, and A C X a closed analytic subset. If E — F is a holomorphic
vector bundle of rank two such that for allx € X \ A, E |z-1(y) has uni-
form splitting type, (a,b) with a > b then ¢ = codimx (A) > 3 = E splits
uniformly on n=1(z) forall x € X.

This result in turn is a straightforward consequence of the local triviality

of the projectivised family X = P(E) Iy X when restricted to X \4,a
theorem of Scheja [9] on extension of cohomology classes, and Hartogs’
removable singularities theorem applied to holomorphic vector fields.

The author would like to express his sincere thanks to the anonymous
referee, whose suggested modifications to the proof of Lemma 1 allowed
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the main theorem to be stated in a more general context, and have been
incorporated in this version of the manuscript. Thanks are due also to Dr
Michael Eastwood, Prof. Reese Harvey, and Dr Yun-Gang Ye for helpful
communications.

2. Uniformity criterion
We will begin with the following

Lemma 1. Let X be a complex manifold, and F = X a holomorphic CP ;-
bundle with relative ample sheaf O (1) such that

OF(]-) ’Tr‘l(m)g OP1 (1)

Let A C X be a closed analytic subset of complex codimension ¢ > 3,
and V — m (X \ A) a locally free sheaf such that V |x1(z) has uniform
splitting type (a1, ..., a,), where a; > 0 = a; > ait1, on each fibre. Then
for each smooth point © € A there is a Stein open neighbourhood U, such
that the direct image R, (V) lu,\A=2 O™, for some non-negative integer
m.

Proof. Induction on the rank s of )V ; the case s = 0 is trivial. Suppose the
lemma is true for any locally free sheaf V of rank s — 1 on 77 1(X \ A).
Now consider

V |71'—1(q:)g @ OPl(ai)

1<i<s

forallz € X \ A.If a; < O there is nothing to prove, so assume a; > 0
and consider

Hom(Op(a1),V) =V Q Op(—a1).

Note that a; > ay =

V@ Or(—a1) |12 0 ® €D Op,(ai —a1)

92<i<s
forall z € X \ A, and hence
F = Rm,(V ® Op(—a1))

is locally free of rank one. For any smooth € A, let U, be a Stein open
neighbourhood. From a theorem of Scheja [9], and a simple application of
the Kiinneth formula, it follows that for U, sufficiently small, both

HY(U,\A,0)=0 and H*U,\A,Z) =0,
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hence the solvability of the second “Cousin problem” implies that 7 |Uz\ A=
O (cf. eg., [4]). Now let o : U, \ A — F be a non-vanishing section, which
induces a non-vanishing homomorphism

o€ M(n U, \ A),V @ Op(—ay)).
Hence there exists an exact sequence
0—= Op(a) BV 5V =0

over 7~ 1(U, \ A). Note that V; = coker(¢p) is locally free of rank s — 1.
Moreover, z' € Uy \ A = ¢ |z—1(7) must be a non-zero constant section,
so that

Vi @)= @D Op,(a;) forall &' €U\ A
2<i<s

Now from the induction hypothesis applied to V; — 7~ (U, \ A), it follows
that

Rom. (V1) |y a2 O™
for some sufficiently small Stein open neighbourhood U, C U,. Moreover
ar > 0= le*((’)p(al)) =,
and hence there is a short exact sequence of direct images
0 = ROm(Op(a1)) = Rom (V) = O™ 50 (%)

over U}, \ A. Note that RO, (Op(a1)) |y O“*! assuming U}, is a suf-
ficiently small Stein neighbourhood of x, hence the obstruction to splitting
of (*) lies in

HY (U}, \ A, Hom(O™,071)) = HY(U, \ A, 0)™ath),
But now, according to the theorem of Scheja cited above, ¢ > 3 =
HY UL\ A,0) =0,
and 50 RO, (V) |1\ 4= O™, where m’ = m + a; + 1.

Let E — F be a holomorphic vector bundle of rank two, and denote
by X the compact complex manifold corresponding to the projectivization
P(E), then X 5 F is a P;-bundle over the fibre bundle F. Moreover, the
proper, holomorphic submersion f = 7 o w determines a holomorphic fam-

ily X EA X, in which the fibre f~1(z) 2 P(E lx-1(z)) foreachz € X. Let

oA
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O denote the subsheaf of 7 X (the holomorphic tangent sheaf) correspond-
ing to the kernel of f, : 7X — 7 X, and consider the long exact sequence
of direct images

o = RUF(TX) = TX B RY(O) — ...

where p corresponds to the Kodaira-Spencer homomorphism (cf. [3]). If
E |z-1() splits uniformly for all z € X \ A then f |x\ 4 is locally trivial,
ie., there exists an open cover {U;};cr of X \ A4, such that f~1(U;) =
Ui x P(E |z-1(y)), for each z € U; and all i € I, hence p |x\4= 0 and
there is an exact sequence

0= R°f.(0) |x\a—= R*f+(TX) |x\a— TX |x\a— 0.

For any smooth x € A, let U,, be a sufficiently small Stein open neighbour-
hood, and consider the corresponding long exact cohomology sequence

. — H(Uy \ A, R°£.(T X)) — HY (U, \ A, TX)
— HY (U \ A,R°£,(©)) — ... .

Note that ¢ > 2 implies any global holomorphic vector field on f~1(U, \ A)
admits a unique extension to f ~!(U,) by Hartogs’ theorem, hence

H°(U \ A, Rf(TX)) = H(f~'(Us \ A), TX)
~ HO(f~1(U,), TX) .

In particular, H*(U,, \ 4, R°f.(©)) = 0 implies any nonvanishing vector
field & on U, may be lifted to a global vector field f*(£) on f~1(U,), such
that integration of f*() induces a global trivialization

&: fYU,) =2U, x P(E lr-1(z)) -

If this is the case for all smooth z € A, then the family determined by
[ Ix\4s is in fact locally trivial, where A® denotes the singular locus of A.
By descending induction on the dimension of smooth components in the
singular stratification of A, X itself is then seen to be a locally trivial family.

Now let X C O be a locally free sheaf corresponding to the kernel of
wy : TX — TF, hence

0-XYX—>60—-06/Y—0 .

Consider the corresponding long exact sequence of direct image sheaves
with respect to w, noting that Riw,(X) = 0,i > 1, and R%w,(6/X) is
isomorphic to that invertible subsheaf S C TF, whose sections lie tangent
to the fibres 71 (z) 22 P; for all z € X. Hence

0 = R°w,(X) - R’w,(@) - S = 0. (1)
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Note that for all z € X, H(r (), R%w.(0)) = H°(f~!(z), ©) corre-
sponds to the Lie algebra of holomorphic vector fields on the rational ruled
surface f~!(z), for which it may be shown by direct computation that

HO(f"Y(z),0) = H(f}(z), Z) ® H(n " (2), S).

From the Nakayama lemma it then follows that the long exact sequence
of direct images of (1) with respect to 7 may be replaced by a short exact

sequence
0 — RYf.(X) = R%f.(@) = Rm.(S) — 0 (2)

over X \ A. Now construct the twisted Euler sequence,
020y 2w e RO0x(1) =2 >0 ,

where £ denotes the dual of the locally free sheaf £ associated with E ,
and Ox (1) restricts to the hyperplane bundle on each fibre of X'. Note that

Row*(OX) = OF7 Row*(OX(l)) = E,
and R'w,(Oy) = 0,1 > 1, yields a short exact sequence of direct images
0— Op =& ®E— R'w,(X) = 0. (3)

Forany p € F,let p € (£* ® &)p = End(E),, and write ¢ = YIg + w,
with

1 1
= §trace(<p) €EOrp, and w=¢p— Etrace(ga)IE € Endo(E)p,

where Endp(E) denotes the subsheaf of traceless endomorphisms of E.
From (3) it follows that

R'w, (%) = End(E)/Or = Endy(E).
We are now ready to conclude

Theorem 1. If F 5 X is a holomorphic CP1-bundle, and E — F a holo-
morphic vector bundle of rank two such that forallz € X\ A, E |ﬂﬁ1($) has
uniform splitting type (a,b) with a > b, then ¢ > 3 = E splits uniformly
onn~Y(z) forallz € X.

Proof. From the preceding discussion, the sequence (2) above may be rewrit-
ten

0 = Rm.(Endy(E)) — R°f.(©) = Rm,(S) — 0,
noting that £ |;-1(;)= O(a) ® O(b) forallz € X \ A =
Sndo(E) tﬂ—l(m)g O(Oé) 08 O(—Oé)
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where & = a — b > 0. But then V = Endy(E) satisfies the hypothesis of
Lemma 1, ie.,

R°m,(Endo(E)) |y,\a= OFF

for any smooth z € A and sufficiently small Stein neighbourhood U,.
Moreover, R%7,(S) admits a locally free extension from U, \ A to Uy,
hence R, (S) |v, = O3. From the long exact sequence

HY(U, \ A, R°7.(Endo(E))) — H (U, \ 4, R°£.(0))
—3 L % AR

it now follows (once again via the cohomology extension theorem of Scheja)
that H' (U, \ A, R°f.(©)) = 0 when ¢ > 3. Consequently f~!(U,) corre-
sponds to a trivial holomorphic family, such that

f_l(Uz) = P(E IW—I(UI)) = E l7r—1(ac’)g Op, (a) ® Op, (b)
forall2’ € U, \ A, and
E |7r‘1(:1:’)g (OP1 (a) S OPl (b)) ® OPI()\)

for all 2’ € A N U,. But the chern class ¢1(E |;-1(z)) is constant for all
x € X, therefore \=0.Hence ANU, =0 = A =0.

Now consider £ — CP,,, a holomorphic vector bundle of rank two.
Forall z € Gr(2,n + 1) = X, recall that p o v~!(z) =& CP; and ap(u o
v~1(z)) € Z2, under the lexicographic ordering. Moreover, if

= inf “L(z)), th
aE QL}gXaE(uou (z)) en

A={z e X|ap(uov(x)) > ag)

is a closed analytic subset of X (cf. [8], Lemma 3.2.2). Note that the case
ag = (b, b) reduces, modulo the tensor product £ ® Ocp,, (—b), to the case
ap(—p) = (0,0), which implies that £(—b) is semistable. The theorem of
Barth mentioned above is then sufficient to conclude that A is a hypersurface,
unless it is empty. Hence as an immediate consequence of the preceding
theorem, simply replacing 7 with v, and taking the vector bundle over F' to
correspond to p* E, we have

Corollary 1. If E — CP,, is a rank-two vector bundle of uniform splitting
type on o v=Y(X \ A), then ¢ > 3 = E is uniform on CP,,.
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