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1 Introduction

Given a holomorphic family, .72 L, D, with D a contractible Stein domain in
C", and Z C D an analytic subset, such that the restricted family f~'(D \ Z)
is locally trivial, under what circumstances does f define a trivial deformation
over D ? An example of this type of problem is a conjecture of Kodaira and
Spencer [9], recently proved by Siu [11]: if D C C, and f~Yt) = P,, (the
complex projective space), for all ¢t € D \ {0}, then f~1(0) = P,. In [5] a first
step was taken in answering this question, when ./Z is a family of compact
complex surfaces, M, = f ~(¢) isomorphic, for all t € D \ Z, to a holomorphic
fibre bundle

F <= M

|

P,

such that F is a Riemann surface of genus g. Moreover M, may be considered
to be any compact surface which “blows down” to a holomorphic fibre bundle
of the above type, under a finite sequence of bimeromorphic transformations. In
particular, when F' = Py (ie., M is arational ruled surface), then M, may represent
any rational surface. Under these conditions, it was shown that . /4 extends as
a trivial family over D when the complex codimension of Z in D is at least
four. Conversely, from the work of Kodaira and Spencer [9], on deformation
of complex structures, numerous examples have arisen of “structure-jumping”
across subsets, Z. of codimension at most two (cf. [7], [9]). The purpose of the
present note is to extend the result of [5] to families . /2, in which the generic
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manifold M,,t € D \ Z, is a ruled surface of positive genus, ie., the role of fibre
and base space have been reversed, so that

Py — M

|

X

determines a ruling in which the Riemann surface X has genus greater than or
equal to one. All ruled surfaces are of the form

M =P(E)=E*\ {0}/C",

where E % X is a holomorphic vector bundle of rank two, such that P(E) =
P(E’) if and only if there exists a line bundle L — X with £/ = E ® L. In
addition, M admits a section, s : X — M, corresponding to a rank-one sub-
bundle, A C E* (or, by duality, a quotient line bundle, £ — A* — 0). Let

Xo =s(X) C M, then the self-intersection is given by the adjunction formula

Ky = Xo - (Xo + Kur),

where Ky and K), are the canonical divisors of X and M respectively. In par-
ticular, there exists a section X' C M, such that the corresponding line bundle

LX) = Oy ()
(cf [6], proposition V.2.8), and Ky; € Pic(M) is linearly equivalent to
—2X + p"(Kx + A),

where A € Pic(X) is the divisor corresponding to the determinant /\Z(E ) (et
[6], lemma V.2.10). Now
X2=K2—-Xo Ky

=(2g9x —2) — Xo - (=22 + p*(Kx) + p*(4))
= (2gx — 2) +2deg(A*) — deg(Kx) — deg(A)
=2deg(A*) — deg(E).

Hence, if XO2 < 0, it follows that £ is not semistable, since
. 1
deg(A™) < zdeg(E).

Given that the conclusion is the same if E is replaced by £ @ L, for any line
bundle L, it will be convenient to refer to M = P(E) as an unstable ruled surface
when X§ < 0.

The statement of the main result may be summarised as follows.

Theorem. If . /72 IiDisa holomorphic family of compact, complex surfaces,
locally trivial over D \ Z, such that f ~\(t) is isomorphic, for all t € D \ Z, to
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(a) an unstable ruled surface M, of genus gx > 1,
(b) any compact surface having, as minimal model under blowing down, a surface
of the above type, then codimp(Z) > 4 = /¢ is a trivial family.

Local triviality implies that over sufficiently small neighbourhoods, U C
D \ Z, holomorphic vector fields in D may be lifted (non-uniquely) to the total
space .74, inducing a local equivalence of structures along the fibres. If the com-
plex codimension of Z in the parameter space D is at least two, then ‘patching
together’ these local liftings gives rise to obstructions in H'(D \ Z ,R%.(©)),
where R'f,(©) denotes the direct image of the sheaf © C .Z/4 of germs of
holomorphic vector fields lying parallel to the fibres of .ZZ. When the obstruc-
tion vanishes, the lifting extends globally from D \ Z to .72\ f ~'(Z). But the
holomorphic vector field so defined on the total space must now extend across

codimension at least two, by Hartogs” Theorem, hence .72 L p is trivial. The

goal of sections two and three will be to show that for a family, .2/ £ D,
of compact surfaces, the generic fibres being ruled, of genus gx > 2, the corre-
sponding locally free sheaf, Rf.(O) | p\z- Will split into a direct sum of invertible
sheaves, when codimp(Z) > 4. A modified version of the procedure developed
in [5] will be used to show that elements of the Lie algebra, H°(M,, ©,), are de-
termined by their ‘values’ at a finite number of uniformly marked points. From
this the splitting of R°£,.(©) | p\z Will follow. Vanishing of obstructions will then
be a consequence of Scheja’s work on extension of cohomology groups [10], and
hence the triviality of the extension of ..Z4. Some additional argument is required
for the case of gy = 1, which is supplied in section four, while in section five,
an argument already developed in [5] is applied to include families of compact
surfaces M,;, which have as minimal model under a finite sequence of bimero-
morphic transformations, any ruled surface of the above type. Although the case
of X§ = 0 has been treated partially in [5], under the heading of “Cartesian
Products™, a general argument for the case of semistable surfaces (ie., on >0)
has not yet been found. However, when E admits only C*-automorphisms, of
the form A/ (as occurs, for example, when E is stable), it is seen in section
six that structure-jumping in .74 is negated for codimp(Z) > 2. Moreover, a
classification is given for those remaining semistable surfaces which lie outside
the scope of the present treatment.

The author would like once again to acknowledge his debt to Dr H.B. Laufer,
formerly of Stony Brook, for many insightful suggestions and constructive crit-
icisms. Sincere thanks are due also to Dr Yun-Gang Ye, for pointing out the
relationship between the self-intersection of X, and the stability of E. In addi-
tion, the remarks of the final section were kindly communicated to the author by
him.

2 Classification of vector fields

Let M be a compact, complex surface, ruled with respect to a curve X C M,
corresponding to a Riemann surface of genus g > 1. M is consequently of the
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form P(E), where E is a holomorphic vector bundle of rank two over X. If .7 M
denotes the holomorphic tangent sheaf, let § C .7 M correspond to the sheaf of
germs of sections lying tangent to the fibres of M, hence

0—0—7M—T7M/0— 0.
Compactness of the fibres of M <+ X implies
Rv (T M/)O)=.TX,

hence there is a long exact sequence

0 — R%,(0) — R, (T M) 2 7X — Rw.(0) — ...,
where, for all p € X,

H'@'0),0 |,-1p) ¥ H'(P1,.7P) =0 = R'v.(0) = 0.
Consequently, there exists a long exact cohomology sequence

0 — H°X,Rv.(0)) — H'X,Rv( T M) — H'X,TX) = ..., (%

in which the last term is isomorphic to C when ¢g = 1, and is zero for g > 2.
This latter case implies that there is in fact an isomorphism

H'M,0) = H'M, T M),

of complex Lie Algebras, which for convenience will henceforth be denoted %
and %, respectively. Note that the ruling of M is unique, hence the definition of
%y in terms of holomorphic vector fields lying tangent to the fibres is canonical
(cf. [2], Proposition V.4.3). Let F, denote the unique fibre passing through a
given p € M, and suppose that the complex rank of & is r.

Proposition 1 For any Stein open subset U C M, corresponding to a coordinate
neighbourhood, there exist points p; € U,1 <i < r, such that the map

V:%% —C o (a(p1),...,0(p)
is an isomorphism.

Proof. Let Vo C M be the vanishing locus of ‘%, noting that Gy # 0 = Vy # M.
Choose p; € U \ Vp, and define

Y1: % — Ty Fp,

such that for all o € %y, v(0) = o(p,). Note that 1, is well defined, since U is
a coordinate neighbourhood. Let ‘| = ker(1))), then

pr € Vo,  dimcT, F,, =1= rankc9 =r — L.

Now let V; (such that Vo € V; € M) be the vanishing locus of ‘%;. Choose
p2 € U\ V), and define
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,(pz . 'rgl =1 T‘[)szg) g U(pz)
Let % = ker(1),), then

p2 € Vi, dimcT,,Fy, =1 = rankc(%) =1 —2.

Let V., (Vo CV, C...CV,_ CM) be the vanishing locus of &, _;. Choose
pr € U\ V,_y, and define

P Zg =T, F,, o=op)
Let &, = ker(1,), then
pr € Vo1,  dimcT, Fp, =1 = rankc(:%) = 0.
Hence there exists a linear injective map

QD . % - Cra g (U(Pl)a -~-,0'(Pr)),
which is also surjective by comparison of dimension. 0O

The following lemma will provide information about the vanishing loci, V; C
M,0 <i <r—1, for use in the next section.

Lemma 1 Each of the vanishing loci, V; C M ,0 <i < r — 1, is contained in a
finite union of smooth curves in M .

Proof. Consider 0 # 0 € %, and let V(o) C M denote the vanishing locus of
o. Note that V(o) corresponds to an effective divisor of the form

Y, = aXo +Z‘;l=1bij + Dy, (l./bj €EZ,,

where the F; are fibres, 1 < j < p, and D, corresponds to the residue of
algebraically irreducible components which are neither Xy nor fibres of M. If it
is assumed that the first Chern class of the normal bundle, ¢;(. Jx,) = X§ < 0,
then
H°(Xo,.1%,) = 0.
Hence
o |XUE HO(X(),. IX(;)=>O‘ |XOE 0, 185 a>1.

Conversely, for all p € M,
olp,€ H'®,7P)=a <2

Now suppose there exists an irreducible C C D, which admits a singularity at p.
Let U C M be an open neighbourhood of p such that the locus of C MU is given
locally by g =0, for some g € I'(U, (). Moreover, let g = g;....g, denote the
factorisation of ¢ into analytically irreducible elements of ¢y , (unique up to
multiplication by an invertible element in this ring). Now choose local coordinates
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(z,¢) on U such that the locus of F,NU is determined by z = 0, and let d; denote
the Weierstrass degree of g, | <k < . Hence the intersection multiplicity

Fo-C z2mfC)y=5dy 22
But £, - X = 1,m,(C) > 2= o |, =0, and for all ¢ € U sufficiently small,
Fg-C>my(C),Fy-X=F,-X =0 |yp=0,

which contradicts the assumption that o # 0. Hence C must be smooth, and D,,
corresponds to a union of smooth curves, such that

V(o) =X Ui<j<u Fj Ui<i<a C.

Finally, consider & C %, 1 < i < r — 1, corresponding to the subalgebras
of proposition one, with V; C M the associated vanishing loci. Suppose that
o1,...,0-—; generate &;, then

Vi = Mi<k<r—i V (0%).

If V; contains isolated points (ie., dimc ,(V;) = 0), then each of these is contained
in a fibre of M, otherwise dimc,(V;) > 0 = p belongs to a smooth curve in
V (oy) for some k. Now let y; denote the appropriate union of smooth curves
suchthat V; Cx; cM,1<i<r—-1. O

3 The removable singularities theorem for hyperelliptic X

Consider a holomorphic family, .74 L D, where D C C" is a contractible
Stein domain, and Z C D is an analytic subset. Moreover, suppose that for all
t € D\ Z, the fibres M, = f —I(t) are isomorphic to a compact surface M, which
is ruled with respect to a smooth curve X, of genus greater than or equal to two.
Hence the subfamily, A = f~YD\ Z) is locally trivial, ie., there exists an open
cover, 2¢ ={U,}ic; of D\ Z, such that for each i € I there is a biholomorphism

@ U x M — f~Y(Uy),

where @;(t,M) = M,, for all t € U;. Let v € ['(D,.7 D) be a non-zero holo-
morphic vector field, then the vanishing of the Kodaira-Spencer map,

p: T D — RY(O) |p\z

(where @ denotes the subsheaf of .77/4 corresponding to germs of holomorphic
vector fields which lie tangent to the fibres M,, for all + € D), implies the
existence of a local lifting,

f*@|y) € L¢FU, T,

for each i € I, which induces @;. Now for all pairs, 7, € / such that U; NU; # 0,
the expressions
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f*@ ) =@ |y € TW; N U;,Rf(O))
determine, in the direct limit, a cohomology class,
¢ e H(D\ Z,R%.(6)),

which measures the obstruction to global lifting of the vector field ' [p\z. Let
‘% 5 denote the holomorphic vector bundle having Rf.(O) | p\z as the corre-
sponding locally free sheaf of sections. Hence, for all 7 € D \ Z, the fibres

Y 5. 2 R%(O)/m, - R%.(O), = H'M,, T M,),
where m, denotes the maximal ideal in ?p of ¢, and

H'M,, 7 M) = %y.

~J

Moreover, recall from the previous section that gx > 2 = & = &. Before
applying the argument of proposition one uniformly to the fibres of &, how-
ever, the following result is needed. (From now on, f —1(Z) will be denoted by
& C M)

Lemma 2 Let .74 C .#7 be an analytic hypersurface, such that for all t €
D\Z,H, =.76 N M, is a smooth curve. If d = codimp(Z) > 4, then the closure,
FC, of FE in A is an analytic hypersurface such that & 0\ M, is smooth for
all t € D. Moreover .6 N Z is a proper subvariety of Z.

Proof. See [5], Lemma 1. O

Our aim now is to define a “marking” procedure, by which points corre-
sponding to the set of p; € M,1 < i < r, in proposition one may be chosen
uniformly on each submanifold M, C . Z4. Assume henceforth that d > 4.

Step 1: For each t € D \ Z, let V,, C M, correspond to the vanishing locus
of the Lie Algebra -¢ ., and define

70 =Uiep\z Vo,-

Hence 7y C ./Z determines a subvariety such that 7y N M, = Vo C M (cf.
proposition one) for all # € D \ Z. Recall from lemma two that there exists a
finite union Yo C M of smooth curves such that Vy C yo. In particular, for
each isolated p € Vj, there is a unique fibre /, C . Similarly, since . /0 is
locally trivial, and fibres are preserved under biholomorphic transformations of
M, due to the uniqueness of the ruling, it follows that each smooth component
Hp; C o determines a subvariety .77 C . /4. For each i € I. and for each
j. the family of curves corresponding to .7 ; N f~'(U;) defines a topological
space, which is homeomorphic to U;, hence the collection of .77 ; determines
a covering space of D \ Z. But d > 2 = D \ Z is simply connected, hence the
covering space is trivial, and there is a one to one correspondence between Hy,
and .74 ;,1 <j < p. Let
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Ay = U]ggp-y/f()‘j C M.

Now apply lemma three to each .7 C . 7.1 <j < p, for which the closure,
Tt j C- /7 intersects Z as a proper subvariety. Hence the extended hypersur-
face

j() = Uj.iZoJ C A
intersects & as a proper subvariety. Choose a smooth point, p € Z \ .2, and a
Stein open neighbourhood, 74, C .72\ %6, such that 24, N M, is a coordinate
neighbourhood for all 1 € U, = f( "26,,) C D. Now define a holomorphic map

1 : U, — 76, suchthat foqp =idy,.
Step 2: Let F; denote the holomorphic line bundle over U, \ Z, such that for

allr e U, \Z,
Fio=To0Fo)-

Define a bundle morphism,

Spli

(g A |Up\Z—? Fl’

such that for all t € U, \ Z,0 € & _,;,,V1,(0) = a(pi(t)), and let &, C
S 5 |Up\z be the sub-bundle of complex rank r — 1 corresponding to ker(¥y).
For each 7 € U, \ Z, let V,, C M, correspond to the vanishing locus of the Lie
Algebra & | ,, and define
7= Uey\z Vi

Hence 7" C ¢, \ & determines a subvariety such that 7/ N M, = V; C M
(cf. proposition one) for all 1 € U, \ Z. Once again, if V; C x; is the union
of smooth curves specified in lemma one, the argument of step 1 above may be
applied verbatim to obtain a union

Zi = Uj'}'Z‘IJ C ?Jp \ Z,

such that 7, C %, and the extended hypersurface, i C ¢, intersects L as
a proper subvariety. Now define a holomorphic map

©2: U, — 26,\ &, suchthat fo;=idy,.

Step r: Let F,_; denote the holomorphic line bundle over U, \ Z, such that
forall t € U, \ Z,
Fr_1,= Tg,_l(:JFg,_,(r)-

Define a bundle morphism,

&Dr—] g —>F,-_1.

= r—2

such that forallt € U,\Z, 0 € {9, _, ,,W,_;,(0) = o(p,—i(t)). and let i& , | C
G, 2(C ... CZ ;lu)\z) be the sub-bundle of complex rank I corresponding
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to ker(¥,_;). Let 7,_; C 24, \ £ be the family of vanishing loci, and .2 _,
the associated union of smooth hypersurfaces, which extends appropriately as
A1 C ?¢,. Note that

VoSViC..CVy = FH CHC...C %,

hence define i
@y Uy — 25\ Fbi—g,

which completes the marking of each fibre in f~!( U, \ Z). Now in a manner
similar to that of proposition one, there exists a bundle morphism,

v -(/f‘/g IU,,\Z_* @ F,’,
1<i<r

where, forallt € U, \Z,0 € < ,,

V(o) = (a(p1(1)), ..., (1)),

which is an isomorphism. Descending to the associated locally free sheaves,
R%.(©) (corresponding to ¥ ), and .7 (corresponding to F;, 1 < i < r) it
follows that

R%.(O) |y, 2= D F.

1<i<r
Proposition 2 Rf.(O) lu,\z extends freely across Z in a neighbourhood of f (p).

Proof. Recall that f(p) is smooth, ie., U, NZ is a manifold. Choose Up' cc Uy,
such that Ulj ~ A x A, with A a polydisc in C? (d = codimp(Z) > 4), and
ZNU, = A, apolydisc in C"~“, both centred on f(p). Hence

U, \Z = A x(A\{f@)}).

Now, since d > 3, it follows from a result of Frenkel (cf. Scheja [9], and Siu
and Trautmann [12]) that
HY(U;\2,6)=0.

The remainder of the argument is concerned with the exact sequence
1 7 1 ik 2
H\U,\Z,0) — H' (U, \Z,6%) — HYU, \ Z,2),

by means of which the relevant “Cousin Problem™ may be solved. From the
Kiinneth Formula, it follows that

HY A x (A\{fp)}. ) = PIH (A, Z) @ H(A\ {f ()}, D).

i+=2
where i = 1,2 = H'(A’,Z) =0, since A’ is contractible, and
i=0=H*A\{f(p)},Z)=0.

since A\ {f(p)} has the homotopy type of a sphere, S*/~!, hence
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HY A x (A\ {f(p)}),Z)=0.

Thus H'(U, \ Z,*) = 0, ie., all line bundles over U] \ Z are trivial, and
extend freely, via Hartogs’ Theorem, to U,, hence so does R°f.(©) lunz- O

An immediate corollary of proposition 2, and the results of Scheja cited
above, is that H'(U, \ Z, R".(0) |y,\z) = 0. It now remains simply to state the
main result of this note.

Theorem 1 If . 722 LDisa holomorphic family of compact surfaces, locally
trivial over D\Z, such that f ~'(t) & M, an unstable surface, ruled with respect to
acurve X C M, of genus g > 2, forallt € D\Z, thend = codimp(Z) > 4 = /6
is a trivial family over D.

Proof. Suppose p € Z \ .2 is smooth, then there exist neighbourhoods 24, C
A6,U; CC Uy, such that d > 4 = Hl(Up’ \Z,R%.(©) |Up’\Z) = 0, hence the
obstruction to a global lifting, f*(v), of ¢ € I'(U,,.7 D) to f ~'(U,)\Z vanishes.
From Hartogs’ theorem it follows that the holomorphic vector field /(%) must
extend uniquely across £~ !( Up’) N &, thereby negating structure jumping in the

neighbourhood U of 7. It follows that .. /2 7, D must be locally trivial on the
complement in D of an analytic locus, Z’ C Z, which is a subset of codimension
at least five. Now continue the argument inductively on the dimension of each
smooth component of the stratification of Z’. Hence ../Z must be locally trivial
on D, and since D C C™ is Stein, it follows that . 77 is in fact trivial. O

4 The removable singularities theorem for elliptic X

Recall the exact sequence (*), derived in section two, for the case gy = 1:

> LES ” Vy
0— 9% — % ——C— ..

~

Note that if v, is the zero map, then & = %, and the entire argument of
section three extends to include this case in the preceding theorem. A similar
inclusion occurs if 77, = 0, since % = C = R£.(0) [p\z is locally free of rank
one, and extends freely to D when d > 3. Hence it will be assumed that

s G < Vs
00— % 58 20—0

is an exact sequence, with %y # 0. By analogy with the previous section, Vy C M
will denote the vanishing locus of ‘.

Lemma 3 Given p € M \ Vo, and U C M a Stein neighbourhood of p, then for
all 6 € T,M there exists o € Gy such that o |y (p) = 6.

Proof. Suppose there exists 6 € T,M such that for all o € %, 0(p) # 6. and
consider the linear map,

iy —T,M, o o(p).



Families of ruled surfaces 489

Now rankc(T,M) = 2 = rankc(im(z))) < 1. If F,, once more denotes the fibre
of M through p, then

im(p) # TpFp = honu(Gg) =0.  (x%)

But p € M \ Vy, therefore (**) implies that & = 0, which contradicts one of the
initial assumptions. If instead it is assumed that im(¢)) = T, F,, then v.(o(p)) = 0,
ie., v4(0) =0, for all o € %, hence v, = 0, which contradicts the other initial
assumption, hence there can be no such 6. O

Keeping in mind that % is a canonical subalgebra of %, let Fg C & ,
denote the corresponding sub-bundle of rank r, and % C ..#Z the vanishing
subvariety associated with Fy. Moreover, .2y C /% will denote the union of
smooth hypersurfaces containing %, which extends to .2y C .Z4. Recall that
for each i € I, the biholomorphism

@ Ui x M — f~H(U)

is induced by liftings f*(¥ |y,) for all ¥ € I'(D, .5/_—D). Now choose p € Z\. %y,
and a Stein open neighbourhood 24, C .74\ %, with U, = f(?4,). Let

w:U, — 2,

be a holomorphic map such that f o ¢ = idup, and for all t € U; = U; N U,,
consider

6(1) = (@) (T(0) — (T | gy € ToryM;-

Let 0; denote a holomorphic t-parameter family of vector fields in & |5, (ie.,
a section belonging to F(U,-,Rof*(e))), such that

oi(p(1)) = 6(1).
Now 7*(7 | 0,) =f*(@ |g,) + o; has the property that
(@) (T = F*@ )0 = 0.

Similarly, let f*(@ lg,) =f"(@ |g,) +oj for j €I such that U;nU; #0, then
forall r € U; N U;,

(F*@ 1) —F*@ lg Do =

[F*(@ |g,)or — @@ = [F*@ |3, )y — (@)(F(2)] = 0.

Let . C R%.(©) |U,.\Z denote the locally free sheaf of rank r — 1 corre-
sponding to the kernel of the bundle morphism

U:Fg—F, o~ op®)),
forall o € Fp, = 9,1t € U, \ Z. Hence

P@g)-f*@lg) e DO N G;,.7), i,jel,
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determines a cohomology class £ € H '(U,, \Z,.7"). Now, continuing the marking
argument of the preceding section, we have

2<i<r
so that the argument of theorem one can now be applied verbatim to conclude

Theorem 2 [f .70 LDisa holomorphic family of compact surfaces, locally
trivial over D \ Z, such that f ~'(t) = M, an unstable surface, ruled with respect
to an elliptic curve X C M, for all t € D \ Z, then d = codimp(Z) > 4 = /¢
is a trivial family over D.

5 Bimeromorphic transforms

Suppose now that N is any compact complex surface, having as a minimal model
any ruled surface M of the above type. Let

TN —=M
be a bimeromorphic map consisting of a finite sequence of blow-ups, ie.,
=T O...0Ty,

such that for some finite set, S C M, the divisor, A = 7~ '(S), is a union of
exceptional divisors in N. If R denotes the union of all smooth rational curves
of negative self-intersection in N, then A C R. Moreover, R has countably many
irreducible components, since each negatively self-intersecting smooth rational
curve lies in a distinct homology class of H>(N,Z), and it is one of the basic
properties of blowing-up that

HX(77'\Ni21),Z) = 77 (H*(Ni—1, Z) & Zlel, 1<i<p

(cf., eg. [2]), where N;_| = 7r,.__ll 0...0 7r|"l(M), and e is dual to the exceptional
set of ;. Hence R is a nowhere dense subset of N.
If ¥ =HON,.7 N), then the biholomorphism N \ A = M \ S induces an
injective linear map,
T % > T,

Consider a holomorphic family of compact, complex surfaces, . / Lo
C", and an analytic subset Z C D, such that the fibres N, = ¢~'(t) = N, where
N is as defined above, for all 1 € D \ Z. Let Z = g_‘(Z), and assume that
g |y~ 2 is locally trivial, ie., there exists a cover {Ui}ier of D\ Z, such that
for each i € I, there is a biholomorphism

@ : 6 x N —s g~ W&,

with @;(t,N)=N, forallt € U;. If R, = ®;(t,R),t € U;,i € I, then
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T = UIED\ZRI (Y (. \ ~Z

will restrict to a countable union of smooth hypersurfaces in N, forallt € D\ Z.
Our aim will be to find, for some smooth #) € Z, a neighbourhood U,, C D
such that there exists a holomorphic map

w g WU,) — Ay,

with the following properties:

@).A, 4, U,, is a trivial family of minimal compact surfaces, of one of the
types previously discussed,
(ii) The diagram

g 5 ( Uto ) '/’/ élo

Ui

0

commutes. More specifically, @ ‘simultaneously blows-down’ the fibres of
g~ ' (U,), ie., for all ¢ € U, the diagram

=4

N,

wy T

Lo

M, M

commutes. Although for a given surface N, the non-uniqueness of minimal
model implies non-uniqueness of o, the construction does not depend on the
specific choice of minimal M. Details of the construction of w, along with a
proof of the following theorem, may be found in [5] (cf. theorem 4, section 5).

Theorem 3 If. /-~ 25 D is a holomorphic family of compact complex surfaces,
locally trivial over D \ Z, such that N, = g~'(t) = N a compact surface having
as minimal model a ruled surface of one of the types previously discussed, then
d >4 = _ /" istrivial over D.
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6 Some remarks on holomorphic vector bundles

A holomorphic vector bundle £, of rank two on X, is said to be “simple” if the
only endomorphisms E % E are complex-scalar, ie., for all p € X, ap, =AM €
End(E,), for some A € C (note that ) is independent of p, since X is compact).
More concisely, the criterion for simplicity may be expressed as

dimcH (X ,E @ E*) = 1.

Conversely, given dimcH(X,E ® E*) > 1, it is always possible to find an
endomorphism such that the image has rank one. For suppose « is a non-scalar
automorphism of £, and choose p € X. Let € be an eigenvalue of «,, ie.,

o(p) =det(c, —el)=0.

Now the holomorphic function 6 must be constant, once more due to compactness
of X, hence 6 = 0. Hence there is an endomorphism

p=a—c¢l

such that L = im(p) has rank one, for otherwise o = e/ = « is scalar (cf. [1],
proposition 16). Suppose that ¢* = 0, then im(p) C ker(p). But ¢ #0 = K =
ker () has rank less than or equal to one, therefore L = K, yielding a short exact
sequence

0—=L—+E%51-—0. (1)

Consequently, each such vector bundle E corresponds to an extension class
£ H\(X, ).

If, on the other hand, > #0, then LY (L) CE =0 — K — E AL —0is
a split exact sequence, ie.,

EZK®L, 2)
(cf. [3], lemma 4.4). In particular, dimcH 9X,E ® E*) > | = E cannot be

stable, otherwise
|
LCE =deg(l) < gdeg(E),

and i
E —L— 0= deg(L)> Edeg(E).,

a contradiction. Moreover, E is semistable implies deg(L) = deg(K) = %deg(E )
by the same argument, applied to (1) or (2). Now, if M = P(E) is a hyperelliptic
ruled surface, we may draw the following

Corollary 1 If. 7¢ ENy) is a holomorphic family of compact complex surfaces,
locally trivial over D \ Z, such that f~(t) is isomorphic, for all t € D \ Z, to
M =P(E), where E is stable, then codimp(Z) > 2 = ./¢ is a trivial family.
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Proof. Suppose o € ‘% is a holomorphic vector field on M = P(E). Integra-
tion of o gives rise to a complex 7-parameter family of fibre-preserving auto-
morphisms of M, which lifts to a family of automorphisms «, of E, uniquely
determined up to multiplication by a constant scalar, A, € C*. But by the above
argument, E stable implies dimcH°(X,E @ E*) = 1, hence o, = A1, for all
7 € C = 0 = 0. Consequently

%o =0= R%.(0) p\z=0 (9x >2),

hence each vector field 7 € I'(D,.7 D) admits a global lifting f*(¥"[p\z), which
extends to .74 by Hartogs’ theorem, when codimp(Z) > 2. O

Remark. For the case gy = 1, note that E stable implies R%f.(©) Ip\z is a
holomorphic line bundle, hence triviality of . /2 requires codimp(Z) > 3.
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